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1. Introduction

We describe here a technique for calculations of nuclear properties which is quite different from
the usual. The standard method in nuclear physics is to construct wavefunctions in the Schrédinger
representation, and use these wavefunctions explicitly to calculate observables. The shell model
provides a representation of the wavefunction in the space of single particle nucleon configura-
tions. Although the technique has been highly successful, certain limitations are evident:

First, the region of excitation energy that can be handled is limited. States at high excitation
are closely spaced and are not true eigenstates.

Second, the theory is not really a many-body theory in the sense that the limit of a large
number of particles is not built in. To really understand nuclei, we should have a theory that
separates the true many-body aspects of the dynamics from the uninteresting peculiarities of
specific shell structure.

Finally, by the representation in shell model space, a great deal of the physics is obscured
in the sheer numerics of the wavefunction vectors. Coordinate space would be much more use-
ful if it could be exploited. For example, it is obvious that for static properties, the density
function p(r) is more useful than an enumeration of the shell model components of the wave-
function.

A theory which overcomes these defects to some extent is the linear response theory developed
for the general many-body problem. The basic object of the theory is the particle—hole Green’s
function, G(r,, r,, E). This is formally defined as

Glry, 1y, E) =i [dt EX0I T{a*(r,, Dalry, D) a* (5, 0)alry, 0} 0) (1)

where a(r, t) and a*(r, t) are particle annihilation and creation operators in the Heisenberg represen-
tation. This is also called the density—density correlation function, since the operator product
a*(r, t)a(r, t) measures the density at point r and time ¢. The formal definition and basic proper-
ties of this Green’s function are expounded in standard textbooks on many-body theory [1].

An alternate representation of G, in terms of the Schrodinger eigenstates ,, and eigenenergies
E,, is given by

1 1
G@ry,ry,, E)= 2 Wola*(r)alr DI, (Y, lat(r)alr) Yy E,—E,—E—ie +E CE tE—ie|’
n n n

(2)

assuming time-reversal invariance of the matrix elements.
Some useful properties of G can be easily discovered from this representation:
i) the poles of G are the natural resonances of the system, i.e. the excited states;
ii) an external field of the form f{r) exp (—iEt) induces a density oscillation given by

Re(f,r)= [&F G(r,r, E)AY) . (3a)
This is the response function for the field f. The transition strength out of |0) induced by fis
ZKnlfION? 8(E, - Eq — Ey=1- [ & &% £*() Im G, F, E)AOF) (3b)

iii) inelastic scattering in the Born approximation is given by the simple formula [2]



128 G.F. Bertsch and S.F. Tsai, A study of the nuclear response function

do _1 iq-r ig-r 43, do®
dq dE —;T—ImfRE(e‘q ,r)e ™ d‘ r—aq— . 4)
where ¢q is the momentum transfer, E is the energy loss of the projectile, and do®Y/dq is the

elastic projectile—nucleon scattering cross section.

Direct calculation of G is possible in the standard many-body approximation known as RPA.
Various forms of RPA have been used in nuclear physics over the last decade, beginning with the
work of Ferrel [3], Baranger [4], and others [5]. Both early [6] and recent [7] derivations of
RPA have been given with Green’s function formalism, but all actual calculations have been car-
ried out in an occupation number representation. In principle there is no new physics in the use
of G directly, since it can always be extracted from the occupation number representation with
eq. (2). We pursue RPA calculations in the Green’s function representation at this time for two
reasons.

The first reason, alluded to above, is that we are able to keep the calculation in coordinate
space. This makes it numerically simpler than a theory in the space of single-particle configura-
tions, if the size of the matrix needed to represent this function of two space variables is smaller
than the dimension of the shell model space needed to describe the configurations. This is in-
deed the case for the heavier nuclei that are considered below. This was shown by Blomqvist [8],
who used coordinate space to calculate properties of 208Pb. However, he retained much of the
occupation number formalism and so was led to calculation of unnecessary state vectors. Much
of physics is best visualized and formulated in coordinate space. As we shall see, the coordinate
space representation facilitates calculations of such dynamic properties as total inelastic cross
sections or medium polarization effects on the residual interaction between valence nucleons.
But surely there must be a catch somewhere. There is, and it is that we are only able to deal with
exchange interactions in short-range approximations. This will become clear later.

The second reason for pursuing the study concerns the dependence of RPA on Hartree—Fock
theory. Bona fide RPA can only be done given a Hartree—Fock theory, and it is only recently
that Hartree—Fock theories have been put forth which are both manageable [9,10] and justified
to a large extent from the fundamental nucleon interaction [11]. Fortunately for us, these
theories treat exchange in a short-range approximation. Previously, RPA calculations have not
been based on a Hartree—Fock model. A consistent treatment of the ground state and vibrations
should provide a powerful test of the Hamiltonian, and could distinguish between different
models, or even invalidate the entire Hartree—Fock theory.

In this article we shall calculate the simple properties of spherical nuclei accessible from the
response function; namely, the location and distribution of excitation strength. As reported in a
preliminary article [32], we find that the predicted dynamics usefully distinguish between dif-
ferent Hartree—Fock theories having the same ground state properties. The theories emphasizing
density-dependence as opposed to the velocity dependence of the effective interaction give good
agreement on isoscalar properties and should be applied to more complicated questions. On the
other hand, the isovector properties of nuclei seem to be inadequately modeled by the Hartree—
Fock RPA treatment.

The plan of this article is the following. We first review the RPA formalism in coordinate space
and describe the numerical realization of the integral equations. We then consider general features
of the theory, sum rules and form factors. Finally, we present results of calculations with different
Hamiltonians for the states and strength functions of a variety of nuclei.
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2. Formalism

We shall first derive the equations we use for the RPA Green’s function, using time-dependent
Hartree—Fock theory. The derivation has been given many times before [3, 12], but for continuity,
it is useful to sketch it in the Green’s function formalism. Readers familiar with the formalism may
just note the operational equation, eq. (19), and go on to the next section.

The Hartree—Fock theory is based on a single-particle Hamiltonian,

H=T+V[pl+V 4 - (5)

which in turn is based on some Hamiltonian density. For the single-particle potential ¥, we have
explicitly separated a local part, with some functional dependence on the density p, and an ex-
change interaction, V,, . Eventually we will allow the local part of ¥ to depend on current den-
sities and derivatives of the mass density as well as p itself. The exchange interaction V4 is non-
local, and it is not possible to treat it with local Green’s functions in general. As mentioned before,
it will be treated in a local approximation. To completely specify the static Hartree—Fock theory,
we write down the equation for the single-particle wave-functions ¢, and energies €;,

Hlpl ¢;= €9; (6)
and the definition of the density
p= L 9i9;. (7
occupied

In the time dependent theory, we add an external field to H of the form
ety () +H.C.

This must produce a density perturbation with the same time dependence,
p=py+(p'e“t+HC.) (®)

where p,, is the unperturbed Hartree—Fock density. According to egs. (1) and (3a), the Green’s
function is just the operator function relating p'(r) to V().

We now construct a Hartree—Fock theory with wavefunctions that allow a density oscillation
of e*iwt_ The single-particle wavefunction must be of the following form:

¢; = ¢? + g—iw? ¢;_ + eﬁwt¢;-l 9
where we may take ¢', ¢" orthogonal to ¢°. This implies to first order
(Plp =<2 =1 .
The new Hartree—Fock Hamiltonian is
i s OV
H(r)=Ho+(e Y gy et & +HLC) (10)

and the new Hartree—Fock equations are
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, s 8V .
[H0+(e—"~”Vm+e ‘*"6 p+HC) }¢i=1%¢i (an
with H, = H[p,]1. The coefficients of ei“? and e~i%? in these equations satisfy

(HO — Gi) ¢:+ (V +—8—K ') ¢? = +(.d¢: (e—iwt)

8o P
(12)
" 6 V M 0 " +Hwt
(Hy —€)¢; + V +5p o; = —we; (e™“") .
In addition, we have
p= L (@Y +o)"6?). (13)
occupied
We solve these equations for q’)’. and ¢, by formally dividing H, — €, * w. Thus,
[ __—_____1 0 0) .
¢"—H0—ei—w ( ext¢ ¢ (143)
[/ ‘1 + 0 6 V ,» 0 )
Using egs. (13) and (14) we have
 [Vex T BV/Sp)p" V., +p' (6V/8p)
p=-Tor = - o 3 as)
[ —Ho—e,-—w— Ho — €; +w
We now define a bare Green’s function,
. 1 | 1
© = 0 0
G (ry, 1y, W) Zi>¢.~ ('1)[]{ P— + H, e+o] @7 (r,) . (16)

The single particle operator expression, 1/(H, — €, — w), can be given a useful form by expanding
in the eigenstates of H,, which of course are just the Hartree—Fock orbits,

1 : ! :
H o= 2 e —eg a0

o € i

Then the expression for G© has the computable form,

1 1
(0) = 0* (1] * 0
69 = D g0 0)0%.0) [ et e e | 0. a7
Then we can write eq. (15) in the form
+
—_Z)Gg»g{(v ] Ve’;t)+(2V 5;; )p'}. (18)

The solution of this equation for p’ is
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p' = —GRPAY.
with
-1
ga =60 (148 o)™ (19)

Here the sum over # indices is implicit. This is the fundamental equation of the theory.

