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Abstract: The dynamics of heavy ion collisions are modeled by solving the time-dependent Schro-
dinger equation for potential wells moving on classical trajectories. We find that particle trans-
fer is much more likely than particle excitation in the same nucleus. This is at variance with
most experiments, and the likely reason is that the model neglects collective enhancements of
low excitations. It is found that the DWBA underestimates the weak transitions by large fac-
tors. For the moderately strong transitions where the magnitude is correct, the phases can be
significantly different. The observed anomalous of '80(0* — 2%) correlates with the d — 1s
phase obtained in this calculation. We achieve quantitative agreement with experiment for
one- and two-particle transfer. For grazing collisions of *®0 and Sn at 100 MeV, the average
energy loss is quite small, supporting the adiabatic picture of the single-particle degrees of free-
dom. For the earliest stages of the collision the single-particle dynamics can be easily charac-
terized classically. However, at late stages of the collision a classical treatment does not give
accurate velocities or transfer probabilities for the particles.

1. Introduction

There is a great interest in heavy ion collisions, with a wealth of experimental data
now available. But there is as yet no theoretical framework to build an understanding
of the data, especially at the higher energies where measurements are not of specific
final states, but are averages over many final states. A promising method to appear is
the time-dependent Hartree-Fock calculation !). This describes not only single-par-
ticle behavior but also collective oscillations at low energies. However, the method is
technically difficult to apply to three-dimensional geometry and much of the physics
may well be contained in the time-dependent Schrédinger equation, without demand-
ing Hartree-Fock self-consistency. With this in mind we shall investigate the conse-
quences of the time-dependent single-particle model where the single-particle Hamil-
tonian is solved for colliding potential wells. Calculations of heavy ion reactions in
this spirit were first attempted by Breit et al. ). The approach of treating one aspect
of the collision classically and another quantum mechanically has been exploited for
inelastic as well as for transfer reactions by Broglia and Winther *). The difference is
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that these authors treat the collective inelastic degrees of freedom of the nuclei, while
we examine the single-particle behavior. With our treatment we hope to straddle the
domains of peripheral collisions which excite individual final state and the closer
collisions where strong damping is observed. We first discuss the formalism, then the
technical method we used for integration and finally some results to compare with
experiment.

2. Formulation

2.1. EQUATION OF MOTION

In principle, our starting point is the time-dependent Hartree-Fock theory. The
wave function of the system is a Slater determinant based on the product wave

function,
Y= H¢i’ (1)
and the single-particle wave functions evolve in time according to
i _6_ ¢ = (gz— + V(P)) ¢, (2
ot 2m
where
p= Zil(b?‘ ¢:. 3)

Our formulas will be expressed in units with # = 1. Our actual calculations will use
units of MeV, fm, and fm/c for time.

We shall assume that the self-consistent field V(p) appearing in eq. (2) is adequately
approximated by the sum of two potential wells moving on classical trajectories,

V(r) = Va(r—R,)+ Vg(r—Rp), 6]
where R, and Ry are the centers of the two wells. Eq. (4) is not expected to be a good
approximation for close collisions, so there will of course be some ambiguity in the
determination of R, and Ry. For peripheral collisions, R, and Rp can be determined
from the evolution of the wave functions in the two wells. Several prescriptions for
the motion of R, and Ry can be easily formulated. One prescription is to choose the
time dependence to maximize the overlap with the ground-state wave functions re-
ferred to origins R, and Ry. Another prescription is to choose the time dependence of
the wells so as to conserve the total energy. This latter prescription can be formalized
by explicitly introducing cluster coordinates and momenta into the Hamiltonian.
This is done in the appendix.

In this paper we shall not study the self-consistent evolution of the coupled single-
particle and ion trajectory equations, but merely examine qualitative and some quan-
titative aspects of the time-dependent single-particle behavior. To follow the evolution
of a wave function which starts in nucleus A, it is useful to use a coordinate system
centered at R,. The initial wave function is the spherical eigenstate of the well,

ha§® = ... )
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Since the coordinate system is accelerating, the time-dependent equation for a particle
in nucleus A is
.0 v? "
i—¢,=|— — +VaA(r)+Vag(r—R)+mR-r| ¢,. (8)
ot 2m
The wave function in the c.m. coordinate system, or other inertial coordinate system,
is related to this by a phase factor
2
gt < exp ke [~ [1 £ ar] g, ©)
2m
where k = mR. We shall consider mainly Coulomb trajectories. The Coulomb poten-
tial is smooth and when expanded in multipoles, the average dipole field would just
cancel the acceleration term in eq. (8).

2.2. ORTHOGONALITY
The solution to egs. (2) and (4) can be expressed formally as

¢a = U, (10)

where U(t) is the evolution operator associated with eq. (8). Since Uis independent of
a this shows directly that
{Balda)y = <19, (11)

So, if one starts with an orthonormal set of functions ¢, the set of functions ¢, is
also orthonormal at each instant, even if ¢ and c' were initially in different nuclei.
This is a very important property which allows us to ignore the Pauli principle.
Without such a relation it would not have been possible to obtain meaningful results
with our calculations. In practice, it means that the scalar product {¢_l¢.> is con-
served. So if we start the cluster A and B sufficiently far apart so (¢?[¢?> ~ 0
for ¢ and ¢’ belonging to different nuclei, we can indeed use the shell-model wave
functions in each nucleus as a starting point.

2.3. ENERGY

The single-particle model is not suitable for calculation of total energies. However,
excitation energies as determined from single-particle energies in the potential well
agree quite well with Hartree-Fock calculations. Thus, we can examine the asymptotic
wave functions after the collision, and determine the inelasticity of the collision by the
change in single-particle energies,

AE = 3 (o lhlg.> —{dVhoI). (12)
Of course the energy must be measured in an inertial frame. This is then

E; = ($lhlpc> = (<h)+ P, - v+3mo’). (13)

Here p, is the expectation of the momentum of the particle in the frame A, and v is
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the velocity of the inertial frame with respect to frame A. This inelasticity must imply
that energy is extracted from the collective motion of the two centers. This will
happen automatically if the appropriate prescription is used for the coordinates R A
and Ry.

