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1. Introduction

We describeherea techniquefor calculationsof nuclearpropertieswhich is quite different from
the usual.The standardmethodin nuclearphysicsis to constructwavefunctionsin the SchrOdinger
representation,andusethesewavefunctionsexplicitly to calculateobservables.The shell model
providesa representationof the wavefunctionin the spaceof singleparticlenucleonconfigura-
tions. Althoughthe techniquehasbeenhighly successful,certainlimitationsareevident:

First, the region of excitationenergythat canbe handledis limited. Statesat high excitation
arecloselyspacedandarenot true eigenstates.

Second,the theory is not really a many-bodytheory in the sensethat the limit of a large
numberof particlesis not built in. To really understandnuclei,we shouldhavea theorythat
separatesthetrue many-bodyaspectsof the dynamicsfrom the uninterestingpeculiaritiesof
specificshell structure.

Finally, by therepresentationin shellmodelspace,agreatdealof the physicsis obscured
in the sheernumericsof the wavefunctionvectors.Coordinatespacewould be muchmore use-
ful if it could be exploited.For example,it is obviousthat for staticproperties,the density
functionp(r) is moreuseful thanan enumerationof the shellmodelcomponentsof the wave-
function.
A theorywhich overcomesthesedefectsto someextent is the linear responsetheory developed

for the generalmany-bodyproblem.The basicobjectof thetheory is the particle—holeGreen’s
function,G(r1, r2, E). This is formally definedas

G(r1,r2,E)ifdte~t(OIT{a+(rj,t)a(r1,t)a+(r2,O)a(r2,O)}IO) (1)

wherea(r, t) anda~(r,t) areparticleannihilationandcreationoperatorsin the Heisenbergrepresen-
tation. This is alsocalledthe density—densitycorrelationfunction,sincetheoperatorproduct
a~(r,t) a(r, t) measuresthe densityat point r andtime t. The formal definition andbasicproper-
ties of this Green’sfunctionareexpoundedin standardtextbookson many-bodytheory [1].

An alternaterepresentationof G, in termsof the SchrOdingereigenstates~ andeigenenergies
E~,is given by

G(r1, r2, E) = ~ (~i0Ia~(r1)a(r1)I~‘~) (~i0Ia~(r2)a(r2)I~‘o)(E —E0 —E—ie~

assumingtime-reversalinvarianceof the matrix elements. (2)
Someusefulpropertiesof G canbe easily discoveredfrom this representation:

i) the polesof G arethe naturalresonancesof the system,i.e. the excitedstates;
ii) an externalfield of the form J~r)exp (— iEt) inducesa densityoscillation given by

RE(f, r) = J’d3r’ G(r, r’, E)ftr’). (3a)

This is the responsefunction for the field f. The transitionstrengthout of 0) inducedby f is

E I(nIfIO)1
2 ~(E~— E

0 — E) = d
3rd3r’ f*(r) Im G(r, r’,E)f(r’) ; (3b)

iii) inelasticscatteringin the Born approxin~ationis given by the simple formula [2]
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dqdE = .LImf RE(e’~’,r) ~ ~r ~ (4)

whereq is the momentumtransfer,E is the energyloss of the projectile,anddael/dqis the
elasticprojectile—nucleonscatteringcrosssection.

Direct calculationof G is possiblein the standardmany-bodyapproximationknownas RPA.
Variousformsof RPAhavebeenusedin nuclearphysicsover thelast decade,beginningwith the
work of Ferrel [3], Baranger[4], andothers[51. Both early [6] andrecent[7] derivationsof
RPAhavebeengiven with Green’sfunction formalism,but all actualcalculationshavebeencar-
ried out in an occupationnumberrepresentation.In principlethereis no new physicsin the use
of G directly, since it canalwaysbe extractedfrom the occupationnumberrepresentationwith
eq. (2). We pursueRPAcalculationsin the Green’sfunctionrepresentationat this time for two
reasons.