G© has been given an explicit coordinate space representation and as long as § V/8p has a simple
form also, eq. (19) will be calculable. We notice that the basic two-body interaction is the func-
tional derivative of the Hartree—Fock Hamiltonian with respect to density. This form is not com-
pletely obvious when the basic Hamiltonian density has multiparticle interactions, but is abso-
lutely necessary for the consistency of the theory [13].

3. Interactions

As mentioned in the introduction, Hartree—Fock calculations are possible in a simple way with
a certain class of interactions introduced by Skyrme [14]. The essential features of the interac-
tion V(r) is that it contains derivatives of no higher order than second and that it depends only
on densities and derivatives at a given point. Thus it has zero range and exchange can be included
exactly. This is not only a simplification for Hartree—Fock, but enables the RPA to be done
exactly with a simple set of Green’s functions. The most general potential energy density for a
central interaction with these specifications is,

V=Alp,]+Blp,1<{p? +B'lp,] ? pip;+Elp] Vo Vp. (20)
i<j

In this equation, p is the momentum density, A, B, B', E are functions of the density at the same
point, and p_, is the density of nucleons with spin, isospin projections S, = 0, T, = 7. The Skyrme
form has four parameters ¢, ¢,, ¢,, ¢5, and x, with the potential energy a quadratic and cubic
function of density. The functions in eq. (20) for the Skyrme interaction are given in table 1. The
Skyrme interaction has in addition a spin—orbit term; this is unimportant in the dynamics and
we neglect it. The tensor interaction can be included in this potential but has not been to date.
For a Galilean-invariant interaction, B' = — B/p. The potential given by Negele and Vautherin [11]
is of this form but without an explicit B’ term.

With the above potential energy density, the Hartree—Fock Hamiltonian has the form

g=3p»2m+v) . n*
Sp 2m

-ﬁz
Vi+P=-V- (5— +B)V
' m (1)

84 8B , (5_117_ 15_2_1_31) 2 ( lﬁi) 2] [E . oy 2 BIP)
+[5p+8p<p>— 5P+46p2 VoY = (2B + 35, )20 |~ | S0P+ @@ =5 ]

The last term vanishes in the Hartree—Fock ground state, because the expectation value of the
current is zero, but it will contribute to the RPA Green’s function when we take the functional
derivative of the Hartree—Fock potential V.
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Table 1
Coefficients of the RPA Hamiltonian density (eq. (20)), with the Skyrme interaction.
Noncentral interactions are neglected, and exchange is implicit.

3 1
A =310[5en + pp)? — G +3%0) oy — pp)?] + 37300p(0n + £p)
1 1
B(p?) = 15 3ty + 5t,) (b + pp) (PP +<0M)p) + gty — 1) (o — 0p) (PP ~ (DP3p)
1.
E(Vp)? = 53ty — 15t3) V(o + pp)(on + pp) — 55 (1) + 35)V oy — )V (o — o)

where ({| p21j) = (- ¢f V28

In addition to the density p, the Hamiltonian depends on t, ¢, and gradients. We therefore have
to define Green’s functions for perturbation with any of these operators. Our precise definition
is,

[hiMylp), (DM, (DM I, (hIM6|p>,2]

GOy, rp) = El_ (22)

€, — €, — W —i€ €, — € tw —ie
where M, is one of the operator set [0, 7, V, V2] and combinations. Eq. (19) can then be read as
a matrix equatlon in this space of operators.

The RPA interaction can be expressed in terms of ‘the operators e and 1 by the relation

SH L+ (=D""g00,) (1+(=1V""¢"%,) 5y .
5p, 8p2_ 0,7,0,7 4 4 8047 8Pg1y

The gradient operator in a two-body interaction can act on any of four wavefunctions, which we
denote by V,, V,, V,, and V,. The numerical index refers to the two particles. An unprimed
gradient acts on the particle coordinate, and a primed gradient acts on the hole coordinate of

an ordinary particle—hole scattering. We shall now display the operator expression for the Skyrme
interaction, with antisymmetrization implicit. It is

BH l; 7 ' ' ' '
6p, 6p =8(rp)la— b(Vi+ V3 +VE+ V2 +(V, — V) (V, = V) +e(V, + V) (V, +V,)]
1902 (24)
with
a=(g+36,p) G —47,° Ty — 50,70, — 30, 0,7, T,) +5,%,(0,° 0, —7,° 7,), (24a)
b=Gt, +ut)t Gt —5t)E 1,10, 0, +7,° 7,0, 0,) (24b)
and
=Gt —RB) -G 55T T, 0 0,7 T,0,00)). (24¢)

All the velocity dependence is in the expression
(V24+V2+V2+V2+(V, — V) (Y, - V)] .
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This is Galilean-invariant in the particle—hole matrix element

@, (1), (V1 (1), (2) .

4. Algebraic details

We next turn to the question of the numerical representation of G© in order to solve eq. (19).
We first expand G in spherical harmonics:

Glr,,r,) = ? G, r) Y () YEG,) .

Eq. (19) then separates into independent equations for each L. Next we factor GS%)L as:

© =Y ceh* phL 1 4 TaTs :l 25
GaBL(rl’rZ) s Ca _(rl)Cﬁ (r2)l:€p__eh_ie_w ep_eh'——ie‘i'w ’ (25)

The sum is over unoccupied orbits p (particle) and occupied orbits h (hole), with the Hartree—
Fock energies denoted by €,. The function C is defined

CPL(r) =mZm)h Gy iy — My LMY 1Mo (] ) (—1)h ™ (26)
p

where ¢; is the Hartree—Fock orbital i. Finally, we define 7, as 1 according to the parity of M,
under time reversal:

hiM,ip)=m pIM, > . 27

The parameter 7 is positive for all common operators except o and p.

We shall now find expressions for the C-coefficients. Matrix elements of some of the operators
have been given previously [8, 15, 16], but since it is not trivial to calculate all the matrix elements,
we shall outline a convenient method. First of all, we express the vector operators in a helicity
representation, that is, the operators are in a body coordinate system. Then the two-body 8-inter-
action is of the form

Z) 6(’1—"2)2L+1

Vir,,r,)= _— 7
PR e Lm — T A

MDY 3 (1) Dk 3y (Fr) M2 (28)

where K is the angular momentum of the M, operator about the 7 axis. We make a similar expansion
for G4, with/ (2L + D/an l_)LKaM replacing the spherical harmonics. The C-coefficient to be
evaluated is then

CghL =fdg / 2_14?4;_1DéLM(Q)Ma(¢1p¢’;)IIh . (29)

From general considerations, the operator product Ma(¢ip ¢iﬁ)§,, transforms as a D function, and
therefore is proportional to one. The constant of proportionality is obtained by evaluating the
product on the z axis:
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Table 2
Expressions for C-coefficients according to eq. (31).
Operator
Gothunth
hL - Fpey o Jp 27 /h 27 IhHp—L,  L41/2~jp . 1. 1
1 A0 = o2y M) ey (LG RUCIRIS) P(ip 2/p — 3120)
o, same as above except with (1 — (—)thI’_L)
1. 1
. . Up+3)Up+3) lp+lh—L
phl . _ Jp Jh p 27¥h 2 1.1 ) [
oi‘ Cot (’) () (r)d’ (r) 4"(2L+1) (]pz]hzlLl) 1 ou
/p
p cPhle, _ ~phL 1, 4%
v @N=Cy 7@ 5
0 ve ¢]p(r) dr
. , 1 1
J /h Uy +3) U +3)
hi . _ 9 PCr)¢ ) p*2UnT 5 \/‘7—1—_—3_
Vg Cvpt ) = Sy BT (]pg]h_zlLl) (]p—2)0p+2)
Jo-3 o=l +3
A T .1, P2 I —int+ Iy —fryt p p2
‘(fp—5’0p+§)—(fp%1h%w1)-{ _ 3] 2 ol ”2}{. o
btz o=l
The raising and lowering operators o, and o_ are defined so that g-0 = 009t 0,0 _+0 0y and (62) = 3.
Py s % s .k
Mo (1) (@06l = Dy AIMo(3) @ 6™ |- (30)