For example, with the formulation of the problem given in the appendix, the classic-
al trajectory of the ions is determined by the self-consistent potential defined in the
appendix:

V(R) = Tr (h.p.). (14)
It is useful to define the change in the density from its initial value
opc = p.—pV. (15)
Then this potential becomes a sum of two terms,
V(R) = VOR)+Tr (hop.). (16)

The first term is the potential in the sudden approximation, also known as the folding
potential. It is a coherent energy which produced a conservative force. The second
term, giving corrections due to single-particle motion during the collision, contains a
coherent part, but gives also rise to inelastic effects. Using eq. (A.15), the rate of
energy change may be expressed as

ng = —p-* VRf VC(R_ r)(spc(r)dsr’ (17)
t

provided V{(%)(R) is treated as a scattering potential in the equation of motion for R.
The fact that energy is lost from collisions is apparent from the behavior of dp,: it
will grow during the course of the collision, and will have high overlap with the
potential well of the collision partner. This means that there will be a gain of energy
in the initial part of the collision, which is more than balanced by the energy loss in the
final stages.

We also note with this formulation that only the higher orbits, for which ép differs
significantly from zero, need be considered explicitly during the collision. The other
orbits only contribute to the coherent potential, which can be taken empirically in any
case.

The degree of inelasticity will depend greatly on how close the collision is. When
dealing with close collisions well above the Coulomb barrier, a typical time for the
variation of the potential is

T, =~ alv,, (18)

where v, is the speed of the ions along the line joining their centers and a the surface
thinkness. This time is quite short. Even when the radial kinetic energy is only 1 MeV
per particle, the interaction occurs within a time of the order of 10 fm/c. This is to be
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compared to a typical single-particle time

T, ~ 2R 8 L 25 frfe, (19)
v 0.3c
where R is the nuclear radius and v the Fermi velocity. Thus such a collision is non-
adiabatic. A similar estimate was made by Broglia and Winther 3).
For grazing collisions and collisions near the barrier, the collision time interval is
much longer. Near the classical turning point, the distance between centers will vary

quadratically,
R(t) = Ro+at’. (20)
For head-on collisions, the parameter « can be estimated fromthe Coulomb force as
o = U,/4D, (21)

where D is the distance of closest approach and v, is the incident velocity of the pro-
Jectile. Values for a in typical collision geometries are given in table 1. The effects of
the collision in the peripheral region will depend exponentially on the distance between
centers, e~ *X, where x is the rate of fall-off of the density or the potential, and is about
1-2 fm ™!, Then the effective length of the collision is given by

f e *dt = v/ nfka. (22)

The collision times obtained from eq. (22) are of the order of 100 fm/c. The energy
associated with this time is 2 MeV. Since this energy is smaller than the relevant
single-particle energy spacings, the adiabatic picture is likely to be quite suitable for

TABLE 1
Collision duration parameter for 180 +12°§n

Ei, D (fm) a (Coulomb o (Coulomb+nuclear)
(10~ * fm/(fm/c)?)

60 MeV 14 1.6 1.6
12 1.7 1.3
100 MeV 12 3.5
10.9 3.9 penectrates

D is the distance of closest approach.

peripheral collisions despite the exponential behaviour (e”*®) of the form factors.
This is due to the properties of the classical trajectory near the turning point where
the particle spends a rather long time without any change in the radial coordinate
(the radial velocity vanishes).
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2.4. PERTURBATION THEORY

In perturbation theory we start from the solution of eq. (8) for nucleons in nucleus
A, and assume that vg is small. Then wave function evolves in time according to

¢ =e (1+ f dte“'"'VBe_"'") ), (23a)

that is
8(r, 1) = FGO()+ T el HO(), (23b)

with the admixture amplitudes c,,.(t) given by

cor(t) = — lf: ) dre ™ i@ea" fdsr(qS,(,?)(r))* Va(r— R(‘c))q&f,o’(r), (29
W = E,—E,. (25)

The states a’ are a complete set of states in the basis including state a; thus eq. (24)
is directly applicable to the inelastic excitations in nucleus A, due to the potential
Vs. A similar relation can be derived for the transfer reaction using the distorted
wave Born approximation, which is based on a standard formula for the transition
amplitude *). The transfer amplitude is

cul) = ~i[ aeeto [@rs O - RO -ROD.  (20)

with ¢, an eigenstate of the potential well V.
We shall compare amplitudes obtained from eqs. (13) and (15) with the exact
results of the model, namely

caa (1) = <¢Nu(r: 1), 27)

with @, the solution of the time-dependent Schrédinger equation, eq. (6).

Note that since there in general some energy loss along the trajectory R(t), time
reversal would not simply imply, in (26) besides changing Vg into ¥,, to have the
particle run backwards on the same trajectory, although our equations are invariant
under the time reversal transformation. A meaningful comparison of (26) and (27)
can only be done when the trajectory in (26) is chosen to be the same as the one used
for (27). This is the recipe that replaces the usual optical potential used for DWBA
calculation the relation (26) in the result of perturbation theory (i.e. assuming Vg
weak for the specific transition @ — ) within our model. It is the result that should be
checked against (27) in order to asses the validity of the DWBA theory. Eq. (27) is
equivalent to a multi-channel calculations where an infinite number of channels are
taken into account. This is specially important in case all the initial orbitals are
spatially deformed due to a flow of matter from one ion towards the other, before
transfer occurs.

