The Gell-Mann—Okubo mass formula

I was unable to finish my lecture last Friday, and as you will have substitute lecturers
this week, I decided to finish off the lecture in print.

I showed that the octet pseudoscalars and baryons could be represented by the following
tensors:
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Under an SU(3) transformation U, these fields transform as ® — UteU, B — U'BU,
B — U'BU. We can therefore write down a Hamiltonian for these particles at rest which is
SU(3) invariant, and which describes nonzero particle masses:

1 —
Hy = §u2TrCI)2 + MyTtBB . (3)

The masses of the eight baryons are M, and the masses squared of the eight mesons are 2.

Now we introduce SU(3) breaking. We know that whatever breaks SU(3) to a good
approximation preserves SU(2) x U(1). Therefore we looked for a nontrivial SU(3) repre-
sentations which contain an SU(2) x U(1) singlet. We saw that the octet was the smallest
such representation. In general we can write an octet as MJZ = ma(Ta);'-. For this to be in-
variant under SU(2) x U(1), we require that only mg be nonzero. So we write the symmetry
breaking parameter as M} = mg(Ts)%. Note that [T}, Tz] = 0 for « = 1,2, 3,8 which is why
we know that mg(Tx): does not break SU(2) x U(1).

The symmetry breaking part of the Hamiltonian, to linear order in mg (which we treat
as a perturbation) takes the form

=

H' = 2Tr<I>2M + BTrBM B +yTrBBM . (4)

Now we need only plug in the matrices and compute. However we can make life simpler if
we write
1 0
M = mng =My 1 + my 0 s (5)



where my = mg/v/12, and ms = —2mg/+/12. Now we can ignore the contrributions from m
since they are SU(3) preserving and can be absorbed into the Hamiltonian Hy in Eq. (3).
So we find that just keeping the m, term we get for the meson masses squared from Hy+ H’

1 2
mgr:/f, m%(:/l2+§amsa mi:MQ_'_?amS’ (6)

from which we find the relation

2 2
2 4mk’ — My

My = ——g . (7)
Plugging in m, = 140 MeV, m;, = 495 MeV, we get m,, = 565 Mev, which is off from the
experimental value of 547 MeV by 3.5%.
For the baryons we get from H’ (only keeping the mg term in M):

2(a + B)ms

my = Mo+ Bms, mx =DMy, my= M+ 5 ;

mz= — MO +amsg , (8)
where my signifies the nucleon mass (p or n). We have four masses (my, ny, ma and mz)
and three unknowns (My, am,, and my) and so we have a prediction:

2 1
my = g(mN +mz) — gmz . (9)
From the experimental masses my = 940 MeV, mY = 1190 MeV, and mz=z = 1320 MeV, we

get the prediction my = 1110 MeV, which is 0.5% off the experimental value of 1115 MeV!