Inserting this in eq. (29) and the well-known orthonormality relations of the D-matrices we find

4 \/EL_-F_I SN A 4
phl — Ip 4/h

G = G 1) V- Ma@® @RI, |
At this point, some tedious algebra is necessary to find the value of the operator product on the
z-axis. We merely quote the results in table 2. Several different angular momentum coupling coef-
ficients appear, and can all be expressed in terms of the coefficient (jp§ Jn — %ILO) by menas of the
reduction formulas

1 CEORTE G D+ )
(13 1,31L1) = \/L%_—;—l—) ot (G137, —31L0) (32)

Gt =510 = Z B L 47, - 4120)

. 31

j2 + % ) Jitja—L (2 1 . 1
X {lﬁ(L(L+1) (D272 (G, +3)+ G, +3) (- (33)
With this substitution, the formulas for the C-coefficients are in the final form. It is only necessary
now to choose a radial mesh, for the equations to be in a form for numerical treatment.
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5. General features of the response

Before performing the numerical calculations, it is useful to review the theory of the response
function in the limit of infinite‘ matter, although the predictions from this limit do not have a large
scope of validity. By translational invariance we need only consider perturbations of the form

iger
M e ",

The bare Green’s function is given by the integral

2(ek+q - ek)
GO, — kD) 8Q K + gl — kg) CKIM Ik + @)k + qI Mgl b
(e,, —e€, ) —w?—ie
k+qg k

34

where 34
0(x)= 1} {x >0
=0) x<0

and €, is the Hatree—Fock energy of the k-orbit. With M_ ; unit operators, the integration can be
done analytically to give the Lindhard function [17]. The Landau theory of Fermi liquids is simply
the RPA model in the limit that g/k < 1, but with M, (in principle) an arbitrary function of

8 o+ In this limit the free Green’s function is

P dcos@ kgq cos@ fO)f'@)n

Q) ~
s _fl (a2 (keg/m*)cos® — w — i€

(35)

where # is the number of particles in each plane wave state, i.e., 4 for nucleons, and m" is deter-
mined from the Hartree—Fock energies near the Fermi surface. i.e.

p?
P 2m'

with p=kg. (36)

To get the static response, we need the w = 0 limit of the above Green’s function. Let us also
confine ourselves to the unit operator. Then we have

G9(q, 0)=n2k;m*}(2m)* . 37
The scalar static response is proportional to the RPA Green’s function, which in this case is
R 1
GRPA(0) = = GO . (38)

(1 +(8V/8p)nkpm*[27?) (1+F,)

In the last expression we use the traditional dimensionless expression,

nkpm®*
= E 39)
8p 22

If F, is positive, coming from a repulsive interaction, the response is’less than in a free Fermi gas.
If F, is less than —1, the Hartree—Fock ground state is unstable.
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To find the eigenfrequencies of the system, we need the poles of G RPA (). The first thing to
be noted is that attractive and repulsive interactions have different behavior. For a repulsive
interaction, a solution will be found for w real and greater than kq/m*. Attractive interactions
yield solutions with w complex. The strength is broadly distributed from 0 to w = kzq/m", the
so-called Landau damping of the excitation. For the repulsive interactions, we can make a simple
estimate of the energies of the poles assuming kpq/m* < w. Then expanding the bare Green’s
function for the unit operator, we have

—nkiq?
68, )~ L

W m* 6m?

The poles of GRFA are given by

wt= ~

kK g* F, (kpq\
22,8V T O(F ), (40)
8 mrenr 3 \m®

The point we wish to abstract from this formula, which remains valid in less crude models, is that
the eigenenergy is proportional to the single-particle excitation energy, with the proportionality
constant dependent on the strength of the interaction. For later use we shall rewrite eq. (40) in
the form

Wy
w,~V = o, (41)

3 m*

where w is the average energy of an excitation in the noninteracting system. Naturally, we can
define response functions for nonscalar operators such as ¢ and 7. These operators do not couple
to each other or to the scalar operators if the ground state has S=0and T=0.

Further consideration of the response depends on the properties of the interaction. Of the in-
teractions which give realistic Hartree—Fock theories, we shall deal with Skyrme I (SkI) and
Skyrme II (SKII) of ref. [9]. Interactions I and II represent extremes in the range of behavior that
a realistic interaction could have and still achieve saturation at the right energy and density. Inter-
action I has an extreme of density dependence, while interaction II has a milder density depen-
dence but a strong velocity dependence. The derived Skyrme interaction (NV) of Negele and
Vautherin [11] has a density dependence close to Sk, but also a strong velocity dependence. We
can characterize the velocity dependence by the predicted effective mass m* in Hartree—Fock
theory..This is given by

1
m*

-1
=~ (1+B(o))

and the effective masses of Skl, II and NV are given in table 3. Experimental evidence for the
true m*/m is ambiguous, but see for example refs. [18, 19].

We next consider the interaction strengths in the infinite medium. We substitute ki for p in
eq. (21), and determine the various spin—isospin contributions with eq. (23). The results for the
dimensionless interaction strength calculated at p = 0.16 fm—3 are given in table 4. We note that
for Ski, the o interaction is too attractive for stability. This has emerged in a calculation of 160
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Table 3
Effective masses.
Interaction m */ m
SkI 0.91
SKII 0.56
NV 0.63

Table 4
Interaction strengths in nuclear matter (p = 0.16 fm™3). The dimensionless F parameters are related to the interaction energies by
eqgs. (23) and (39).

Interaction SkI SkII NV Bickman [21] Speth [22]
F, 0.7 -0.1 -0.3 -0.6 -0.2
F, 1.2 0.5 2.2 0.3 1.7
F, , -23 -0.7 -~ 0.6 1.4
Fqop -0.6 -0.1 - 04 1.8

spectra, where the 2~ state came out below the ground state [20] . We believe that this instability
may be traced to the specific parametrization of the density dependence of the interaction, that

3 particles at the same point have an effective repulsion. Since 3 particles can only come to the
same point with the spins partially paired, the three-body term is an effective depairing interaction.
Possibly a deeper consideration of the origin of the three-body repulsion would show some of the
effect due to the Pauli principle operative between particles in S = 1 states, in which case F; would
not be so attractive.

In any case, since SkI and SKII are fitted to ground state properties of even—even nuclei, assuming
the spins paired, there is no reason to expect the spin-dependence part of the interaction to be
realistic. The scalar part should be reliable, since basically scalar properties are fit, and the isovector
part should also be reasonable, since the fit includes a variety of nuclei with differing isospin. The
third column of the table shows the interaction parameters derived from the Hamiltonian density
of Negele and Vautherin [11], their table 1. The interaction is obtained explicitly from the second
derivative of the Hamiltonian density, eq. (23). Since these authors consider only the spin-indepen-
dent Hamiltenian density, we do not attempt to extract a spin-dependent interaction. Also shown
in table 4 is the prediction by Backman [21], who used a simplified realistic interaction to derive
his parameters. His notation differs from ours; his Fy, F,, G,, G, means F|, F,, F, F__, respectively.
In the last column are the parameters derived from a phenomenological RPA model of Ring and
Speth [22]. The density dependent interaction in this model was chosen to fit the energy and
lifetime of the lowest 3~ and 2* states in 208Pb, as well as moments in neighboring nuclei.

