
Physics 570 – Autumn 2017

Solution set #2
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1. (a) Under rotations we have k′ = Rk, where R ∈SO(3) is a rotation matrix. Therefore

d3k′ =

∣∣∣∣ ∂k′i∂kj

∣∣∣∣ d3k = |Rij | d3k = d3k (1)

since detR = 1. Therefore since ω is invariant under rotation, dk̃ is.

(b) Since dk̃ is invariant under rotations, we only need to show now that it is invariant under boosts
in the z direction to show invariance under any Lorentz transformation. Under a z boost we have

k1 → k1 , k2 → k2 , k3 → Ck3 + Sω , ω → Cω + Sk3 , (2)

where

C ≡ cosh θ , S ≡ sinh θ , ω ≡
√
k · k +m2 , (3)

thus

dk̃ → d3k

(2π)32(Cω + Sk3)
det

 1 0 0
0 1 0

S k
1

ω S k
2

ω C + S k
3

ω

 =
d3k

(
C + S k

3

ω

)
(2π)32(Cω + Sk3)

=
d3k

(2π)32ω
= dk̃ , (4)

proving Lorentz invariance of dk̃.

2. (
−∂µ∂µ +m2

)
T (φ(x)φ(y)) = ∂2t T (φ(x)φ(y))− T

(
(∇2 +m2)φ(x)φ(y)

)
= ∂t

T (φ̇(x)φ(y)
)

+ δ(x0 − y0)[φ(x), φ(y)]︸ ︷︷ ︸
=0

− T ((∇2 +m2)φ(x)φ(y)
)

= δ(x0 − y0) [φ̇(x), φ(y)]︸ ︷︷ ︸
=−iδ3(x−y)

−T
(
(∂µ∂

µ +m2)φ(x)φ(y)
)︸ ︷︷ ︸

=0

= −iδ4(x− y) (5)

So c = −i.

3. The generic Green’s function can be written as

∆(x− y) = lim
η±

∫
d4k

(2π)4
eikx

−(k0 − ωk − iη+)(k0 + ωk − iη−)
(6)

where we have yet to specify the limits on η±. Since ikx = −ik0(x0 − y0) + ik · (x− y), we close the
contour in the upper half plane when (x0 − y0) < 0 and in the lower half plane when (x0 − y0) > 0.
For the retarded Green’s function we therefore require no poles in the lower half plane, or η± → 0+,
while for the advanced Green’s function we want both poles in the lower half plane and η± → 0−. The
Feynman propagator in contrast has η± → 0∓.
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4. We can write

1

x− iε
=

x+ iε

x2 + ε2
=

x

x2 + ε2
+ i

ε

x2 + ε2
. (7)

It is tempting to assume the second term goes to zero as ε → 0+ but that is not true at x = 0. Note
that ∫ ∞

−∞

ε

x2 + ε2
dx = tan−1 x

∣∣∣∣∣
∞

−∞

= π , (8)

so

= x+ iε

x2 + ε2
= πδ(x) . (9)

As for the real part, it is tempting to write it as 1/x. However, note that if F (x) is a smooth function
in the neighborhood of x = 0, then the integral∫ ∞

−∞
F (x)<

[
1

x+ iε

]
dx = lim

ε→0+

[(∫ −ε
−∞

+

∫ ε

−ε
+

∫ ∞
ε

)
F (x)

[
x

x2 + ε2

]
dx

]
(10)

Assuming F (x) = f0 + f1x+ 1
2f2x

2 + . . . then in the middle integral, then the leading nonzero contri-
bution is ∫ ε

−ε
F (x) =

∫ ε

−ε
f1x

x

x2 + ε2
+O(ε2) = f1ε(2− π/2) +O(ε2)

ε→0−−−→ 0 . (11)

Therefore ∫ ∞
−∞

F (x)<
[

1

x+ iε

]
dx = −

∫ ∞
−∞

F (x)

x
dx = lim

ε→0+

(∫ −ε
−∞

+

∫ ∞
ε

)
F (x)

x
dx , (12)

where −
∫

denotes the Cauchy Principal Value convention for integrating over a 1/x singularity.

5. A number of ways to do this. One way: We know that ak|0〉 = 0 ∀k. From Srednicki eq 3.20 we have

φ̃(k) ≡
∫
d3xe−ik·xφ(x, 0) =

1

2ωk

(
ak + a†−k

)
, Π̃(k) ≡

∫
d3xe−ik·xΠ(x, 0) =

i

2

(
−ak + a†−k

)
, (13)

so that

ak = ωkφ̃(k) + iΠ̃(k) . (14)

The standard commutation relation

[φ(x, 0),Π(y, 0)] = iδ3(x− y) (15)

implies from eq. (13) that [
φ̃(k), Π̃(q)

]
= i(2π)3δ3(k + q) , (16)

and therefore we can represent Π̃(q) as the functional derivative

Π̃(q) = −i δ

δφ̃(−q)
. (17)
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Then our condition ak|0〉 = 0 ∀k leads to a first order functional differential equation for the ground
state wave function(

δ

δφ̃(−k)
+ ωkφ̃(k)

)
Ψ[φ̃] = 0 =⇒ 1

Ψ[φ̃]

δΨ[φ̃]

δφ̃(−k)
= −ωkφ̃(k) (18)

with solution

Ψ[φ̃] = e
− 1

2

∫
d3k

(2π)3
ωkφ̃(k)φ̃(−k) , (19)

where I am using φ̃(k) to here to denote the eigenvalue of the operator φ̃(k). This is analogous to what
we do in quantum mechanics, where we use “x” interchangeably for the operator and its eigenvalue;
Srednicki calls the eigenvalue φ̃(k)→ Ã(k).

6. Srednicki 9.1: The answers are already given in the book. If you do not understand how they were
obtained, come talk to David or Natalie.
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