Phosics 507, Winter 2006
Final Exam

This exam is due by 12 noon, Monday March 13, Please return it either directly to me
(C433), or if I'm not in my office, to any of the secretaries in the IMNT office (C41]1, near my
office ).

There are three problems on this eonm, equally weighted. Do them all. I vou can’
complete a problem do what you can, and malke your work lagible!

You may refer to Georgi’s book, vour class nobes and sdution sets — nothing else (no other
teocts, nothing on the web, and vou are not allowed to discuss the problems with anvone). It
vou have questions, you are welcome to email me, dblaplan@phyrs.



1. In class T used the method of projection operators to ind the vibrational normal modes
of four meosses in a plane connected by equivalent springs in the shape of a square.
This svstem possessed a Oy svmmetry, I wrobe the sight numbers representing the
displacements of the four masses from the equilibrium pesition in the form of a column
vector £(1); 1 then chose some particularly convenient initial displacement &;, and acted
on it with the projection operntors Fg, where R were the irreducible representations of
'y, and Py were the projection operators
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where dg is the dimension of R and v z(g) is the character corresponding to the group

element g.

Consider a similar problem whete six masses in a plane are connected bor springs in the
shape of o hexagon, with a G, syvmmetry. The chamcter table for G, is
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Cae | & 20 20, o o, Gy
4, |1 1 1 1 1 1
42 |1 1 1 1 -1 -1
B, [1 -1 1 -1 1 -1 (1)
B2 |1 -1 1 -1 -1 1
E, |2 1 -1 -2 ad ad
E, |2 -1 -1 2 Q a

The Cs, T3 and Cs equivalence classes correspond to robations by angles :I::I':i—"’:I :I::.T"':I and 7
respectively. The o, correspond to reflections about the three aves connecting mid points
of opposite sides of the hexagon, while the oy correspond to reHections about the thres
axes connecking opposite vertices of the hexagon.
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(a) Making use of a projection operator, draw an accurake skebch indicating the initial
displacement carresponding o the vibrational normal mede which transforms as the
B, representation of O,

I:]:n | Same as above, for the Bz normal mode.



2. Consider a world which has fermicns B and B (which I will refer to as “baryons” ) which
transform in the adjcint representabion of an approxcimate SU (L) symmetn. This sym-
metrv 15 brolken by o small parameter M analogous to the quark mass matnx in the real
world. M transforms as singlet & adjsint under the SU(L) svmmetry (ie, M — UMDUT,
where U7 is an SU(4) matrix in the defining representation ). Suppose M tales the form

M= i (2)
e
with m; = ma.
(a) I the only symmetry brasking parameter in this warld is the matrx M what is the
excact syvmmetry H C SU{4) of the theory 7

(b} What ae the irreducible H representations which appear in the decompeosition of
the SU(L) “baryvon” adjoint under the exact svmmetry HT (This is analogous to
the real-world determinabion of the SU(2); « U(1)y representations in the barven
oobet ).

(e) Invent a convenient parametrization of the matrix E‘}

(d) Considering the “barvon” mass splithing to linear crder in M, what is the analogue
of the Gell-MMann - Okubo foarmula fo the “barvon” mosses in this world 7
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3. Consider the following matrices (in direct product matrix notation )

. @1, 1@, o, D,

where o, and 1, are Pauli matrices with a,b =1, 2, 3. Count the matrices to checl: thak
violl understand the notsbion — wvou should find 15 of them: each of the matrices is 4 < 4.
YWou can convinoe vourself that these matrices form a closed algebra. Thev are normalized
to give Tr X, X, =44, Chooss vour Cartan generators (H; ) tobe gien by oy =1, 1@m
and oy @ 175,

(a)
(b)
(e)

@)

(e}
(£)
(2)
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Find the weights of this representation.
Howr many root wecbors should there be? Find them all.

Give the positive roots, tollowing Georgi’s convention for positivity in §8.1, where a
positive vector 1s one whose first nonzero component is positive.

Find the simple roots from among the positive roots found above. Mumber them so
that on = ar > oz using Georgl’s positivity condition from §13.1 — where a positive
vector 15 one whose lasf nonzero component 15 positive.

Dirowr the Dvnldn dingram for the group. What is the name of the group?
Compute the Cartan matox .-l,-j
Find the fundamental weights.

Find the weights for the representation whose Dynlkin indices are (0,1,0). Is this a
real represantation or not¥ Wha?

End of encam.. have o good Spring breal!
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