Unfortunately, the low energy response of the nucleus is dominated by the surface region, for
which the infinite matter results of the preceding paragraphs are not at all reliable. To begin to
make a theory which includes the surface, we need some knowledge of the spacial dependence
of the low-frequency transition densities. These transition densities could be constructed with
the help of a classical ansatz, as was first done by Tassie [23], or from a variational principle [24].
The Tassie modél predicts an approximate Green’s function of the form
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Table 5
Interaction strengths, eq. (39), at half nuclear matter density (o = 0.08 fm™3).
Interaction SkI Skl NV Biackman Speth
Fy -1.6 -1.0 -2.7 -1.1 -2.0
F; 1.7 0.9 2.1 0.6 0.7
Fy -1.0 -0.2 - 0.4 -
For 0.3 0.3 - 0.5 -
'
o+ r r
G(r,r,w)~xL()xL( ), (42
L — - — 2
Wy — W
where
xE(r)~ k-1 dp/dr, L+#0 (43a)
3p +rdp/dr, L=0 (43v)

and w, is unspecified by the theory. It may be seen that, except for L = 0, the perturbation is
confined to the surface of the nucleus. Remarkably, this model can be derived [25—-27] from
sum rules under the assumption that the strength of a probing field 7L YL M, is exhausted by a
single resonance. This assumption is reasonable for the operators with repulsive F’s, since in the
limit of the Landau theory, a single collective mode dominates the strength function. The assump-
tion is difficult to justify for attractive interactions, in view of the Landau damping. Nevertheless,
empirically the model is quite successful for the scalar resonances, where the empirical interaction
is attractive. Since the surface region is so important, the interaction strength should be examined
here as well. In the surface region, the interaction is quite different from the interior. In table 5,
the F parameters are evaluated at the surface density of 0.08 fm—3. We see now that F, is strongly
attractive. This corresponds more closely than the previous numbers to the properties of the
empirical or calculated response function.

6. Sum rules
From general principles, the strength function satisfies an energy-weighted sum rule,
2I(E, — E)KnIF\O)2 = X[F, [H, F11D . (44)

This sum rule is automatically satisfied in RPA, if the left-hand side is evaluated by eq. (3b) and
the right-hand side is evaluated by taking the expectation of the double commutator in the
Hartree—Fock ground state. This theorem was proved by Thouless [6] using configuration space
representation of the wavefunctions. The theorem can be proved quite easily in the Green’s func-
tion formalism [71], as we shall now show. It is only necessary to consider the first two terms

in the series expansion of G RPA
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GRPA=G(0)_G(0)§_IP1 GO+ . (45)

It will be seen below that the higher order terms do not contribute to the energy-weighted strength.
It will also be necessary to express the Hamiltonian in a Hartree—Fock basis. We can write

H=H,.+H,,

where Hy . has off-diagonal matrix elements for at most one particle, and H,, has only off-diagonal
matrix element for two particles. Terms in the Hamiltonian off-diagonal in more than two particles
play no role. ,

We now evaluate the sum rule with (45). The first term makes a contribution

1 oo
—Im f dw w 27 [Kh| FIp)? ( ! 4+ }+ _ )
T 0 h,p €, — € —W—1€ €, —€ tw—1I€
1 +o0 E 1
=7 2 = 2 _
—Im _[., do e 2o (BIAPI® o~ § KnlFIp)2 (e, — €,) - (46)

The sum is restricted to occupied orbits on the h index and unoccupied orbits on the p index. How-
ever, there is no need to restrict the p sum, because a term with (¢, — €,) is cancelled by a similar
term with (¢, — €,/). Thus we can use closure on the p sum to get

o0

[ @ ImFCOR =} T ILF,Hyg, FIID @7)
0

The second term in the expansion of GRPA can be written

Im 1 f dw W(FGOVGOF)
T 0

{ph| ¥V |p'h" -

- { —(p'| F1h")
— €, — w —i€ e w — e

N By
_Im”_L dww?(thIp)ep

ph

+(ph|V|hp>ep,_ehl+w_ie <h|Flp)}

= 27 (hIFIp) {(phlVIp'W'y(p'| 1K) + (0| Fip") ¢phI V1h'p")} . (48)
;?‘1‘1,
Again, we need not restrict the p orbits to the unoccupied orbits. This allows us to replace the
sum over p and p’ by the unit operator, and we end up with the double commutator of H,,. The
contour integral over higher terms in the Green’s function expansion vanish, because the integrands

vary as 1/w? or faster, and we can close the contour on a pole-free half plane. So our final result
is
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[ dow % Im(FGRPAF) = L([F, [ Hyp + Hy, F111 . (49)
0

The free Green’s function satisties the sum rule with Hyy, and the first two terms in the expansion
satisfy the complete sum rule. Higher terms merely readjust the strength, preserving the sum rule.
In simpler models where H, is invariant under interchange of particles and holes, the second term
has no effect on the sum rule.

The sum rule provides a convenient way to show that a spurious state is degenerate with the
ground state. We consider the operator F =V , which commutes with any Galilean-invariant
Hamiltonian. The right-hand side of the sum rule is zero; the only way this can be satisfied is for
all of the strength to be exhausted by a state at zero energy.

Let us now examine what the Skyrme Hamiltonians predict for sum rules. The single-particle
kinetic energy gives the following contribution to sum rules [12]:

27101 22rE YE\m)2 (B, — 0)— AL(2L+ 1)¢r2E=2) (50)

The double commutator of the Skyrme interaction vanishes because of the zero range of the inter-

action, except of operators F carrying spin or isospin. As indicated earlier, the spin-dependent

Skyrme interaction is completely unrealistic, so it is only useful to evaluate the isospin sum rules.
In the sum rule for the electric dipole state, the operator is to act only on the protons. With

a proper account of the center-of-mass coordinate, the dipole operator should be

F,= ENr Y'(r,) — Z)Zr Yi(r,)
P

which results in the factor A being replaced by NZ/A in eq. (50). Using the same operator, the
double commutator of the Skyrme interaction reduces to

t +t
$COIF [V gyemes F1 11100 = (—4—) ];’f 43ﬂ <§ 5(r,.,.)> : (51)

This potential contribution to the sum rule is commonly expressed as a fraction a of the kinetic
sum rule,

_%01+5N2ﬁﬁw»

(52)
(?2m)A
so that the dipole sum rule becomes
2
SKOIF, I (E, — Eg)= 7 2 N2 (1 +g). (53)

It is interesting to see how the combination (¢, +¢,) in eq. (51) emerges from the Hartree—
Fock and RPA Hamiltonians. The Hartree—Fock field contains a velocity-dependent term pro-
portional to (3¢, + 5¢,)/16, as may be seen from eq. (21) and table 1. This term primarily modi-
fies the single-particle energies, and affects the sum rule by changing the position of the state. The
residual isovector interaction, eq. (24), contains a current—current term proportional to (¢, — ¢,)/16,
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Table 6
Interaction energy corrections to dipole sum rule, eq. (52).
Numbers in parentheses are obtained by numerically inte-
grating the calculated response.

Nucleus SkI SKII

16g 0.16 (0.10) 0.57 (0.35)
40Cq 0.19 (0.19) 0.71 (0.70)
907y 0.20 (0.18) 0.73 (0.66)
208py, 0.21 (0.26) 0.79 (0.73)

which affects the strength of the state as much as its position. The sum of these two in eq. (48)
is (¢, +¢,), which is the desired combination.

Experimentally, the dipole sum rule is not unequivocably determined. We have to cut off the
sum at some energy. A natural cutoff is the meson production threshold, at which the sum rule
is 1.5—2 times the free value [28]. If the cutoff is some energy just above the gaint dipole
resonance, the sum rule ranges from 0.6 in 160 to 1.15 £ 0.08 in 208Pb (refs. [29—30]). We be-
lieve this is the appropriate cutoff for Hartree—Fock models, for the following reason. The
model used a limited configuration space, so it cannot include explicit effects of the meson
degrees of freedom or the short range tensor interaction. Therefore, the predictions for the dipole
absorption should be just missing the parts due to these aspects of the wavefunction. The tensor
interaction has been shown to increase [31] the sum rule from 1.4 to as much as 2.0; the states
responsible for this increase would be mostly 2p 2h in our representation and not accessible with
our model even if a tensor interaction were included.

The calculated values of @ with eq. (52) are given in table 6. There is a great difference between
SkI and SKII. SKII predicts a large enhancement, a ~ 0.7, which can be traced to the larger
particle—hole energies. Comparing the Skyrme models with the empirical sum rule, we see that
SKkII has too much velocity dependence, and SkI has a much more reasonable velocity dependence.
We shall find that neither interaction gives a good account of the isovector properties of nuclei.