A final important remark has to be made about recoil effects, which appear in
standard distorted-wave Born treatments of transfer reactions. The recoil calculation
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is a simultaneous integration over projectile coordinate and transferred particle
coordinate, which is necessary in the DWBA formalism to properly account for
momentum mismatches in the transfer of the particle from one nuceus to another.
In our model, we do not explicitly identify the c.m. coordinate of the projectiles, and
momentum mismatches to particular states appear automatically in the amplitudes
of the wave function propagated to these states.

The states which receive large transfer amplitudes in our treatment will be well-
matched in the DWBA theory when recoil is included. States receiving small ampli-
tudes are not well described in our model, since the collective motion of the c.m. is
governed by the average energy and mass transfer. However, one might argue that
DWBA also does poorly on the weak amplitudes, since multistep reactions then
become competitive.

3. Practical calculation

3.1. PARTIAL WAVE EXPANSION

The wave function is expressed in spherical coordinates with a partial wave ex-
pansion,

Y(r, 1) = ; Yo(F)run(r, 1). (28)

In the following, we shall assume that ¢, is expanded in partial waves around the
center of A, and ¢, around the center of B. It might in some cases be as simple to
expand both around a common origin. Eq. (2) can then be written

iéa—tﬁblm(r) = [ﬂ_ + V(r):I Gim(r)+ lg' V(s R(O)Prrm (1), (29)

2m
Vit (7 R(1)) = 3. Viaa(r, R(8)) G (30)
where the geometric coefficient G is -
Gl = (LMU'm’|Im)(LOV'0[I0} (2L +1)(2L + 1)/4n(21 +1). (31)

In order to describe a particle at the Fermi surface in the nucleus B, the number of
partial waves to be retained is roughly

n & kg(R,+2Rg), (32)

i.e. it is roughly three times the number of partial waves needed in order to describe
the ground state of A.

From the spatial distribution of the spherical harmonics ¥,,,(#) it can be inferred
that the maximum contribution comes from m &~ 0 when the quantization axis is
chosen along the line joining the A and B centers at the distance of closest approach.

In the calculation below, we limit ourselves to m = 0 and neglect L = 10. Accord-
ing to the above considerations, this implies that we could only describe the Fermi
surface to a distance of 7.5 fm from the center of nucleus A. However, the momentum
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of transferred particles is primarily in the radial direction, so we actually do not need
to include wave functions with large tangential momentum in our space.

3.2. INTEGRATION SCHEME
We represent the radial wave function on a mesh in coordinate space. Choosing
mesh size A, the radial kinetic operator is taken as
tnnm - 1
2mh?

[H(r+h)—2¢(r)+ $(r—h)]. (33)

Koonin *) uses & = 0.4 fm, which causes an error of 2 % in the energy at the Fermi
momentum. We do not consider this to be a serious error, and use the same size mesh.
Then with seventy radial points our space is a sphere of radius 28 fm. Our single-
particle Hamiltonian ™™ may be considered as a matrix operator which acts on
a 700-component vector.

An excellent algorithm for time integration in one dimension is

S(t+7) = (1+4H™™0) ™ (1 — 1iH™5)d(1). (34)

This algorithm preserves normalization and conserves energy (of H™™). It is easy to
do in one dimension because H""™ is a tridiagonal matrix and the inversion can be
done quickly. With the coupled partial wave equations, this is no longer true. It is out
of the question to invert large matrices at each time step. One algorithm which works
well is

¢(Lr, t+1) = ZIO(LV, Lr)p(Lr', 1), (35)
with
(1+ivE ("))
Ji+ LZL”(qS(L’r’)VL'L"(r’)td)(L")

O(Lr, L") = (1+3iH™%7)" (1 - 4iH™%)

The radial Hamiltonian H™? of course contains the radial kinetic energy. We also
include in it the potential field along the line of centers. This potential field is then
subtracted out of ¥*L'(r). The algorithm (35) preserves normalization in a way which
satisfies the radial equation of continuity. We expect therefore, that mass flux is
adequately described.

An alternate method, which gives essentially equivalent results is

O(Lr; Lv') = (1+3iH™%7) (1 —4iH™ ) [(1+3iVe)~ 11— 4ive) [ (36)

Now H™ is the sum of the kinetic energy operator and the potential of the initial
nucleus. The non-diagonal part of the Hamiltonian in the partial wave representation
is included in V. This algorithm does not conserve the norm. However, the flux lost
has a numerical significance: it is the flux gone into the partial waves which were not
included in the calculation.
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Most of our calculations were done with a time step of 1 fm/c. Then 200 to 300
steps are needed to trace out a collision for the period where the nuclei are within a
couple of fm of the closest approach point.

With the MSU Cyclotron computer (8 ps multiplication time) the calculation takes
about 30 min per orbit. At the Saclay 7600 CDC, the calculation time is about sixty
times less. Most of the time is spent computing V'“X'(r). If the computer is large enough
to store this array, all the single-particle states can be integrated simultaneously for a
great saving in computer time.

The main check on the accuracy of the algorithm is to decrease the time step and
examine the stability of the results. In fact, with the 1 fm/c time step transfer probabil-
ities can be in error by as much as 3 %, of their value, for the close collisions. Another
more stringent check is whether the instantaneous Hamiltonian is conserved, i.e.

e+ H™@)p(e+7)> 2 <POH™™(1)\(2)). (37

We found that a time step of 1 fm/c conserves the instantaneous Hamiltonian to
about a tenth of an MeV over the course of the collision. This error does not affect
our calculation of the inelasticity of the collision, because we calculate the change in
the expectation of H as
da<{H) dv
——= = {$| —1¢>.
dt dt
Another check we made is to calculate the evolution of an arbitrary wave function
in an oscillator well. The wave function returns to its initial form in a time 27/o.
This test proved to be the least stringent of all, probably because the smoothness of
the oscillator well promotes convergence at large time steps.

