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We derive a simple expression for the mass diffusion coefficient in deep inelastic collisions, based on a proximity formu- 
lation of nucleon tunnelling. The predicted value of the coefficient is consistent with empirical data. The mass diffusion 
coefficient has a negligible dependence on excitation energy in the physically interesting domain. 

Deep inelastic collisions between heavy ions occur 
at incident energies well above the Coulomb barrier. 
Besides the large cross section for energy damped 
events, these collisions are also characterized by many 
nucleons exchanged between the two ions. These latter 
features are evidenced by the broad mass distribution 
of  the final fragments. Models for describing these phe- 
nomena are based on diffusion. In a simple model used 
by Norenberg [1] and Moretto et al. [2], the nucleon 
diffusion is assumed to occur when the two ions are 
in contact and rotating about each other; the depen- 
dence of  the diffusion rate on the relative separation of  
the ions is treated discontinuously. Diffusion coeffi- 
cients have also been extracted from the experimental 
data with this model by  Schr6der et al. [3], Sventek et 
al. [4] and Wolschin et al. [5 ]. A typical value for the 
empirical mass diffusion coefficient is 

D A ~ 1022 nucleon2/s ,  

and it tends to increase as the combined system be- 
comes heavier. 

Determination of  the mass diffusion coefficient 
from a microscopic model has been at tempted by Ayik 
et al. [6], and by Randrup [7]. We shall use a proximity 
function to approximate the mass flux, as does Randrup. 
Unlike Randrup, we calculate the flux from the quan- 
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turn mechanical barrier penetration,  rather than from 
a T h o m a s - F e r m i  approximation.  There are no free 
parameters in the model, and furthermore the depen- 
dence of  the diffusion coefficient on the relative sepa- 
ration of  the two ions is also determined from the 
model. The dependence on separation is needed in 
more detailed descriptions of  the reaction, such as 
used by Agassi et al. [8] and Schr6der et al. [9]. 

We assume that the deep inelastic collision is peri- 
pheral and fast so that the sudden approximation is 
valid. This assumption has been made by most people 
in the field except the work of  Mustafa [10]. For 
simplicity, we consider only a one-dimensional geo- 
metry neglecting completely the effect of  angular 
momentum. We describe the two ions by the Fermi 
gas model and neglect the single-particle Coulomb po- 
tential. We take the average single-particle potential  as 
a Woods -Saxon  well characterized by the three param- 
eters: depth V 0, radius R, and thickness a. Then the 
combined potential  felt by the nucleons, when the 
two ions are separated by  the distance s measured 
between the half potential  points, is given by  

v0 
V(x,s) = V 0 -  l + e x p  [ ( I x + R  1 + 0.5sl - R 1 ) / a  ] 

v0 
- l + e x p [ ( I x  - R  2 -  0.5s1 - R 2 ) / a  ]" (1) 

This model is only applicable for s />  0. When s < 0 ,  the 
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model gives a potential  pocket in the overlap region, 
which is inconsistent with the saturation of  nuclear 
matter. We therefore restrict ourselves to the situation 
s/> 0. With this potential  the transmission probabil i ty 
P(k x, s) for a nucleon in the first well with momentum 
hk x in the x-direction tunnelling through the barrier 
to the second well can be obtained by numerically 
solving the one-dimensional Schr6dinger equation. 
These will be the same transmission probabil i ty for 
nucleons tunnelling in the other direction. A simple 
way to estimate P(kx, s) is to use the WKB approxi- 
mation, i.e. 

P(kx, s ) = e x p [ - 2 ? ( 2 m V ( x , s ) / h 2 - k 2 ) l / 2 d x  I , 
x~ (2 )  

where x 1 and x 2 are the two turning points determined 
by V(x 1, s) = V(x2, s) = h2k2/2m. The WKB method 
overestimates the transmission coefficient at the barrier, 
but underestimates it for large separations or deeply 
bound particles. In the range of  interest, the accuracy 
is ~- 50%. 

To get the total  t ransmitted flux we have to mult iply 
P(k x, s) by the velocity of  the nucleon hkx/m and 
sum over all the nucleons in the first well. Since the 
ions are highly excited in deep inelastic collisions, the 
Fermi surface is diffuse with the following occupation 
probabili ty 

1 
n ( k )  = , ( 3 )  

1 + exp [(h2/2m) (k 2 - k2)/Tj 

where k F is the Fermi momentum and has the value 
1.36 fm -1  ; Tis  the temperature in MeV and is related 
to the excitation energy E of  the ion by  T ~ 
with a the level density parameter (mass number/8).  
Typical temperatures T in deep inelastic collisions are 
a few MeV. Assuming full spin and isospin saturations, 
the total  transmitted flux from first well to second well 
or vice versa is given by 

q~(s) = [4/(2rr) 3 ] f dake(kx, s) (kkx/m) n (k) 

e o  

= r f dkxP(kx, S)kx 
rr2h 0 

X ln{1 + exp [(•2/2m)(k 2 - k2) /r]) .  (4) 

1 0  - 2  

io-3 

io-4 

'E 
t )  

v 

io-5 

to-6 

to-r 

_ \ \ \ ,  

\\ "\, 

\, 

\ 
- - - - -  VO: 40 MeV \ 

V o= 50 MeV 
. . . . . . . .  Vo = 50 MeV (WK8) \ -~ 

Vo = 60 MeV \ 

a = 0.6 fm \ 
T= 0.0 MeV 

i I i I 
I 2 3 4 

s(fm) 

Fig. 1. Total transmitted flux from one ion to the other ion 
as a function of the separation distance s, calculated for diffe- 
rent values of potential depth V0. 

