Physics 324, Fall 2001 Solutions to problem set #5 Fri. 11/16/01
Problems chosen to be graded are marked by x
* (1) a)
[AB,C] = ABC—-CAB
= ABC - ACB+ ACB-CAB
= A[B,Cl+[AC]B (1)
b) Define [p, 2"] = —[i",p] = C,. Then, using the result of (a) we have
Cp = —["p] = —[22"", p]
_:?[:i,nfl,ﬁ] o [i,ﬁ}iﬂfl
= 2C,_q —iha"! (2)
This means that if we know C’n_l we can compute C,. But we know ('} so we can

compute them all:

Cy = [p,i] = —ih, Cy=iCy —ihi = —2ihi , Cy=2Cy —ihi® = —3ihi? , (3)

or in general

Similar reasoning gives

d
(&, "] = +nihp" ™ = ih—p" .
dp

c) If V(2) has a Taylor expansion

n=0
then
p, V(z)] = calp, 2" = —ith Y cp,—a"
PY@] = 3 elpa] = it ag
Ld = ., L dV ()
= —Zh%;Cn ——ZFLW

(4)



*(2)

d)

i'a,a] = a'la,a] +[aala=0-a=—a,
[a'a,a’) = a'la,a’] + [a',a"la =a' +0=a (7)
e)
T T2 T T2 T2 T2
[LZvL] = [{’Z7(ALSC+‘[iy+ALz)] R
= [szLi] + [sz L?/] + [sz i]

a) We know that

d A

which implies the conjugate equation

—m (ot = (.t (10)

Then, the chain rule gives

d A d A ~(d
Gwtiont) = (Go) ol + % w,> (.10 (o))

= O, 1) + . T ) (11)

which gives the desired formula, provided that the operator O does not depend
on time. The operators Z and p are examples of such time independent operators.

b) Using the above result, and the results of problem (1), we have

d, I
1 . .
1
m

- %wu Dty = sttty . (12)



(3)

b)

Next, we find

d R

= (—+V >|¢,t>

- h< i, V@)l )

= ™

;1) -

1= (4,0[¢,0) INTE((3 +i(4])(]3) —i[4))

SO
N =

Sl -

normalizes the state.

First of all we need the fact that
[, 8) = N (e703) — iem0M4))
where E,, = hw(n + 1/2). Next, as in class we write
on 2h

which is inverted to give

2h i
v il h= ——/2 Gt
=35 mw(CH‘a), p 5 hmw (G — a
We can then write
N|? 2 , . )
<1/J,t|i’|'¢,t> — | 2| m (ezEgt/h<3| +ie+zE4t/h<4|) (d+dT)( —zEgt/h|3>
N|? 2h . .
- % —— (e BTN B a]d) + dem (BB 4af|3))

3

[N ((3]3) — i(3]4) +i(4]3) +
= |INP(1+04+04+1)=2|N*.

(414))

at = %i—i 1 5
—V 2h 2hmw

(13)

(14)

(15)

—zE4t/h|4>)

(18)



where I have kept the only nonvanishing amplitudes. These can be computed to
be:

(Blaj4) = vVa@BI3) =2,  (4laf|3) = (3lal4)* =2. (19)

So finally, since (Ey — E3) = hw and i(e™' — e ') = —2sinwt,

2h 2h
(P, t|z|,t) = —2|N[*{/—sinwt = —/ — sinwt (20)
mw mw

Note that the expectation value of the position oscillates about (x) = 0 with the
classical frequency w.

We can repeat the above steps, using the formula eq. (17) for p:

<w>t|ﬁ’w>t> _ _’NP% /thw (eiEst/h<3’ + Z-€+iE4t/h<4’) (d . dT) (efiEgt/h‘3> . ZvefiE4t/h‘4>)

= —|N25 V2R (=i BN al) — i B4 at|3))
= —2|N[*V2hmw coswt = —V2hmw coswt .

We can check to see if our answers obey the results of problem (2):

d d | 2h | 2h 1
— (W, tlz|,t) = — [ —\/ —sinwt | = —w{/ — coswt = ——V 2hmw cos wt
dt dt mw mw m

— Lt (22)

m
and

d d 2h
ﬁ(w,ﬂﬁw,t) = = <—v 2hmw cos wt ) = wV2hmw sinwt = mw?y/ — sinwt
mw

= —mw? (i, 2], t) . (23)

Using the fact that dV (2)/d% = d(k3?/2)/di = ki = mw?Z (where T used w =
Vk/m, we see that indeed
dv(z)

d R

(21