7. Numerical details

The first ingredient in an RPA calculation is the complete Hartree—Fock theory of the ground
state, i.e. the single-particle wavefunctions and energies. Initially we used Woods—Saxon wave-
functions [32], but we have since constructed a Hartree—Fock program for this purpose. The
continuum is handled by putting the nucleus in a box whose radius is several fermis greater than
the nuclear radius. Some details which we felt were unimportant were left out. This includes the
effect of the spin—orbit potential on the wavefunctions, and Coulomb effects, except as noted
later. Our energies correspond to within an MeV of the energies of ref. [9], except for 208Pb,
where our levels are more bound by about 5 MeV. The radii are identical to those of ref. [9].

A very strong test of the technique is the calculation of the J = 1, T'= 0 response, which is
governed by the spurious state. In a self-consistent RPA calculation, the state must occur at
w = 0. For density-dependent interactions we find that self-consistency can be achieved only
when a very large space is included in the bare Green’s function. Of course, the interaction can
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Fig. 1. Self-consistency of spurious state in 160. The interaction renormalization Z of the Skyrme interaction ty=-1100MeV fm3,
£3= 15000 MeV fm%, required to produce the spurious state at zero energy is plotted as a function of the cutoff energy in the
particle—hole space included in G(o),

always be adjusted to put the spurious state at zero energy, as was done in ref. [32]. For the
detailed calculations here, we shall also be content to use a relatively small space. To make up
for the inadequacy of G(@, the interaction is adjusted by an overall scaling factor Z which
puts the spurious state at zero energy. The convergence of Z to 1 as the space gets large is
illustrated in fig. 1. Here is plotted the renormalization factor Z against the maximum particle—
hole energy for configurations to be included in G ©. Evidently self-consistency is not achieved
until 200 MeV. The cause for this unexpected result lies in the nature of the interaction. The
interaction changes very sharply from the surface region to the interior, as it must to give satura-
tion. The space of wavefunctions has to be large enough to include such wavelength changes, to
make a self-consistent density perturbation. The wavelength is of order of the surface thickness,
which implies an energy of the same order as we actually needed.

We still have to decide how many operators to include in the Green’s function and the mesh
size in coordinate space. The operator sets which we used are given in table 7. Operator set A
has the full velocity dependence of the interaction but neglects the spin and isospin degrees of
freedom. It is appropriate for scalar perturbations. The set A, is similar to set A except that it
is for isovector probes. For T = 0 nuclei, the Green’s function does not mix these operator sets.
The set B has the full spin-isospin degrees of freedom but neglects the velocity dependence of
the interaction, and so is exact only for interactions without velocity dependence, such as the
one in ref. [10]. The usefuiness of this operator set is mitigated by the known incorrect behavior
of the o+ o interaction. It would probably be better to ignore the ¢+ ¢ interaction than include
according to the interactions SkI or SKII. Finally, the operator set C is useful for the electro-
magnetic response in nuclei with T # 0. Programs for each operator set consist of about 300
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Table 7
Operator sets for response function.

A X1
A+9),0,,0,V,,V,

Ar X7z

B

1,7z,0,0°71

30 +1),5(1 - 17)

Table 8
Numerical approximations in response function calculation.
Multipolarity
Highest number with highest
Mesh size AR Eyypx Number of of configuration  number of
Nucleus (fm) (MeV)  particle orbits  Zgkg Zgkl  calculated configurations
160 0.625 100 30 1.005  0.899 54 2
40Cy 0.625 100 40 1.078 1.001 98 3
90Zr 0.90 40 40 1.114 0.965 114 3
208py, 1.0 40 50 1.09 0.955 226 4

The number of unoccupied particle orbits and number of configurations contributing to GO is determined by the
size of the coordinate-space box in which the nucleus is placed, and the energy cutoff, ep — eh < Epmax. Z is the
renormalization factor needed to achieve self-consistency.

Fortran cards apiece, and are available upon request from the authors. Our Hartree—Fock program
is also available.

The size of the configuration space and the mesh size in coordinate space are governed by the
limitations of our computer. For most of the calculations, we used a mesh size of 1.0 fm, which
tests on finer meshes showed to be accurate to about 5%. We are also forced to truncate the sum
for GO by only including particle—hole configurations up to a certain energy, £, ... The specific
energy truncation and mesh sizes are given in table 8, together with the number of single-particle
orbitals and particle—hole configurations needed in G© with this truncation. The renormalization
factors Z, which are included in the calculation of all multipoles, are listed for both SkI and SKII.
For the calculations of the strength function in the following section, we computed Im G in steps
of 1 MeV, averaging over an interval of 1 MeV by adding a finite imaginary part to w. Thus,
individual resonances will have a width of 1 MeV due solely to the averaging. Computation of
GL at one energy requires ; minute with set C and 5 minutes with set A. Operator set A is the
most realistic; in ref. [32] there was a further truncation in the neglect of V, and p,, which modi-
fies some of the preliminary conclusions given there.

8. Distribution of strength

We now display the computed strength functions for the various multipoles, eq. (3b). Before
examining each multipole in turn, we note some general features which are well-known from the
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Fig. 2. Isoscalar quadrupole strength in 208Pb, 2 — 0, plotted MeV
in Weisskopf units/MeV (eq. (57)). The dashed curve is with
a SkI Hartree—Fock Hamiltonian but no interactions between Fig. 3. L = 6 strength in 293Pb, 6 - 0, plotted in Weisskopf
the particles, i.e. G(o). The solid curve is the prediction with units/MeV. As before, the dashed curve is the noninteraction
the SkI interaction turned on, and the dot-dashed curve is SkI model, and the solid and dot-dash curves are the complete
the corresponding full model with SKII. SkI and SKII models. ’

behavior of more schematic models, and also emerge from our calculations. The attractive iso-
scalar interaction caused the strength to be much enhanced for the lower energies, when compared
to the GO strength. Furthermore, for the low multipoles, the strength tends to be concentrated

in a single state. This is illustrated in fig. 2 for the quadrupole response of 208Pb. The dashed curve
is the unperturbed response G, for SkI; the solid curve is with Skl interaction; and the dot-dashed
curve is with SKIL. These strength functions are curves rather than sets of 6-function spikes because
of the averaging in the calculation of Im . Note that the interaction shifts the bulk of the strength
downward and also makes it narrower. Since the energy-weighted sum rule is conserved, the down-
ward shift in strength is accompanied by an increase in magnitude. We also see that there is a con-
siderable difference between SKI and SkII, with SkI predicting a lower resonance energy.

It is interesting also to examine how high in multipolarity and energy the Green’s function must
be taken for the strength function to approach that of the noninteracting system. For L higher
than 3, the strength does not concentrate in a single giant resonance, but up to L = 6 it remains
quite different from the free response. The L = 6 response in 208Pb in fig. 3 illustrates the approach
to the noninteracting limit. The dashed (noninteracting) and solid (Skl) curves are quite close
above 15 MeV. Below 10 MeV, however, there is still pronounced collectivity.

We now take up in detail the strength functions of the important lower multipolarities. Except
for the monopole and isovector strengths, the SKI results below are very similar to the recent
results of Ring and Speth [22], who use an oscillator basis, a Woods—Saxon single-particle
Hamiltonian, and a phenomenological density-dependent two-particle interaction.

Isoscalar monopole (L = 0, T = 0). This multipole is the breathing mode which has been the
subject of several calculations [34—36]. This mode is important in determining two experimental
properties, namely isotope shifts {37] and the mass dependence of particle transfer form factors.
From fig. 4, a plot of the strength versus energy in 208Pb, we first note that the single-particle
energy is quite a bit higher than the traditional 2%w value, even with the SKI interaction, which
is nearly velocity independent. This is due to the fact that in a realistic well it is relatively more
costly to make a radial node than angular node. We also see from the figure that with the inter-
action turned on, the mode is shifted slightly down in energy. Ring and Speth [22] find the
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Fig. 4. Strength of the monopole operator, E,-r,g, in 2°%pb. As before, the dashed curve is the SkI Hartree—Fock model with no
residual interaction, and the solid and dot-dashed curves are the complete Skl and SkII models.

monopole concentrated at 14 MeV in 28Pb, much lower than our 18 MeV. Referring to table 4,
it may be seen that these authors have a more attractive interaction in the infinite matter limit,
sO it is not surprising that their monopole is lower. One should be cautious in using these infinite
matter Landau parameters however. The downward shift of the strength with the SKI interaction
is contrary to what would be anticipated from the repulsive Landau parameter.F,. We will
return later to the systematics of the resonance energy as a function of nuclear mass.