3.3. EIGENSTATES

To examine the structure of the final state in terms of shell excitations, and transfers
to specific orbits, we need to find the eigenstates of H™™. We use an iterative procedure
starting with a trial wave function. We operate on the trial wave function with
O(r,r') and construct a vector from 0¢ orthogonal to ¢. The Hamiltonian H™™ is
diagonalized in the 2 x 2 basis defined by these two vectors. The lower eigenvector
is the new trial vector. It would be more straightforward to use H*™ instead of & to
define the new vector. However, H™"™ acting on ¢ accentuates the high energy com-
ponents, and convergence is much slower.

The above proceedure converges to the ground-state energy to within 0.01 MeV in
twenty iterations, starting from a trial wave function proportional to the potential.
Other states besides the ground state are obtained in the same way, except that trial
vectors are orthogonalized to the previously obtained states at each iteration.

In table 2 we list the bound states obtained for the well of Sn at 14 fm from the
origin of the coordinate system. The number of internal nodes in the wave function in
the angular and radial directions (with respect to the coordinate system origin, not



518 G. BERTSCH AND R. SCHAEFFER

TABLE 2
Eigenstates of Sn well at 14 fm from origin

Level number Energy Radial Angular Spherical [Epherical
nodes nodes state
1 —43.6 0 0 Os —43.8
2 —37.4 1 0 Opo -38.0
3 —29.3 2 0 (0d+1s)o —29.1, —31.1
4 —19.8 3 0 (0f+1p)o —20.5, —23.4
5 —12 0 1 Op, —38.0
6 —10.2 4 0 ©Og-+1d+2s)o —10.8, —11.6, —14
7 — 4 1 1 od, ~31.1
8 — 0.33 5 0 (Oh-+1f+2p)o — 2.6, —3.1, —59

the Sn center of the Sn well) is determined, and from this one can associate a spherical
wave function, and corresponding eigenenergy.

We see that the energies of wave functions with no angular nodes are reasonably
given, except for the highest state which is off’ by several MeV. However, the energies
of states with angular nodes are quite far off. This indicates the insufficiency of the
cut-off in angular momentum of L = 9.

4. Results
4.1. INTRODUCTION

We consider as a model system the collision of 20 on !2°Sn, because this has been
thoroughly studied experimentally ¢ 1) and theoretically in DWBA °). The subjects
we investigate are the validity of perturbation theory in the peripheral region, the
dynamics of mass flow at the point of contact, and the inelasticity of the collision.
For most cases we used a pure Coulomb trajectory for the classical motion of the ions.
At the energies we consider the nuclear potential plays a negligible role when the
distance of closest approach is greater than 11.5 fm. The single-particle potentials
appearing in eq. (6) will be taken as Woods-Saxon wells with the standard geometry
ro = 1.25, a = 0.65. The depth of the Sn well is 50 MeV. This is increased to 57 MeV
for the 20 to bind the d-orbit by 5.5 MeV.

4.2. COMPARISON WITH PERTURBATION THEORY

The DWBA theory used for peripheral reactions enjoys quantitative success on the
magnitudes of inelastic scattering and single-particle transfer reactions. Two-particle
transfer reactions are systematically underpredicted by a factor of 5-10 [ref. ?)],
although in some cases multistep reaction mechanisms can improve the agreement.
In some cases the reaction is sensitive to relative phases among the two-particle trans-
fer amplitudes 7).

The simplest question that can be asked in a single-particle model is whether it is
more likely to inelastically excite the particle in the same nucleus or whether a transfer
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to the other nucleus is more likely to take place. In the semiclassical Born theory,
egs. (24) or (26) the question reduces to whether V3¢, has a larger overlap with
orbits in nucleus A or in nucleus B. For orbits at the Fermi level, the transfer am-
plitude is larger. Let us consider specifically the d-orbit in 120. Choosing an oxygen
well that binds this orbit by 5.5 MeV, we examine the time-dependent behavior of the
wave function as the potential well of the Sn nucleus moves by on a Coulomb trajec-
tory. In table 3 we compare the probabilities for transfer and for inelastic excitation.
The transfer probability was obtained by finding the change in probability at radius
greater than 6 fm from the center of the oxygen well. The excitation probability is
determined by taking of overlap of the final state with the other bound orbits of oxy-
gen, namely Os, Op and 1s. The transfer probability overwhelmingly dominates as
might be expected. The excitation probability is almot completely to the 1s orbit,
which lies within 0.8 MeV of the 0d orbit. We consider now the total inelastic or trans-
fer probability P, for a nucleon initially in state . Whereas the transfer probability
from a given state a to a given state b is essentially determined by the Q-value, the
total transfer is not, since one sums up all final states. It is basically governed by the
height of the barrier built up by ¥, + Vg between the two nuclei. If the top of this bar-
rier is higher than the binding energy of the initial state a, transfer is small, when on the
other hand the barrier is low enough to allow the particle in state a to propagate
classically into the other nucleus, transfer is larger. Another factor, is the ratio of the
volumes of nuclei A and B. Transfer is easier from the smaller towards the larger
nucleus. For instance, in the case of a p-wave proton, shown in table 4, the long range
of the Coulomb interaction increases the inelastic strength so that it became compa-
rable to the transfer strength. We also note that proton transfer is inhibited compared
to neutron transfer, as would be expected from the Coulomb barrier of ¥s+Vjy
between the clusters.

In the last column of table 3, labelled P;., we tabulate the amount of flux lost to
higher partial waves with the algorithm, eq. (36). The number is quite large. However,
it does not directly indicate the probability in the higher partial waves, since we have
not allowed for a flux in the reverse direction.

In tables 5 and 6 we display the amplitudes to specific states, including the diagonal

TABLE 3

Evolution of dq orbit in 61 MeV 180 on 12°Sn

D Pranster Perotiation PL'
12 17 % 0.7% 25 %
13 6.3% 0.1% 10 %
14 1.6%; 3%

Probabilities for transfer, inelastic excitation, and flux to partial waves higher than nine are shown.
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TABLE 4
Evolution of p-orbits in 160, including the Coulomb fields

-P' Pn
neutron SE 4% 1x10739%
BA 5x10-4 4x10-4
proton SE 2 2
BA 0.07 1

The Schradinger results (SE) are compared with the Born approximation (BA) for the collision
with 12%Sn at £ = 60 MeV and D = 11 fm.