The first reason,alluded to above,is that we areableto keepthe calculationin coordinate
space.Thismakesit numericallysimplerthana theory in the spaceof single-particleconfigura-
tions, if the size of the matrix neededto representthis functionof two spacevariablesis smaller
thanthe dimensionof the shellmodelspaceneededto describethe configurations.This is in-
deedthe casefor the heaviernuclei that areconsideredbelow. This was shownby Blomqvist [81,
who usedcoordinatespaceto calculatepropertiesof 208Pb.However,he retainedmuch of the
occupationnumberformalismandsowasled to calculationof unnecessarystatevectors.Much
of physicsis bestvisualizedand formulatedin coordinatespace.As weshall see,the coordinate
spacerepresentationfacilitatescalculationsof suchdynamicpropertiesas total inelasticcross
sectionsor medium polarizationeffectson the residualinteractionbetweenvalencenucleons.
But surelytheremustbe a catchsomewhere.Thereis, andit is that we areonly ableto dealwith
exchangeinteractionsin short-rangeapproximations.Thiswill becomeclear later.

Thesecondreasonfor pursuingthestudyconcernsthe dependenceof RPAon Hartree—Fock
theory.Bonafide RPA canonly be donegiven a Hartree—Focktheory,andit is only recently
thatHartree—Focktheorieshavebeenput forth which arebothmanageable[9,10] andjustified
to a largeextentfrom the fundamentalnucleoninteraction[11]. Fortunatelyfor us, these
theoriestreat exchangein a short-rangeapproximation.Previously,RPA calculationshavenot
beenbasedon a Hartree—Fockmodel.A consistenttreatmentof the groundstateandvibrations
shouldprovidea powerful testof the Hamiltonian,andcould distinguishbetweendifferent
models,or eveninvalidatethe entireHartree—Focktheory.

In this article we shall calculatethe simple propertiesof sphericalnucleiaccessiblefrom the
responsefunction; namely,the locationanddistribution of excitationstrength.As reportedin a
preliminaryarticle [32], we find that the predicteddynamicsusefully distinguishbetweendif-
ferentHartree—Focktheorieshavingthe samegroundstateproperties.The theoriesemphasizing
density-dependenceas opposedto the velocitydependenceof the effectiveinteractiongive good
agreementon isoscalarpropertiesandshouldbe appliedto morecomplicatedquestions.On the
otherhand,the isovectorpropertiesof nucleiseemto be inadequatelymodeledby the Hartree—
Fock RPA treatment.

The planof this article is the following. We first review the RPA formalismin coordinatespace
anddescribethe numericalrealizationof the integralequations.We thenconsidergeneralfeatures
of the theory,sumrulesandform factors.Finally, we presentresultsof calculationswith different
Hamiltoniansfor thestatesandstrengthfunctionsof a variety of nuclei.
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2. Formalism

We shall first derive the equationswe usefor the RPA Green’sfunction,usingtime-dependent
Hartree—Focktheory.The derivationhasbeengiven many timesbefore [3, 12] , but for continuity,
it is usefulto sketchit in the Green’sfunction formalism. Readersfamiliarwith the formalismmay
just notethe operationalequation,eq. (19), and go on to thenextsection.

TheHartree—Focktheory is basedon a single-particleHamiltonian,

HT+V[p]+V~~ (5)

which in turn is basedon someHamiltoniandensity.For the single-particlepotentialV, we have
explicitly separateda local part,with somefunctionaldependenceon the densityp, andan ex-
changeinteraction,V~th.Eventuallywe will allow the local part of V to dependon currentden-
sitiesandderivativesof the massdensityas well as p itself. The exchangeinteractionVe,~is non-
local, andit is not possibleto treatit with localGreen’sfunctionsin general.As mentionedbefore,
it will be treatedin alocal approximation.To completelyspecifythe staticHartree—Focktheory,
we write down the equationfor the single-particlewave-functionsØ~andenergiese~,

H[p]~~e~Ø~ (6)

andthedefinition of the density

L ~ (7)

ocaspied

In the time dependenttheory,we addan externalfield to H of the form

e_~~V~(r)+ H.C.