Isoscalar quadrupole (L = 2, T = 0). Giant quadrupole strengths have recently been seen as
fairly sharp peaks in inelastic scattering [38—41]. As may be seen from fig. 5 of the SkI syste-
matics, we also find that there is a sharp state. A giant resonance at this energy was predicted by
‘Mottelson [42] using the harmonic oscillator model. We shall examine the A-dependence of the

STRENGTH SPU/MeV

[o]
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3
8

Fig. 5. Systematics of the quadrupole strength in.various closed shell nuclei. The Hamiltonian is SkI, the averaging interval is
1 MeV, and the mesh size is 1 MeV.
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Fig. 6. Systematics of the octupole strength with the SkI Hamiltonian.

energetics in a later section; SkI and Skl are systematically different with SkI in agreement with
experiment.

One feature of the calculated response that may seem surprising is that the upper state is sharp.
According to the Landau theory, the strength should be rather spread out, since the interaction
is attractive. However, this is only a consequence of G® having a significant strength throughout
the energy region of interest. From fig. 2 we see that the G© strength is lumped above 14 MeV
in 208Pb. Indeed, the tiny piece of it below 10 MeV generates a low state having nearly 30% of
the main peak. Another point of interest to the authors is that there is no evidence for the separa-
tion of the vibration into a surface mode and a distinct volume mode, as might be expected of
a moderately compressible fluid. In fact, the fluid picture is quite wrong for the giant modes [24],
and even predicts the wrong A-dependence for the energy.

Isoscalar octupole (L = 3, T = 0). The general features of the octupole strength function undergo
a smooth change from light to heavy nuclei. Fig. 6, of the SkI octupole systematics, shows that
for light nuclei the strength function is spread out over many energy regions, while as we pro-
gress to heavier nuclei the lowest state collects more and more strength. It seems plausible, al-
though we cannot prove it, that a high-angular momentum multipole, such as 3~, would require
a large nucleus to have its collective properties fully exhibited. The very large peak in 208Pb is
somewhat deceptive; actually the state contains only 17% of the (isoscalar) energy-weighted
sum rule. Details on the comparison of strengths with experiment we defer to a following sec-
tion.

Another point of interest in the o¢tupole strength function is comparison with the harmonic
oscillator model. In this model, the strength is split into two peaks, at fiw and at 3/iw, with the
bulk of the strength in the 3%w peak. From fig. 6, it appears that the 37w strength is still large
and sharp in 19Q. This upper state actually becomes quite broad when the box is chosen with a
larger radius *. In heavier nuclei, the 3%w strength becomes progressively weaker. The upper part

* We are indebted to S. Shlomo for calculations on this point.
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of the 3~ strength in 208Pb has reportedly been observed in electron scattering [40] .

Isovector dipole (L = 1, T = 1). The fundamental giant dipole resonance has been the object of
theoretical study ever since its discovery in 1948. Since the nature of the resonance as a many-
body phenomenon is now well understood, the main question is whether its position and frag-
mentation is consistent with the known properties of the nuclear interaction. The answer to this
is ambiguous; microscopic calculations [43] have had difficulty reproducing the energy of the
state in 208Pb. On the other hand, macroscopic calculations [42] based on the empirical isovector
optical potential do quite well on the mean energy of the strength. Our calculations with the Sk
interactions should be in this latter category, since the interactions are fitted to isovector as well
as isoscalar ground state properties. The results of our calculations are exhibited in figs. 7 and 8
In fig. 7, the unperturbed SkI strength in 208Pb is compared with the interacting SkI and SkII
response. The SKII interaction has a much higher energy-weighted strength than SkI. Also, the
strength function is split into two peaks for both interactions. In actuality, only one peak is ob-
served [29], located at 13.5 MeV, and it has a strength less than the total of both Skl peaks.
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Fig. 7. Giant dipole strenght in 2°3Pb. Solid curve is Skl, dot-dashed is SKII, and dashed curve is SkI without a residual interaction.
Note that the integrated strength for SKII is larger than for SkI.
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There is no evidence for additional strength at higher energy. Thus the models fail to give a
quantitative account of the dipole.

Turning to fig. 8, the systematics of the strength function in different nuclei, we see that the
splitting of the dipole into two pieces is quite a general phenomenon. This splitting was noted in
the pioneering calculations [44, 45] on !¢ O; there it originates in the single-particle spin—orbit
potential.

The origin of the theoretical split into two peaks for heavier nuclei is not clear. The velocity-
dependence of the interaction plays some role in this effect; when this part of the interaction
is turned off the upper peak becomes much smaller. Other calculations with velocity-independent
interactions [48—49] or realistic interactions [43] have also found a small peak at higher excita-
tion.

In 160, there are in fact two prominent peaks at 22 and 24 MeV, and extending upward to
30MeV there is a broad absorption. The SkII prediction for 160, not graphed, is excessively
high, but our SkI prediction has at least a reasonable lower peak.

Since neither Skl nor SkII gives a good description of the dipole, it is appropriate to ask in
what way do they err. We find that a reasonable model can be constructed with SkI, but omitting
the velocity-dependent p;p; terms in the residual interaction, i.e. operator set C.

It should be emphasized again that the basic question of the broadening of peaks is outside the
scope of our model; the apparent widths in the figures tend to be numerical artifacts. The physical
origin of the widths, at least in heavy nuclei, is the mixing with more complicated states [S0—52].

Isovector monopole and quadrupole. Other isovector modes which have attracted some interest
are the monopole and the quadrupole. The isovector monopole influences isospin violating effects,
because it couples strongly to the Coulomb field. It has been invoked in the theory of superallowed
beta decay [53], the theory of widths of analog states [54—55], and the Coulomb energies of
mirror nuclei [26]. The isovector monopole only enters these problems as a virtual state, so it is
only the mean energy of the strength that is of interest. We shall explore this further below.

Recently E1—-E?2 interference has been observed above the giant dipole resonance, in the nuclei
16Q) (ref. [56]) and 208Pb (ref. [57]). The claim was made that the E2 is from a giant isovector
quadrupole. The theoretical predictions for this mode is not likely to be meaningful with the full
SkI or SKII interactions, so we only mention the predictions with the operator set C. We find that
in 160 the giant quadrupole has only 20% of the sum rule below 30 MeV, where the interference
of ref. [56] was observed. In 208Pb however, we find a concentration of strength between 20 and
22 MeV, which compares well with the observed strength seen in electron scattering [40], which
is centered at 22 MeV. The gamma experiments [57] places the strength somewhat higher, at
23.7 MeV.

9. Transition densities

One of the features of most multipoles is the existence of single states carrying much of the
transition strength. What do these sharp states look like? The transition densities to individual
states can be computed by examining the Green’s function near a pole, where it reduces to a dyadic
operator, as in eq. (42). The collective model, specified by eq. (43), has been shown to work quite
well empirically for the transition densities for the strong isoscalar states [29]. We find that both
Skyrme I and II predict isoscalar transition densities very close to the collective model [33]. An
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Fig. 9. Isoscalar quadrupole transition density (X 72) in 298Pb for the SkI interaction between the ground and the 20 MeV
with the SkI interaction to the giant state predicted at state. Units are #fm 1. The dotted curve is the prediction of
11.4 MeV. The solid curve is the calculation; the dashed the Tassie model, eq. (43b). Here, the overall magnitude of
curve is the collective model, eq. (43a). the curve has no significance.

example is shown in fig. 9, where the 208Pb giant L = 2 transition density is compared to the collec-
tive model. Blomgqvist [8] displays the transition density of the L = 3 state in 208 Pb; this too is
very close to the collective model.

There have been two collective models proposed for the monopole, a hydrodynamic model
[73], which has a transition density proportional to a Bessel function, and the model of uniform
breathing motion [23], which has the transition density (43b). The computed transition density
in 208Pb is very close to the breathing model, as may be seen from fig. 10. We can understand
from this transition density why the interaction lowered the energy of the monopole state. Even
though it has a radial node, the transition density is peaked on the surface: the density change is
greater at the radius of the surface during the breathing motion. The interaction is always attrac-
tive in this region, hence the state is lowered in energy.

The isovector excitation, which gave difficulty with an unphysical split into two strong states,
has an amusing aspect with the transition densities. There are two ourstanding collective models
for the isovector dipole; the hydrodynamic Steinwedel—Jensen [46] model, for which the transi-
tion density is a Bessel function, and the Goldhaber—Teller model, which has a transition density
satisfying eq. (43a). Both models are simulated in the RPA transition density [33]: the lower
state follows the SJ model and the upper state the GT model.