TABLE 5
Inelastic amplitudes

Uy = neia D =12fm
d—>d d—1s
SE BA SE BA
7 0.906 1 0.10 0.18
0 5° 11° 163° 110°
TABLE 6
Particle transfer amplitudes
R Orbit in Sn
(6) D @)
12 SE 0.29 0.06 0.11
BA 0.14 0.11 0.10
14 SE 0.056 0.049 0.053
BA 0.045 0.036 0.040

d — d amplitudes calculated from the formula (26) and (27), using the exponential
amplitudes (22). The potential matrix element is given by

[ @829 (4 BB ~ Vi,
The reaction amplitudes are then expressed analytically as

Coa = Vox/n/xoc exp [ —w?,/4Kd].

The parameter V' is determined from actual overlap integral at D. The parameter x
is estimated from the integral at another point or the rate of decay of the wave func-
tions. These parameters are given in table 7.

The comparison of transfer amplitudes in table 6 shows rough agreement between
the two theories. In the DW theory, the amplitudes to the three least bound orbits are
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TABLE 7
Overlap integrals in the **0+**®8n collision
Orbits D Vo (MeV) x (fm—1)
0d, 0d 12 0.33 L15
04, 1s 0.27
0d, Sn (6) 14 0.25 0.56
0d, Sn (7) 0.06
0d, Sn (8) 0.17

roughly comparable. This is due to a coincidence: the orbits (6) and (8) stick relatively
far out in the surface, and so have a good spatial overlap, but the energy difference w
is 5 MeV which reduces the amplitude to these orbits by a substantial factor.

For the inelastic amplitude, the Born amplitude differs from the Schrédinger equa-
tion by nearly a factor of 2, but more important, the phase of the admixture is quite
different from the Born phase. We believe that this phase has a physical significance.
The domniant process in the reaction is transfer, and the probability density is de-
pleted in the region of the oxygen surface near the Sn well. The phase is exactly op-
posite to the sudden picture, which suggests that amplitudes should be admixed to
increase the density along the line of centers. The actual phase in fact decreases the
probability in the oxygen surface near the Sn well.

Let us now concentrate on total one-particle transfer, i.e. the probability that a
particle, initially in a given eigenstate a of ¥V, is within a radius Rg+3 fm of the
center of B in the final stage of the collision, whatever state in B has been populated.
The same calculation can be done by perturbation theory, with the same initial and
final states, or using the TDSPM equations. The exact calculation agrees in magnitude
with the perturbative calculation only for moderate transfer amplitudes. In cases
where the strength is weak, as for example the p-wave transfer in 120, the DWBA
grossly underestimates the transfer probability. This may be seen in table 4, where the
difference is nearly two orders of magnitude. Also, for very large transfers, the fact
that the perturbative amplitude is not normalized will make it unreliable. DWBA,
mostly for two particle transfer, has been often questioned !°~17). We find systemati-
cally deviations from the first order calculations although there is no obvious strongly
coupled intermediate channel which would call for a second a higher order calculation
with only a few additional terms in order to provide such a systematics. These devia-
tions (in phase or in magnitude) occur whatever the strength of the process is so the
magnitude of the cross section alone is not a sufficient indication for the validity of
perturbation theory. The reaction time might be a useful criterium, but for *80 +*8Sn
at 60 MeV (near the Coulomb barrier) or at 100 MeV (well above with about half the
reaction time) the same qualitative features can be observed in the calculation.

4.3. COMPARISON WITH EXPERIMENT

Let us now try to make contact with experiment. According to Henning et al. ©),
inelastic scattering is more important than transfer for *80 +Sn in peripheral col-
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lisions. We have omitted from our treatment so far the complications of the wave
function being more complex than a single Slater determinant. Inelasticity can result
simply from the collision’s destruction of the phase relation between components of
the ground-state wave function, without thesc necessarily being in the single-particle
orbits. Also, collective effects such as core polarization have been completely ne-
glected. Some additional transfer or inelastic excitation might also arise from the
m # 0 orbitals whose contribution was neglected here.

Schematically, an account of the shell structure of 80 can be made using a linear
combination of the five m-states for the d-orbits:

!/’ = \/?Tg ¢dm(1)¢d—m(2)n¢a' (38)

In the coordinate system based on the line of centers at the point of closest ap-
proach, the main effect of the collision is on the d, orbit. The final state is then
roughly ‘

W = JHP e Paobao+ £ ;0¢dm¢d~m)n¢a' (39)

where e’ is the amplitude of d, in the final state. The elastic scattering amplitude is
the overlap of initial and final states,

Wl = 3(d+n"e’™), (40)
Pe]astic = <¢,I¢>2 = _2_1_5_(16+8”2 cos 2¢+'14) (41)

The transfer probabilities are conveniently expressed in terms of the probability for
transfer of the d, particle, P4. The two-particle transfer probability is

Py, = 3P5. (42)
The one-particle transfer probability is
Py = $2Po(1—-Py). (43)