This mustproducea densityperturbationwith the sametime dependence,
= ~ ÷(l_j(~ + H.C.) (8)

wherep0 is theunperturbedHartree—Fockdensity.Accordingto eqs.(1)and(3a), the Green’s
function is just theoperatorfunction relatingp’(r) to V~(r’).

We now constructa Hartree—Focktheory with wavefunctionsthat allow adensityoscillation
of ~ The single-particlewavefunctionmust be of the following form:

çô, = + e
1’~’tØ + e~tØ~’ (9)

wherewemaytake0’, 0” orthogonalto 00. This impliesto first order

(0,10
1)(0?I0?Y 1

The new Hartree—FockHamiltoniañis

H(t)H0 ÷(e_~tVe,d+ ~ p’ +H.C.) (10)

andthe new Hartree—Fockequationsare



130 G.F. BertschandS.F. Tsai,A studyof thenuclearresponsefunction

(H0 + (e_~tv~+ e_~~)t~ P’+H.C.) — = i~:0~ (11)

with H0 = H[p0]. The coefficientsof e~~tande~(~~tin theseequationssatisfy

(H0 — e~)0 + (Ve~+ ~ ~‘)0~ +~‘.‘0~ (e~
t)

(12)

(H
0 — e1)Ø’+ Veat ± = —w0’ (e~t)( + .SV

In addition,we have

p’= ~ (0;0?*÷07*o?). (13)

occupied

We solve theseequationsfor 0 and0’ by formally dividingH0 — e, ±w. Thus,

—10~H
0—e1—w(Vext0?+~P’0?) (14a)

—l0i — H~— � + ~, ~ ~V) (14b)

Using eqs.(13) and(14) we have

~ ~ fVext+(6VI~P)P’ V~+p’(6V/&p))+ ~00 . (15)
i I H~—e

1—w H0—e1+w J ~

We now definea bareGreen’sfunction,

___________ ±1 1
G~)(rl,r2,w)=~O?*(rl)[H~w +He+~,j0?(r2)~ (16)

The singleparticleoperatorexpression,1 /(H0 — e~— ci,), canbe givena useful form by expanding
in the eigenstatesof H0, which of coursearejust the Hartree—Fockorbits,

1 I~0~(rH0—e1—w m �m~iW

Thenthe expressionfor G(°)hasthe computableform,

) +G~°~= ~0?*(ri)0~(rj [ 1 ±1 ]0~r20?r2. (17)
i,m Cm — — W — + W

Thenwe canwrite eq. (15) in the form

~ (18)

The solutionof this equationfor p’ is
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‘ ,-‘RPAj,rext

with

G~A = G~°~(i ÷~ G(0))’ . (19)

Herethe sumover±indices is implicit. This is the fundamentalequationof the theory.
G(°)hasbeengiven an explicit coordinatespacerepresentationandas longas 6V/6phasa simple

form also,eq. (19) will be calculable.We noticethat the basictwo-bodyinteractionis the func-
tional derivativeof the Hartree—FockHamiltonianwith respectto density.Thisform is not com-
pletelyobviouswhenthe basicHamiltoniandensityhasmultiparticle interactions,but is abso-
lutely necessaryfor the consistencyof the theory [13].

3. Interactions

As mentionedin theintroduction,Hartree—Fockcalculationsarepossiblein a simple way with
acertainclassof interactionsintroducedby Skyrme [141. The essentialfeaturesof the interac-
tion V(r) is that it containsderivativesof no higherorderthansecondandthat it dependsonly
on densitiesandderivativesat a givenpoint. Thusit haszerorangeandexchangecanbe included
exactly.This is not only a simplificationfor Hartree—Fock,but enablesthe RPA to be done
exactlywith a simple setof Green’sfunctions.The mostgeneralpotentialenergydensityfor a
centralinteractionwith thesespecificationsis,

= A[p~] +B[p~](p2) +B’[p~1 .~ P
1’P1 +E[p0.~]Vp~Vp. (20)

l<1

In this equation,p isthe momentumdensity,A, B, B’, E arefunctionsof the densityat the same
point, andp~is the densityof nucleonswith spin, isospinprojectionsS2 = a,T~= r. The Skyrme
form hasfour parameterst0, t1, t2, t3, andx, with thepotentialenergyaquadraticandcubic
functionof density.The functionsin eq. (20) for the Skyrmeinteractionaregiven in table 1. The
Skyrmeinteractionhas in additiona spin—orbit term; this is unimportantin the dynamicsand
we neglectit. The tensorinteractioncanbe includedin this potentialbut hasnot beento date.
For a Galilean-invariantinteraction,B’ = —B/p.The potential given by NegeleandVautherin[11]
is of this form but without an explicit B’ term.