10. Energy formulas

A compact summary of the mass dependence of resonance energies is often made with the
parametrization

E=K/A1/3 i . ) (54)
However, there is also motivation from eq. (41) for a parametrization of the form,

E = K, (nfiw) (55)
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Table 9
Peak positions of giant collective multipoles, expressed as coefficients of oscillator energies, eq. (55) and eq. (56). The range of
variation from 4%Ca to 208pb is shown.

. .. Other
Multipole K7 1(SkI) K LT(SklI) Empirical calculations
Isoscalar L =0 1.5 —-1.6 1.25 -1.45 1.2 (35)
L=2 0.76 - 0.83 0.89 - 0.94 0.75 0.7 (72)
L=3 0.30 - 0.45 0.45 - 0.55 0.31 - 0.38

Isovector L =0 21-24 22-25 2.1 (53)
L=1 21-22 22-24 1.95

where 7w is some characteristic unperturbed energy of the system, for example the oscillator
energy, and n is the number of energy quanta needed to create the L-multipole excitation in the
oscillator model. In fact, we find that this parametrization allows a superior fit over the range
16()—208Pb, using oscillator energies determined from nuclear sizes [58] :

Fiw =45/4"3 — 25/4%3. (56)

The empirical and computed scaling factors K ; are summarized in table 9. We note that the two
isovector multipoles have nearly the same K 1, and also the magnitude of the constant roughly
accords with eq. (41). No such simple behavior is evident in the K, and K;,. Comparing SkI and
SkII with experiment, we do see that Skl agrees and SkII disagrees with the quadrupole data. We
conclude that in general SkI is superior to SkII in describing the giant resonances.

11. Low-lying states

The prediction of the theory for the low-lying collective states will now be examined in some
detail. To determine the energies of these states, the poles of the Green’s function are located by
an energy search with w nearly real. The cases in which a pole is found in reasonable correspon-
dence to the lowest physical state of a given multipolarity are listed in table 10. We have left out
of the table the 2* states in nuclei with low-lying 0" states; such states are probably based more

Table 10
Energies of low-lying states (MeV).

L7 Nucleus Experimental Ski SkII
2" 208py, 4.07 5.4 5.2
3" 16g 6.13 6.2 1.5

40C, 3.74 3.3 5.1

907r 2.74 2.6 3.9

208py 2.61 2.7 32
4* 208py, 431 5.4 6.4
5 40C, 4,48 54 7.5

208py 3.2 3.3 4.6
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-Table 11
Electromagnetic transition rates (0 — L) for low-lying states expressed in Weisskopf units,
eq. (57).
L Nucleus Experimental SkI SkII
(ref.)
2* 208py 8 [75] 7 7
37 160 14 [76] 4 8
40C, 25 (77, 79] 11 19
907; 32 [74] 28 57
208py, 39.5 [75] 29 50
4" 208py, 15 [78] 7 -4
5 40C, 10 [77], 30 [79] 3 8
208py, 14 [75] 6 16
6" 208py, 5 9

on the excited 0* than on the ground Hartree—Fock configuration. It was found necessary to in-
clude the single-particle Coulomb energies in 298Pb; without the Coulomb field on the protons,
the 3~ state is higher in excitation. On the whole, we see that the Skl prediction is usually within
20% of the empirical state and errs on the high side. SKII, on the other hand, uniformly predicts
states at too high an excitation energy. This is consistent with the extreme velocity-dependence
of SkII. Previous calculations of vibrational states have mostly resorted to adjustment of the inter-
action potential to reproduce the correct or close energies [59—-61, 22]. The successful calcula-
tions of Kuo [43] have as their ingredients empirical single-particle energies, realistic interactions,
and screening of the particle—hole interaction. Use of empirical rather than Hartree—Fock single-
particle energies tend to make excitation energies smaller [62]. On the other hand, the screening
interaction is a repulsive effect which pushes the collective states back up in energy.

Let us now examine the electromagnetic transition rates for the low states. Since our main
calculations were with an isoscalar operator set, we determined the relative strength of neutron
and proton excitation by a separate calculation, and then scaled the results accordingly to get
electromagnetic rates. These are given in table 11, expressed in Weisskopf units, S, ,

. - 2 2L+1Y (3 \? 1/3y2L
B(EL:0~L)=e Sw( o )(3+L) (1.243)F (57)
It is possible to see some pattern in the results. The two interactions usually differ by a factor
of two, with SKII predicting stronger transition strengths. However, in the 208Pb 2*, the predic-

tions agree with each other and with experiment. Often in other cases the predictions bracket
the experimental transition rate. The close agreement possible for the 208Pb 3~ has been noted
in earlier calculations [8, 42]. Two anomalies that stand out are the 3~ in 160 and the 4% in
208PD, In 160, our configuration space is large enough to contain virtually all of the energy-
weighted sum rule, but end up with a small transition rate. The early calculation of Gillet and
Vinh Mau [59] also predicts a small transition rate, of the same magnitude as our SKII result.
As an example of possible effects which could be responsible for the poor showing of the
Hartree—Fock model in 160, alpha particle clustering would give some L = 3 deformation to the
ground state and enhance the transition rate. The 4* in Pb is equally puzzling; our configuration
space contains 92% of the energy-weighted sum rule, and extension of the space has negligible
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effect on the prediction. The energy of our state is also off here by 40%, and one could well ask
whether the high-momentum components of the interaction are simply too weak in the Skyrme
models. A similar difficulty with the 4* was found in the more phenomenological calculation of
Ring and Speth [22].

12. Inelastic scattering

As an application of the response function technique, we shall consider the differential cross
section for inelastic scattering of various projectiles. Normally cross sections are analyzed by
either isolating individual states and comparing with a microscopic theory of that state, or by
looking at the entire spectrum and comparing with a quasi-elastic theory. We shall concentrate
on the overall spectrum, summed over all angular momentum transfers. We can compare this
both with experiment and with the cruder quasi-elastic models.

The first reaction to be considered is inelastic electron scattering. The electron is the simplest
probe from a theoretical point of view, because its coupling to the nucleons is well known, and
the Born approximation is at least reasonable. The cross section for a momentum transfer g and
energy loss E is well approximated by the equation

do _F? do
aQ 72 dQ2 Mott (58)
where

F2=23K01 25 &4"||? 8(E, - E)

i protons

and ¢’ 1s the momentum transfer in the vicinity of the nucleus, which differs from ¢ by Coulomb
effects. Our normalization, in case there is any ambiquity, is such that F2 = Z2, the square of the
charge, for elastic scattering with ¢’ = 0. The factor F2 can obviously be computed in the response
function formalism as [2]

We have calculated this quantity for operator set C of table 7. In fig. 11 is displayed the
strength as a function of energy and momentum transfer. The energy averaging interval is 1 MeV.
It may be seen that bumps in the curves remain pronounced up to about 20 MeV in excitation.
Where the bump is due to some particular angular momentum, we identify it as such. The positions
are not precisely the same as in the previous sections, due to the limitations of the operator
set C.

A question we can now address ourselves to is, how good is the Fermi gas model for describing
the total strength function? The response in this model is familiarly called quasi-elastic scattering,
and it has often been used to describe smooth backgrounds. In it, the strength function is pro-
portional to the imaginary parts of the Lindhard function (see eq. (34)). This may be conveniently
expressed as
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Fig. 11. Response of 2°3Pb to an electromagnetic probe. The four graphs show eq. (59) for momentum transfers of 0.35, 0.50,
0.65, and 0.80 fm™, with an averaging interval T" = 1.0 MeV. Dashed curves are the predictions of the quasi-elastic model, eq. (60).
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Obviously, this model does not give a useful approximation for low momentum transfer,

g < 0.5 fm—1. Not only do sharp resonances dominate this region, but a considerable fraction

of the strength is in the spurious state. However, the mean energy of the strength function does
roughly correspond to the Lindhard function, as may be seen in fig. 11, where we have plotted
eq. (60) for momentum transfers of 0.35 and 0.8 fm—1. It appears that the interactions and single-

3 081
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N{, .
§ 04 208 ' -
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i i
Q o2
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MeVv

Fig. 12. Cross section for 298Pb(e, ') at 250 MeV incident energy and 35° scattering angle according to eqgs. (58) and (59). The
experimental data is from the graph in ref. [40].
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particle shell structure do not become negligible perturbations on the strength function until
much higher q. For extremely high momentum transfers, g =~ 2.5 fm—1, the Fermi gas model is
seen to work quite well [63], when some corrections having to do with an effective mass are
incorporated into the model. Experimental data at lower momentum transfer has recently been
published by Nagao and Torizuka [40]. One of their curves is shown in comparison with our

gl = 0.8 fm—! calculation in fig. 12. There is a rough correspondence in overall magnitude of the
cross section, and a lesser correspondance between positions, shapes, and sizes of bumps. Below
11 MeV there is much more structure than our model would predict, even with a fine averaging
interval. The theoretical bump at 11 MeV is due mostly to L = 4; Nagao and Torizuka assign their
nearby peaks to L = 2 and L = 1. They also note an L = 3 peak at 19 MeV, and indeed our bump
in this region is L = 3 (see fig. 6) together with some L = 2.

