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Consider Lorentz transformations, for which the defining representation is 4-dimensional. This is the
group of real matrices A which satisfy
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A A g0 = Nap n= 1 , detA=1. (1)
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With this definition, the inner product between two 4-vectors, v#n,,w", is preserved under the Lorentz
transformations v — Av and w — Aw, where A is a real, 4 x 4 matrix.
We can write

COA
- 90, lo=0 (2)

A = ¢tfaXa X, =

where the 0, are the six real parameters for rotations and boosts, and the X, are imaginary 4 x 4 matrices.
Expanding that eq. (1) to linear order in the 6,, one finds the X, must satisfy

(Xa)ocﬁ + (Xa)ﬁoz = 0. (3)

In other words, with both indices lowered, the X, are antisymmetric. (But note that for the matrix A*, we
need to exponentiate (X,)*,, with one index up and one down...these will not all be antisymmetric since,

for example, if Mo; = —Myg, then MY = +MY).
It is convenient to write the six linearly independent solutions of eq. (3) for the X, as

(Ji)/u/ = iGinV ) (Ki)uu =—1 (77”0771/2‘ - nuinu0> (4)

where € is the totally antisymmetric Levi-Civita symbol with €123 = —1, while (J;)*, = J; and (K;)*, = K;
with ¢ = 1,2, 3 are the generators for rotations and boosts respectively; e.g., J3 generates rotations about
the z axis, while K3 generates boosts along the z axis where
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Note that J; and K; are not given by eq. (4), but have their first index raised. They are called “the four
dimensional defining representation of the Lie algebra for the Lorentz group”.

From these matrices you can find the abstract algebra that must be obeyed by the Lorentz generators in
any representation:

[Jis Jj] = deijidr ,  [Jis K] = deiju Ky, [KG, K] = —iegjr ) - (6)
If we can find a d-dimensional matrix representation of this algebra (call the representation “R”), then a
Lorentz transformation will be given by the d-dimensional matrix
= Iz

Da(f 3, = (77455 ™
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where § are the three real rotation angles and o are the three real boost parameters ( The relation between
the parameter & and the boost velocity ¥ is @ tanh |w| = ©/c). Since K; is anti-hermitian, A will not be
unitary. The goal is to find all the finite dimensional representations.

This algebra eq. (6) should look reminiscent of SU(2). Next we define six Hermitian generators A and

—

B, with less physical meaning but a simpler algebra:

1 1
A; = §(JZ —iK;) B; = §(J1 + 1K) (8)

From eq. (6) it follows that A and B satisfy
[Ai,Aj] = iGijkAk s [Bl, BJ] = ieijkBk 5 [AZ, BJ} =0 (9)

...in other words this is the group SU(2) x SU(2). Luckily we know all the irreducible representations of
this group, as they are just labelled by two j quantum numbers:

R=(ja,jB) (10)

a representation with dimension (2j4 + 1)(2j5 + 1). You should think of where A; = a; ® 15 where a; is a
nontrivial (254 + 1) matrix acting on the m 4 indices, and 15 is the trivial (2j5 + 1) dimensional unit matrix
acting on the mpg indices, and conversely B; = 14 ® b;. The corresponding Lorentz transformation, from eq.
(8) and eq. (7) is given by
Djajos = ei(§+m).,§+i(§—w).§ _ ei(§+ia).a ® ei(@—ia).g (11)
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Note the interesting feature that

* J - i(0—id)-(—A®)+i(0+i@)-(—B*
D{jAJB}(Q’w):e( ) JhiEhE) (B :D{ijjA} :D{jByjA} (12)
where I used the facts that

(i) in general, if X, is a representation R of a Lie algebra, then — X is also a representation, and is called
the conjugate representation (here denoted with a bar);

(ii) the group SU(2) only has real representations, so j and j are the same (up to a similarity transforma-
tion);

(iii) since conjugation flipped the relative sign between 6 and w, the roles of A and B are flipped.

Thus if ¢ transforms according to the (j4,jp) representation, ¢)* is in the (jp,j4) representation.
A related observation which is useful is that

T 7=\ —i(—i&)-A—i(6+id)-B _ -1 J -

D{jA,jB}(97w) =e = D{jB’jA}(G,w). (13)
We now know all of the irreducible, finite dimensional representations of the Lorentz group. For example,

assume we have a field ¢ transforming as the (%7 0) representation. Thus we have @ = %5’ and b = 0 and

Dy = D(%p)(é’, J}) = ei(§+i®')'5/2 ) (14)
A rotation by angle 83 about the z axis corresponds to the matrix
. i03/2 0
1 g €
Diy0)(s) = €717 = ( 0 e—ws/2> ' 1)

A boost in the z direction with velocity parameter ws corresponds to

o e ws/2
Diyo)(ws) = €77/ = ( 0 ews/2> 1o



2 rotations multiply the components of ¢ by phases (a factor of —1 for a rotation by 27), while a boost
makes the upper component exponentially large, and the lower component exponentially small.
Similarly, if y transforms according to the (0, %) representation, then x — Dgrx where

Dr = D(O,%) = ei(§—i£§)ﬁ/2 ) (17)

Rotations are the same as for ¢, but boosts have w — —w.



