
Physics 570 — Handout on Dimensional Regularization

Consider the following integral in n dimensions with a Euclidian metric:

I1 ≡
∫

dnk
1

(k2 + a2)r
.

We may evaluate this making in terms of the Γ function:

α−sΓ(s) =
∫ ∞

0

dx xs−1 e−αx.

Then
I1 =

1
Γ(r)

∫
dnk

∫ ∞

0

dx xr−1 e−x(k2+a2)

=
πn/2

Γ(r)

∫ ∞

0

dx xr−1−n/2 e−xa2

= πn/2an−2r Γ(r − n/2)
Γ(r)

Another useful integral is

I2 ≡
∫

dnk
k2

(k2 + a2)r
.

To get this we define

I1(α) ≡
∫

dnk
1

(αk2 + a2)r

= α−n/2I1

;

then by differentiating by α and setting α = 1 we find

I2 =
nπn/2an−2r+2

2(r − 1)
Γ(r − 1− n/2)

Γ(r − 1)
.

Finally note that

Iµν
3 ≡

∫
dnk

kµkν

(k2 + a2)r

=
δµν

n
I2

.



Useful Properties of Γ Functions

Gamma functions have the property Γ(z + 1) = zΓ(z), with Γ(1) = 1. Thus for integers
n ≥ 1,

Γ(n+ 1) = n!, n ≥ 1 .

Also useful is the value
Γ(

1
2
) =

√
π .

The Gamma function is singular for non-positive integer arguments. Near these singulari-
ties it can be expanded as

Γ(−n+ ε) =
(−1)n

n

[
1
ε

+ ψ(n+ 1) +O(ε)
]
,

where
ψ(n+ 1) = 1 +

1
2

+ . . .+
1
n
− γ ,

γ = 0.5772 . . .

In particular,

Γ(ε− 1) = −1
ε

+ γ − 1

Γ(ε) =
1
ε
− γ

Useful consequences:

µ2ε

∫
d4−2εq

(2π)4−2ε

1
q2 +m2

=
m2

16π2

[
−1
ε

+ γ − 1− ln 4π + ln(m2/µ2)
]

µ2ε

∫
d4−2εq

(2π)4−2ε

1
(q2 +m2)2

=
1

16π2

[
1
ε
− γ + ln 4π − ln(m2/µ2)

]

µ2ε

∫
d4−2εq

(2π)4−2ε

q2

(q2 +m2)2
=
m2

8π2

[
−1
ε

+ γ − 1
2
− ln 4π + ln(m2/µ2)

]