Inelastic scattering with other projectiles also provides useful data on the response function,
but is less informative than electron scattering for two reasons. First, the Born approximation is
not valid, both because the projectile wavefunction is strongly altered and because the nucleus
does not respond linearly to the large fields made by the projectile. The best that can be done at
present time for the description of the reaction is the Distorted—Wave Born Approximation
(DWBA). Nonlinearities in the response in principle can be treated by higher-order Born approxi-
mations, but existing calculational schemes are unreliable or cumbersome or both. Second, the
interaction between projectile and nucleon in the nucleus is not known as well as desired. How-
ever, successful models for the excitation of low-lying collective states have been made with the
macroscopic method (outlined below), realistic interactions [64], or even the Skyrme interaction
[65].

Besides the questions of principle a purely technical problem remains, in that the existing
DWBA codes require a nuclear transition density as input, i.e. G is forced to be of the form (42).
The codes do not provide a scattering transition density analogous to the Bessel functions of
electron scattering. So for our nuclear transition density we shall assume the following,

4o,
dr |,

As noted earlier, this is actually an excellent approximation for the collective states. Later we
shall investigate the magnitude of corrections due to parts of the Green’s function missed with
eq. (61).

The macroscopic model has recently been applied by Satchler [66] to the giant guadrupole
and dipole states. Details of the theory are given in ref. [67] ; only the essential equations will be
presented below. We first evaluate the coefficient C in eq. (61) by requiring that the response to
the perturbation (dp, /dr)i, be given correctly. This yields

dpy\? - \ﬂ <dp0 dp0>
= — 2 = — G —— ). 62

¢ U(dr)’d’] pJaEIm(GE 6 62)
If both the transition potential and the central optical potential are given by convolutions of an
interaction and a density, then eq. (61) implies the specific transition potential given by

©I\V|Ly= YL dv, Vi /m [dE Im (dp,/dr) G(dp,/dr)
ta [ (dpy/dr? r* dr '

OlprNLy=C YE (¢). (61)

(63)



G.F. Bertsch and S.F. Tsai, A study of the nuclear response function 155

DWBA codes such as DWUCK permit use of transition potentials of this form, the standard notation
being ,

., _ B dv,
<0|V|L)=YMﬁmRo & (64)

and do/dS2 = B2 (do/d2)5ypa With (do/dQ2)pwp, the output of the computer code in the macro-
scopic model. Thus in our model 8, is given by

dp dp dp,\2 2
o el % (4
and the differential cross section is

do__ yy L+ DIm«dp,/dr) Gldpy /drY), ( % )L | (66)

QU L aR2 ([ (dp,/dn? r* &P

DWBA

The reaction we consider is 298Pb (p, p'). The scalar part of the proton—nucleus interaction is
taken as.eq. (63), with a standard optical potential [68] for V|,. For the spin and isospin parts
of the interaction, we assume that the interaction has a Serber exchange mixture, which implies
that each nonscalar component has 3 the magnitude of the scalar interaction. As mentioned
earlier, the spin-dependent Skyrme interaction is unreasonable, so we just use G© for the nuclear
model in this channel. In any case, the scalar response dominates at all energies, so the details
here are not important.

The results for the cross section of 62 MeV protons at 20° are shown in fig. 13 as the solid line,
to be compared with the data of Bertrand and Peelle [69] on 292Bi. The experimental data is in
1 MeV bins, and we used a 0.5 MeV averaging interval in the calculation. Angular momentum
transfers up to L = 9 are included, which just covers the range of angular momentum transfer
that make a significant contribution. The lowest state, the 37, is within 10% agreement, as it
should be from the known consistency between electromagnetic transition strengths and inelastic .
scattering strengths. For higher excitation energies, the model does very poorly indeed: the ex-

2%ppb(p,p) 20°

<]
T

mb/sr/MeV

3]

Fig. 13. Cross section for 298Pb(p, p') at 62 MeV and 20°. Solid line is theory for the macroscopic transition density; dashed line
has an incoherent contribution added from a transition density 1 fm further from the surface. Experimental data is for 298Bj,
from ref. [69].
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perimental cross section is much larger than theory. Troubles begin with the experimental peak
near 4 MeV due to 4* 'and 6*, which, as mentioned earlier, the RPA model fails to explain. The
giant quadrupole state, which is an isolated feature in the theory even with all other multipoles
added on, appears experimentally as a small bump on a large background.

In an effort to understand the background within the framework of the model, we have ex-
amined more carefully the radial distribution of transition densities. A similar reaction 208Pb (a, «'),
also has a large cross section which has been explained by knockout of a nucleon [70]. The knock-
out process is of course implicit in the response function, but it has a transition density which
peaks much further out in the surface. A graph of such a transition density is given in ref. [55].
The inelastic scattering process enormously favors the external region, so the macroscopic calcula-
tion could be quite inaccurate. We have examined this hypothesis by adding to the transition
density a term peaked 1 fm further away from the surface. To avoid double-counting it is orthog-
onalized to the macroscopic transition density,

dp dp dp,\ dp dp, d
0 _<__0(,+1)_0>__°/<_0_Bg>.

O LYy = C M dr dr/ dr dr dr

The strength for this density is an order of magnitude less than the “background” strength of

the macroscopic model. However, the DWBA cross sections are four or five times larger at the
larger distance, so the external region is indeed significant. We have also examined the internal
region in a similar way, and find that it is completely negligible, due to projectile absorbtion. To
quantatively estimate the knockout, it is desirable to use a microscopic interaction in this low
density region instead of the macroscopic V,,. A §-interaction of strength 400 MeV-fm?3 corre-
sponds to a ¥, of —64 MeV; using this we find that the external region is nearly as important

as the surface in generating a background. The sum is shown as the dashed curve in fig. 13. While
our calculation is far from precise, it appears that the knockout process still does not account

for the remainder of the cross section. This is further supported by a more refined calculation [80].
In view of the much better agreement with electron scattering, a reasonable conclusion is that much
of the background is due to multiple excitation processes.

(r—1)fm

13. Conclusion

We have found response function technique is very useful as a theoretical and numerical tool.
Some of the calculations presented, especially the inelastic scattering in the continuum, would
have been very tedious by the standard method. However, we also found that some effort and
operator truncation was required to make the method numerically manageable in the presence
of velocity-dependent interactions. For the simpler operator sets, the method is very fast. Also
the form of the output, and integral of the strength function in coordinate space, is close to what
is needed for comparison of theory and experiment.

Turning to the specific Hartree—Fock models, we find that on the whole, the RPA and empir-
ically-based Skyrme interaction provides a useful theory of nuclear excitations. Low-lying states
and gross features are fairly insensitive to the specific interaction, and agreement with experiment
is often close. The two interactions we tested, SKI and SkII, did however show systematic dif-
ferences in their predictions, with SKI favored by most features, such as the positions of levels,
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and mean energies of strength functions. However, often SkI did quite poorly on the transition
strength of low-lying states. In several of these cases SkII did better, but on the whole, SKI gives
a better description of the dynamics.

The results seern encouraging enough that the model would profitably be applied to other
problems of nuclear physics that have not been considered here. For example, the theory of the
imaginary optical potential is closely tied to the strength function for nuclear excitation. Another
problem is the description of the interaction between nucleons in the nucleus. This requires a good
understanding of the polarization of the nucleus by the field of an individual nucleon. Up to the
present, treatment of the polarization has been extremely cumbersome; perhaps the response
function technique will provide more reliable calculations or better insight.
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