In figs. 1 and 2 we compare the one- and two-particle transfer with the experimental
results of Henning ef al. ). These authors quote their results in terms of the distance
of closest approach for Coulomb trajectories. The calculated curves are also for Cou-
lomb trajectories. Inclusion of an ion ion potential in the trajectory changes the re-
sults negligibly, since the strong absorption radius is smaller, than 12 fm [ref. 1
The theoretical one-particle transfer is somewhat too high, but the slope matches ex-
periment. The slope of the two-particle transfer is roughly twice the one-particle
transfer (note the difference in scales in figs. 1 and 2) but the theoretical magnitude is
too low by a factor of 5. Additional correlations, besides what is included in the (d*)°
wave function, will increase the two-particle transfer. Including the (1s)* configura-
tion has a dramatic effect. Its transfer probability of the 1s is nearly the same as for
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Fig. 1. Probability for one-particle transfer, Fig. 2. Two-particle transfer probability,
118§ (180, 170), at 60 MeV. The probability 11887 (180, 160) at 60 MeV. Note the com-
is plotted as a function of the distance of pressed scale on the ordinate. Theory is the
closest approach for Coulomb trajectories. The solid line from eq. (40), and the short-dashed
solid line is theory with eq. (40) and the dashed line using the wave function of eq. (42).

line is deduced from fig. 1 of ref. ).

the dy, and amplitude is substantial in typical shell-model wave functions. Using the
wave function 13)
Y = 0.88(d%)=°+0.32(1s*) 7 °+0.35(d)*" 1, (44)

the cross section is increased by a factor of 3.

This is shown as the short-dashed line in fig. 2. The two-particle transfer probability
is now close to experiment. However, it should be noted that if the theory were modi-
fied to get agreement for the one-particle transfer, the two-particle transfer would be
substantially reduced. This is to be compared with the results of DWBA theory which
reproduce one-particle transfer, but have too small cross sections for two-particle
transfer, typically by a factor of five ?).

We compute the inelastic excitation cross section as

Pinelastic =1 —Pelastic:Plp—PZP' (45)

This only amounts to 1.5 9} at D = 12 fm. The experiment greatly exceeds the theory,
but this is to be expected: core polarization effects will enhance the 0* — 2* transition
in 180 by at least a factor of 4, and excitation of the Sn nucleus has been omitted from
the theory. When the collision is between closed shell nuclei, the single-particle model
prediction of domination by transfer ought to be borne out. In fact, Henning et al. ©)
report that transfer exceeds inelastic in the case of 10 on “Ca.

Experimentally the phase of the inelastic amplitudes can be found from Coulomb-
nuclear interference. The d — Is transition in 7O, and the 0t — 2% transition in
80 appear to have anomalous phases *°'!!). In fact, the direction of phase change
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needed in ref. 1) agrees with the sort of deviation we find for the d - 1s transition.
This is certainly suggestive that transfer-dominated single-particle dynamics may
influence the inelastic excitations.

4.3. MASS FLOW

A hydrodynamic description is desired for close collisions between nuclei, because
the description in terms of nucleon coordinates seems inefficient. Hydrodynamics is
based on the equation of continuity and a dynamic equation relating the change of
momentum density to the local state of the medium. Both the equation of continuity
and a dynamic equation can be derived from the single-particle model; the dynamic
equation has the form

B =VT,, (46)

where the stress tensor T,, depends on the potential and derivatives of the wave
function. Because of this nonlocality, it is not easy to derive hydrodynamic approxi-
mations useful in the surface region. Qualitatively the collision ought to behave as
follows. Initially, the nuclei are in equilibrium so that the left-hand side of eq. (46)
vanishes. When the other well comes by, there is a force — V¥, so the momentum of
the nucleons is determined by

(PY = —VV,. 47)

Nucleon density moves into the other nucleus, stretching out the wave functions.
If changes in the stress tensor due to alteration of the wave function could be ne-
glected, the velocity field would approach asymptotically the value

v = —2V/m. (48)

In fig. 3 we have plotted the results of the Schrédinger equation for the velocity of
an !'80 d-particle along the line of centers computed as

o(r) = ﬁy>r

im

The collision is for 60 MeV Coulomb trajectory of 120 on *2°Sn, with a distance of
closest approach of 12 fm. The integration is started when the ions have a separation
of 13.7 fm. Initially, the velocity field agrees well with eq. (47), which is shown by the
comparison of the actual velocity (lowest solid curve) with eq. (47) (dashed curve)
at 2 fm/c after the start of the integration of the Schrédinger equation. The other
two solid curves are for T = 30 and 90 fm/c. We see that the wave function that
penetrates within the Sn well does have a velocity field approaching eq. (48). However,
in the region between the oxygen and Sn nucleus, the actual velocity only reaches half
this limit.

In fig. 4 we examine the velocity in the neck region between the two nuclei, i.e. at the
point midway between the edges of the O and Sn wells. The velocities for both the
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Fig. 3. Velocity of 180 d-particle during a collision with 12°Sn, plotted along the line of centers

between the two ions. The solid curves show the velocities for different times (2.30 and 90 fm/c re-

spectively from the bottom to the top). The lower dashed curve is from eq. (44) and the upper dashed
curve is from eq. (45).

closest

approach

50 100 150
Fig. 4. Velocity of 130 d-particle (solid) and 1s particle (dashed) at the point midway between the
surfaces of the colliding nuclei.

0d and 1s particles are plotted as a functon of time. We see that there is a substantial
time when the velocity field is essentially constant. A plausible hypothesis is that the
entire flow is governed by leaking through the neck region. All the Kinetic energy
in the neck region should then be attributable to the coherent velocity field. If condi-
tions are adiabatic, the particle has the same energy in the neck region as it had ini-
tially. Thus, if the potential in the neck region is V,, the velocity would be

v = V2(e—V,)/m. (49)

This idea does not work out quantitatively, either. Eq. (49) predicts a velocity of 0.1¢
at the distance of closest approach, a factor of two larger than the actual rate.

At times somewhat later than the closest approach point, the reflection of the nu-
cleon wave function from the farther edge of the Sn well causes the velocity field in the
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Sn well to become confused. This also gives rise to large fluctuations in the neck region
past T = 150.

To summarize, the simple-minded classical description of mass flow does not stand
up a quantitative test. Nevertheless, the qualitative agreement is quite impressive and
extremely encouraging for a more complete hydrodynamical description of the
phenomenon.