In the limit T --* 0, it reduces to 

kF 

dp(s)- h f dkxP(kx,s)kx(k2F - k2) . (5) 
27r2m 0 

In figs. 1 - 3 ,  we show the dependence of  ~b(s) on the 
separation distance s for different values of  V 0, a and T. 
We observe that ~(0) = 9 X l0  - 3  c fm -3  and is indepen- 
dent of  V 0, a and T. This is so because T(k x, O) = 1.0 
as the potential  barrier vanishes at s = 0 fm. Also, all 
curves are approximately exponential .  They are more 
sensitive to V 0 and a than T. Fortunately  the quantities 
V 0 and a are known to be V 0 ~ 50 MeV and a ~ 0.6 fm. 
For physically significant distance s = 0 - 2  fm, the T 
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Fig. 2. Same as fig. 1 for different values of potential thicknessa. 

dependence of  ¢(s) is almost negligible. Therefore ¢(s) 
is essentially a universal function. Using the above 
values for V 0 and a, we can reasonably approximate 
~b(s) by 

q~(S) ~ a l  e-J31s + a2e-/32s , 

a 1 = 0 . O 2 7 c f m - 3 ,  a 2 = - 0 . 0 1 8 c f m  - 3 ,  (6) 

/31 = 1.90 fm - 1  , t3 2 = 2.98 fm - 1  . 

In fig. 1, we also show one calculation using the WKB 
approximation and observe that it agrees very well 
with the exact calculation. 

The rate of  nucleon transferred from first ion to the 
second ion dNl_~2/dt can be obtained by integrating 
~b(s) over the facing surfaces of  the two ions. We use 
a polar coordinate system for the surface between the 
two nuclei, shown in fig. 4. The integral o f  the flux 
can then be evaluated as follows: 
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Fig. 3. Same as fig. I for different excitation energies of the ion. 

( z2 z2) dNt-+2-fdA ¢ ( x ) ~  27rf  dZZdp s+~-~l+~R~2 
d t  0 

( ° R1R2 al +~2  e_•S / (7) 
=2 R1 /32 J 

This equation has the familiar form of  the proximity 
force [11 ], proport ional  to the mean curvature of the 
two ions. 

Fig. 4. Geometry involved in the integration of the area. 
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Table 1 
Experimental and theoretical values for the mass diffusion 
coefficients in units of 1022 s -1 . 

Reaction Elab(MeV) D ~  D~  D A 
eq. 8 N6renberg empirical 

et al. ref. [5] 

'*OAr + l°8Ag 288 3.0 1.63 1.3 
86Kr + 197Au 620 3.7 2.43 2.0 
84Kr+ 165Ho 714 3.6 2.40 2.4 
84Kr + 2°9Bi 714 3.8 2.48 3.7 

136Xe + 2°9Bi 1130 4.1 2.83 4.0 

The same expression holds for dN2~ 1/dt,  the rate 
of nucleon transferred from the second ion to the 
first ion. The mean number of nucleon transferred per 
second is given by the difference of dNl~2/dt and 
dN2_~l/dt and is therefore zero. In the language of 
the diffusion model, the mass drift coefficient is zero 
from our model. This is because we take the two ions 
as identical. Both are described by the same Fermi 
gas model with same single-particle potential. A net 
drift would occur if the Fermi levels were not equal 
on both sides, as would be the case if the nuclei had 
different n e u t r o n - p r o t o n  ratio, or if the nuclei differed 
greatly in size. 

One basic underlying assumption of any diffusion 
model is that the process is statistical. We assume that 
this is indeed so for nucleon transfer in deep inelastic 
heavy ion collisions. Then the rate of change of the 
half variance of the mass distribution, defined as A = 
½ ( N -  ~ )2  has the same form as eq. (7), which can be 
easily justified from the random walk problem. The 
mass diffusion coefficient D A is therefore given by 

R1R2 I °tl °t2 } 
DA(s)=2rrR-7~flle-&S+-~ge-&S2 " (8) 

This formula is radically different from that of Randrup, 
who assumes strong correlations between transfers in 
the two directions. 

On the basis of our model, the diffusion rate of 
neutrons and protons would be the same, providing 
the densities and potential well parameters were the 
same. The Coulomb potential by itself plays a negli- 

gible role; the fact that the nuclear potential for 
protons is somewhat deeper in heavy nuclei implies 
that proton diffusion should be somewhat reduced. 
In order to compare with the empirical values, we 
assume that nucleon exchanges occur when the two 
ions are in contact at s = 0 fro. Using R = 1.25A 1/3 

for the radius, where A is the mass number, we obtain 
table 1. We observe that our predictions are systema- 
tically larger than those predicted by N6renberg et al. 
[6]. Our results agree with experiment better for the 
heavier systems, but not as well for the lighter system, 
being off by a factor of two. This is perhaps as good 
as can be expected for a model which does not treat 
the relative motion. 

We conclude by saying that our model is physically 
appealing and does give results consistent with empirical 
data. Furthermore, it offers a concise formula for more 
complete dynamical calculations. Certainly, it will be 
interesting to pursue further by relaxing the simplifi- 
cations we have so far made. This can be carried out 
following the approach of Bertsch and Schaeffer [12]. 
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