Physics 507, Winker 2006

Final Exam Sclutions
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Since a picture is requested for this problem, we can solve it in pictures. I consider o

particular displacement of cne of the masses (see the picture labellad “2" below ), and con-
sider the action of the group on this configuration, pictured below (each new configuration
is labellad by the equivalency class of the transformation that gave nss to ik,
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(a) Making use of a projeciion opernfor, draw an cccurnfe skefch indicatg the mifial
displacement corresponding fo the vibrafional normal mode which fransforms as the
B1 represeniciron of Ca..

Mowr we qust add the conhgurmtions in the previous picture, weighted by the appro-
priate character of the B, representation.. this is just vector addition, so o weight
+1 menans to add the liktle red vector in the previous diagram, while a weight —1
means to add (—1)< the little red wector. Below 1 have shown the hexagon with
all of the positive contributions from the e, O and o, classes as red arrows, and all
the negative contributions from the Oy, & and o, classes as green arrows. Adding
the red and green vectors gives the shape of the 5, maode, shown with blue arrows.
{ The normalization of the displacement or projection operabor are irrelevant for this

excernciss. |
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(b} Same as above for the B; normal mode.

Here the pesitive contributions (red arrows) are from the e, Oy, and oy equivalency
closses, while the negative contributicns are from G5, O and o, (green) which sum
up to give the Bs normal mode (blue):
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. Consider a world which has fermions B and B fwkick I will refer fo as “haryons”)
which fransform in the adjomi represeniaiion of an apprormmaie SU(L) symmetry. This
symmetry 15 broken by @ small paramefer M analogous fo the guark mass mafrir in the real
world. M fransforms as singlet & adjoint under the SU(4L) symmetry (ie, M — UMUT,
where U s an SU(4) mafriz m the defining representation). Suppose M fakes the form

with m; &£ ma.

(a) [If the only symmetry breaking parameter m this world is the mairic M, what 15 the
eract symmetry H C SU (L) of the theory ¥

H = 3U(3) = U(1); the generators for this svmmetry are

where T, generate the SU{3) witha =1,...,8 and A, being the Gell-Mann matri-
ces; and  being the U(1) generator. These are the nine SU (L) generators which
commmite with 14,

(b) What are the rreduchle H represenfations which appear m the decompostion of
the SU(4) “baryon” adjoint under the eract symmetry H ¥ (This is analogous fo the
real-world defermmation of the SU(2); « U(1)y representfafions m the baryon octei)
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where the subscript equals l.,-"i # . The overall normalization of the [7(1) is nek
imporbant for this problem.

() Invent a cmnvenien parameirization of the mainz _E;

I will call the octet O, (a = 1,...8), the triplet I¥ (¢ = 1,23, the anti-tdplet T7°
(" for “conjugate” ), and the singlet 5. The natural parametrization is then
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where i,7 = 1,2,3. Note that T £ T, just as 5 # P in the real world. B is
normalized 5o that Tt BB = 0,0, 4+ T 1% + 7T + 55,

I Constdermyg the “bharvon® mass splifimg fo imear order m M. wha? 5 the analogue

of the Gell-Mann - Okubo formula for the “baryon® masses in this world?
The SU{4) symmetric masses will be given by

H, = mgTt BE = my (Dc O+ T.TF +T<TF 4 Es)

As in the real world, the mass splittings will be governad at linear order in M by
tero operators:

H = ¢t EMEB+c Tt BEEM
= loym + om0, +(eymy + oy ITT
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Therefore the “barvon” are

My = mg+ (e + ey,
Mi; = mo+4cm +omez,
My = ma+coyme +oomy ,
Jmq +Hma
.-lr:fl = fﬂ|:|+|::|fl +EE1(#) . |:-|IE|'I
from which we deduce the relakicn
- _ 2
M, = IMy 4305 — 20, . (&)
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which is analogous to the Gell-Mann — Okubeo predickion for the A mass in terms of
the ¥, © and A\ maosses.



3. Consider the followmg mairices (in direct product matrir nofafion)
. @1, 1@, o, D,

where o, and 1. are Pauli matrices with a,b = 1,2,3. Count the mainces fo check that
vou undersfand fthe nofafion — wou should find 15 of them each of the mafrices 154 = 4.
You can convimce vourself thaf these mafrices form a dosed algebra. They are normalrzed
to give Tr X_ X, = 48, Choose your Carfan generafors (H;) fo be given byoy =< 1. 1@
and oy @ 7.

(a) Fmd the weights of this represenfafion.
The four weights are the eigenvalues of ) =3 @ 1, H; = 1@ 17 and Hy = o3 @1y

{1:1:1}: {1:_1:_1}: {_1:1:_1}: {_1:_1:1} :

Meote that the eigenmlue of H; 15 alwas the product of the eigenvalues of H, and
H,.

(b} How many roof vecfors should there be? Find them all.

There are 15 generators, of which three are in the Cartan subalgebra, and so there
st be 12 roots. There are 12 differences betereen the weights for this representa-
tion, so thev must be the roots:

:I:{EI:I:EI':I}I :I:'[':I; EI:I:E}I :I:{EIUI:I:E}I

() Grve the posiirve roots, following Georgi’s convenfion for positrvdy tn §8.1, where a
posifive vacfor s one whose firsf nonzero component 15 posHIve

{EF d:ziﬂ}' a {Ein?ﬂzz} ? 'I.-':IFEFA:E}- )

(d) Fmd the simple roofs from among the posifive roofs found above. Number them so
that oy = an > ay vsmg Georgr’s posdivfy condifton from §15 1 — where a posifive
vacfor s one whose lasf nonzero component 15 posifive.
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(e) Draw the Dynkin diagram for the group. What s the name of the group?

We have |aul® = |a=f® = |oz|* = 8, and en - a2 = a=- a3 = —4, while a1 - a3 = 0.
Therefore 85 =85y = 1207 while #4; =0. The Dyvnldn disgram is
N T

which is recognized == that for SU(1) or SO(E).

(f) Compute the Carfan matrir 4;
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(g) Find the fundamenfal weighis.
The fundamentsl weights satisfv E'ﬁ?—,-' =4d;;. By inspection, the sclution is:

Hi= {1:1:1} 2 Hz = {E:G:G} v Ha = '[1:1:_1} :

(h) Fmd the weights for the represeniation whose Dynkin mdices are (0,1,0). Is this a
real represenfaiton or not? Why? 1 follow the familiar construckion using the Cartan

mmatri
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We see that we have a 6-dimensicnal antisymmetric tensar representation of SU(L),
H, or alternatively, the adjdnt of SO(€). The weights are rend off the diagram, and
describe the comers of a cube of edge length = 4:
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The representation is real, as can be seen from the Dyvnldn diagram IZH equals its
complement for SU7(4)). We can also see it from the weights: under conjugation, a
welght goes bo minus itself, and real representations are those where both signs of
every welght appear, as is the case here.