4.5. OPTICAL POTENTIAL

It should be possible to calculate phase changes associated with elastic scattering,
i.e. optical potentials in the time-dependent Schrédinger equation model. We will
consider a collision energy of 100 MeV, with a Coulomb trajectory that reaches D =
10.9 fm separation. This still corresponds to rather peripheral collisions.

For calculating elastic scattering, we must take the overlap of the wave functions
in the final state with the ground-state eigenstates, and utilize the phase information
obtained. The phase is obtained in the sudden approximation by assuming that the
single-particle wave functions remain in the eigenstates of the individual wells at
each point of the trajectory. Then the optical potential can be defined,

Vo = 3 [ 1601730 (50)

and the phase is [ dtV,,(t). With the TDSE, we allow the single-particle wave functions
to evolve according to eq. (6), but determine the elastic phase by projecting the wave
function on ¢{®. Intable 8 we display the phasechanges predicted by these twometh-
ods,and compare with the optical model phase change along the Coulomb orbit.

TABLE 8
Elastic phase (j > j) in close collision: E;, = 100 MeV; D = 10.9 Coulomb trajectory

Sudden approx. Arg¢,0|,>
s—+S§ 2.9° 2.6°
p—>p 13.3° 14.5°

Total phase change with four particles in each orbit is 68.4°; from phase change in sudden approxi-
mation 64.4°; from phase change of system with phenomenological optical potential 54°.

The two methods give very similar results for the s- and p-orbits. Thus the sudden
approximation is quite accurate. This is somewhat surprising, because the nondiag-
onal changes in the wave function are large compared with the elastic phase change.
Nearly 20 9 of the p-wave is transferred to the other well, but the phase change is
only 13.5°,

The last row of table 8 shows the phase change along the trajectory induced by the
phenomenological optical potential of ref. *) (V' = 40 MeV, ro = 1.31 fm, and @ =
0.45 fm). This is smaller than the phase in the single-particle models, especially con-
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sidering that we have not included contributions from m # 0 orbits. Satchler has
compared the systematics of optical potentials with the sudden approximation ),
finding that phenomenological potentials are typically a factor of two smaller. Our
results are in the same direction, and matters are not improved by going beyond the
sudden approximation to the actual wave functions which satisfy the time-dependent
Schrédinger equation.

—_—

50 100 150 200 250 T

Fig. 5. Change in single-particle energy for a collision of 180 on *2°Sn at 60 MeV. The energy in
MeV for the combined systems is plotted versus time in fm/c. The closest approach is indicated by
an arrow, and the distance between ions is shown along the curves.

Finally, we examine the inelasticity of the collisions, calculating the total single-
particle energy as a function of time. The results for the 60 MeV collision at D = 11
fm is plotted in fig. 5. As the nuclei approach, the energy becomes negative. This is to
be expected, since the energy can be calculated as

9 v o1 s> =51 X 160 = [ 03 @
E oy 1o =<1 % 100 = [ 1 o,

which is negative for approaching wells. At the distance of closest approach it is zero,
and then becomes positive. The energy returns to its initial value only much later,
when the fragments are separated by 13-15 fm. We expect a net inelasticity because
the density in the region between the two nuclei ought to be greater after the point of
closest approach than before. In fact, the collision nearly conserves energy, showing
that the adiabatic limit is most appropriate. This conclusion remains true at 100 MeV
bombarding energy, and even when there is orbiting (and thus large collision time,
of the order of 500 fm/c).

One should note (fig. 5) that the incident particle gains more energy where it ap-
proaches the target than predicted by the sudden approximation, i.e. using the un-
perturbed value p‘@ of p for the energy change calculation. Especially, this is true for
the 180 d-wave contribution. It is easy to understand, since the changes in p as com-
pared to p(® are mostly due to transfer. It also is interesting to note that in case the
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density matrix is calculated by perturbation theory [from eq. (28)], the net energy
lossis quite large, of the order of several MeV per particle. So, one should be extremely
careful when using perturbation theory.

Our model provides a unified treatment of both aspects of optical models, refraction
and absorption. We find that the absorption is small compared to the elastic phase
changes, in the peripheral region. This agrees with the optical model analyses of
refs. > 14} but contradicts the assumptions of Fresnel diffraction model, as applied to
heavy ion scattering.

5. Conclusion

Our initial picture of close collisions was that the strong nuclear field would
greatly affect the nucleon density matrix in the region of contact of the two ions, but
not affect the density matrix elsewhere. In fact we fond that the collision process was
so slow that the entire density matrix is affected nearly adiabatically. The inelasticity
is not very strong, either in terms of flux removal from the entrance channel, or in
terms of energy loss. The observed inelasticity could be due to collective behavior,
which is omitted from our model in as much as the potential wells remain spherical.
Broglia et al. '?) take the point of view that the collective states dominate the deep
inelastic, but not the quasi-elastic reactions. The inelasticity could also be due to
mixing with more complicated configurations that involve change of orbits of two
particles simultaneously. One would anyway expect large inelasticity only in heavier
fragiments.

The single-particle dynamics may be compared with experiment by studying in-
dividual states. We found reasonable agreement for single-particle transfer and two-
particle transfer, but poor agreement for inelastic excitation. The failure of the
single-particle model for inelastic excitation is explicable with the neglected deforma-
tions of the potential.

This work was started at the Michigan State University. One of the authors (R.S.)
would like to thank the physicists of the Cyclotron Laboratory for their hospitality.

Appendix

A.1. THE EQUATIONS OF MOTION

Let us consider two nuclear fragments A and B whose centers are respectively,
at R, and Ry. A nucleon ¢ in one of the clusters experiences the potential

V(res R) = Va(r.—Ry)+ Va(r.—Rp), (A.1)

with R = RB"*RA.