With the abovepotentialenergydensity,the Hartree—FockHamiltonianhasthe form

H=
6((p)/2m+~9) =_iLv2+Y=_v.(~L +B~V2m 2m / (21)

+[~÷~<p2)_ (~+~~)(vp)2_ ~

The last term vanishesin the Hartree—Fockgroundstate,becausetheexpectationvalueof the
currentis zero,but it will contributeto the RPAGreen’sfunctionwhen we takethe functional
derivativeof the Hartree—FockpotentialV.
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Table 1
Coefficientsof theRPA Hamiltoniandensity(eq.(20)),with the Skyrmeinteraction.
Noncentralinteractionsareneglected,andexchangeis implicit.

A = ~ + Pp)
2 — (~+ ~Xo)(pn — Pp)2] + ~t3PnPP(Pn + Pp)

B(p2> = j~(3t~+ 5t
2) ~ + Pp)(<P

2~n+ (P2>p) + ~ (t

2 — ti)(Pn — ~~)(lP
2)~—

E(Vp)2 = ~
4(3t1 — lSt2V(Pn+ Pp)(Pn~Pp) — ~(t1 +

3t
2)V(Pn — Pp)~V(Pn— Pp)

where(iIp
2I/> = (—~7v~,)

In additionto the densityp, the Hamiltoniandependson r, ~, andgradients.We thereforehave
to defineGreen’sfunctionsfor perturbationwith anyof theseoperators.Our precisedefinition
is,

r(hIMaIp>~(p4M~!h)r
2 (PIMaIh)ri (hIM~Ip)r2

G~(r1,r2) = ~ [ ~ — — —. + ~ — ~ ÷~ — i ] (22)

whereM,~is oneof theoperatorset [a, r, V, V
2] and combinations. Eq.(19) can thenbe readas

amatrix equationin thisspaceof operators.
The RPAinteractioncanbe expressedin termsof theoperatorsaand t by the relation

6H — ~ (l+(—l)~°’u
1~u2)(1 +(_1)T_Tt1~t2) 611 (23)6p

1
5P~a,r,o’,r’ 4 4 6Par 6P

0’r’

Thegradientoperatorin a two-bodyinteractioncanacton anyof four wavefunctions,which we
denoteby V1, V, V2, andV~.The numericalindex refersto the two particles.An unprimed
gradientactson the particlecoordinate,anda primedgradientactson theholecoordinateof
an ordinaryparticle—holescattering.We shallnow displaytheoperatorexpressionfor the Skyrme
interaction,with antisymmetrizationimplicit. It is

6 61? = 5(r12)[a — b(V~+ V~+ V~÷V’~+ (V1 — Vi). (V2 — V~)) + c(V1 + Vi). (V2 ÷V)]

Pi P2 (24)

with

a= (t0 + ~t3p)(~— — a2 — a2r1 r2)+ ft0x0(a1 a2 — r~’r2) , (24a)

b=(~t1 +~t2)+(~jt2 _~t1)(r1.r2+a1.cy2+r1.r2a1~a2) (24b)

and

c = (~t1 — ~ t~)— (3~t1 + ~ t2) (T1~T2 + a1~a2 + T1~T2 a1 a2). (24c)

All the velocity dependenceis in the expression
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This is Galilean-invariantin the particle—holematrix element

<0~(l)0~(2)IVl0~(l)0~(2))

4. Algebraicdetails

We nextturn to the questionof the numericalrepresentationof G(°)in orderto solveeq. (19).
We first expandG in sphericalharmonics:

G(r1,r2) ~GL(rl,r2)Y1~*(#l).Y1,(#2).