We will express the Hamiltonian in terms of the cluster coordinates r,— R, ) and
the conjugate momenta, p.. The total Hamiltonian is then
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with
h, = pi[2m+V,, T= P%2M. (A3)

Here P is the relative momentum of the clusters, m the nucleon mass and M their

reduced mass.
The collision process is described by the time-dependent wave function ¥ :

i _ Hy. (A4)
ot
Initially, the wave function ¥ is built up by a Slater determinant describing the
nucleons in the fragments, multiplied by a wave packet describing the relative motion.
Assuming y keeps this form at all times [this is the Hartree approximation to (A.2)]
we get the equations

L 0x(R,1) _ (P?

ih T = (EM +Trc(h,pc)) X(R, t), (A.S)
o 00 _ (P2
ih E - (2711 +Trc(hcpk)) ¢c9 (A'6)

with
Pc= Z |¢i|23 V= Z Vc’ PR = ‘X(R’ t)lz'
The wave packet of the relative motion pg is built up with the wave function y, and

the single-particle wave functions are ¢,. If the wave packet py is sufficiently narrow,
(A.6) can be replaced by

2
i 20D (P sy R)) 8 (A7)
ot 2m
with R(t) determined by the classical motion of a particle in the potential
V(R) = Tr h.p.. (A.8)

An overall phase exp [if (p?(¢)/2M)dt] of ¢, has been dropped in (A.7). Eq. (A.7)
together with the equation for R(7) from (A.8) are the semi-classical Hartree-Fock
solutions of (A.4).

The initial conditions are given by ¢ (r., 0) = ¢{P(r.—ra) or ¢(r., 0) = ¢ (r.~
rg) depending on which cluster the nucleon c is initially, with

! (A9)
(—& + Va(r )) 52(r) = &837(r).

2m

A.2. MICROSCOPIC POINT OF VIEW
Starting from an underlying Hartree-Fock theory, and a two-body potential v,,,
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the energy can be written as
E = Tr(tp)+4Tr (vy,pp). (A.10)

Assuming p is a product of a density matrix describing the relative motion of the
clusters and an internal density, i.e.

P = PrPc (A.11)

with pr(R, t) peaked at the classical value R = R(t) we obtain, since r = T+ ,
according to (A.3)

E = MR¥(1)+Tr (tp.) +3 Tr (v12[R(D)]pcp)- (A12)
Considering the linearisation of F near the densily of non-interaction clusters
P = prpl” = pr(R, )[PY(r—Ry)+p5 (r—Ry)], (A.13)

the single-particle model energy is
E = 3MRY 1)+ Tt (1.6) +3 Tr 0,000+ Tr (1.3p) +Tr (01,060,
= MR*(t)+3} Tt (Vopp+ Vapa) +Tr (h5p,). (A.14)

In the last equation the internal energy of the clusters at time # = 0 has been put
equal to zero.
By definition the sudden potential is

V® = 1 Tr (Vapp+0spa)- (A.15)

The factor of ¥, which was not in (A.8) avoids the double counting of the two-body
interaction, and the correct equation, in place of (A.8) is

V(R, t) = VO(R)+Tr (h.5p,). (A.16)
Similar, the correct single-particle equations which replaces (A.5) is
2
ih a"(:’ D _ [;’_M +VOR)+Tr (hcépc)] (R, 1). (A.17)
t

A.3. ENERGY CONSERVATION
The rate of change of energy is given by

35 = R[MR+VgV°]+Tr (hdp.)+Tr (h3p,). (A.18)
t

But Tr (h,, p.) = 0, since p, = [k, p.] and p* does not depend on time since the
relative motion of the clusters has been extracted out, so
dE

e RIMR+VxV°+Tr (6p.Vav.)] = RIMR+VRV] =0, (A.19)
t
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since the motion of R(?) is to be calculated in the (time-dependent) potention V(R, t)
obtained from (A.16).
The energy less (or gain!) along the trajectory as compared to the motion in the
sudden potential is
dEy _

({;MR’ +V©). (A20)
dt
It is equal to the energy gone into the intrinsic degrees of freedom

dE; d
1 o ST (h8p, A21
o & t(hop,.). (A.21)

A.4. DENSITY DEPENDENCE OF THE TWO-BODY INTERACTION

Let us indicate how eq. (A.16) would be modified when the two-body interaction
depends on density. An interaction of the Skyrme type

v15(r, ¥') = [a+3Bp(r)]o(r—7'), (A.22)
leads to single-particle potentials for nuclei A and B of the form
V= ap@+pl®”,
o ) (A.23)
Va = aph” +Bpy .

But, the sudden potential (A.15) is now expressed, using (A.22) withp = p'»+p{?
as

Ve = 30200308 + 280 o8 + 2805704 "], (A.24)
that is
Ve = 3 Tr (Vies”+ Vael), (A29)
with
V. =V +Bp(°) (0)
A (A.26)
Vs = Vot Bt
i.e. one has to add a repulsive counter term to the single-particle potentials.
Similarly, the linear term in (A.14) has to be replaced by
tr (h.5p.), (A27)

with A, = ¢t +v’.

The densities p{°? and p?’ can, in addition be calculated as a function of ¥, and Vg
taken from (A.23), so the effective single-particle potentials ¥, and ¥gtaking the den-
sity dependence of the two-body interaction can be written in terms of the same
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potentials ¥, and ¥y for the separated ions:

1
Vi=Vat ~(1=v1—yV )1 =1 —yVp),
7

) 1
Vi = Vet =(1=v1=9V)(1=v1=yV3),
?

y = 4B/’

(A.28)

From (A.26) it can be clearly seen that the counter term (A.28) weakens the single-

particle potential in the region of overlap of the two clusters (FaVg # 0).

Eqgs. (A.25), (A.27) and (A.28) can be used in order to take the density dependence
of the two-body interaction into account. From standard parameters of the Skyrme

interaction, one has y ~ 0.02 MeV L.
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