Eq. (19) thenseparatesinto independentequationsfor eachL. Next we factorG~Las:

* I 7r7T ~1
G~L(rl,r2)E C~P~(r1)Ct’~(r2)I . + a (25)

ph [�p
6h1C—W Cp_�h_1E+WJ

Thesumis over unoccupiedorbits p (particle)andoccupiedorbits h (hole), with the Hartree—
Fock energiesdenotedby e,. The function C is defined

~ <jP~Pjh— mhILM)(OptMa(r)lOh) (_l)/hmh (26)
mpmh

whereØ~is the Hartree—Fock~orbital i. Finally, we define7ra as±I accordingto theparity of Ma
undertime reversal:

(hIM~Ip)ir~<pIM~Ih). (27)

The parameterir is positive for all commonoperatorsexcept~andp.
We shallnow find expressionsfor the C-coefficients.Matrix elementsof someof theoperators

havebeengivenpreviously [8, 15, 161, but sinceit is not trivial to calculateall thematrixelements,
weshall outlinea convenientmethod.First of all, we expressthe vectoroperatorsin a helicity
representation,that is, theoperatorsare in a body coordinatesystem.Thenthe two-body 6-inter-
actionis of the form

V(r
1,r2) = 6(r1—r2) 2L-i- I M~D~~(#1)•D~M(?~2)M~ (28)

whereKais the angularmomentumof theMa operatorabout the r axis.We makea similarexpansion
for G~,with ~J(2L ÷l)/47rD~aMreplacingthe sphericalharmonics.The C-coefficientto be
evaluatedis then

CaPhL =fd~2~./’ Dc~(~Z)M~5(01PO’h)~1. (29)

Fromgeneralconsiderations,theoperatorproductMa(01P0’~~transforms as aD function, and
thereforeis proportionalto one. The constantof proportionality is obtainedby evaluatingthe
producton thez axis:
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Table2
Expressionsfor C-coefficientsaccordingto eq.(31).

Operator

1 C?~(r)= ~‘P(r)~Jh(r)J~+ }) ~ + ~ 1 + (_)
1h~P~)~L+1/2_Jp(/ ~‘h - ~lLO)

4i~(2L+l)

sameasaboveexceptwith (1 —

/+~Oh~~) ( )l~
3+l~~L~(

C~(r)Ø’P(r)Ø1h(r)\/ 4~(2L+ 1) (ip~/h~IL1)(10± 0

C~~(r)= C~~(r) d~
1l’(r)VO Ø’P(r) d~’

v CP~(r)= ~P(r)
41h(r) ~ I

r Sf 2.4~r(2L+l)~

1 1 (_)
1h/h+1/2( )lp_Jp+i/21 (Ip = 1P ~2—(/p—~)(Jp+~)—(Jp~/h~L1).I

I ~ = -t ‘p +

Theraisingandloweringoperatorsa~anda_aredefinedsothat a• a = 0000 +a,p_+a_af and(a2> = 3.

* *

Ma(T)(0/P0Jh~ D~M(r)Ma(~)(0’PO”~ . (30)
a

Insertingthis in eq. (29) andthe well-knownorthonormalityrelationsof theD-matriceswe find

rphL 4ir [2L+l‘a (2L ÷1) V ~ Ma(~)(
01p0.lh) • (31)

At this point, sometediousalgebrais necessaryto find thevalueof theoperatorproducton the
z-axis. We merelyquotethe resultsin table 2. SeveraldifferentangularmomentumcoUplingcoef-
ficients appear,andcanall be expressedin termsof the coefficient(/~~ — I LO) by menasof the
reductionformulas

(_l)h1+12_L (i~+ ~) + (1~ + ~ 1

(i1~/2~ILl)= ~./iJ~L÷ I) (J1~I2 —~!L0), (32)

(1i~I2—~ILl)= \/L~i~i)
~ (/~/2 —~IL0)‘/(i~ ~~)(l~ +~)

— (L(L + u1+12L (1~ ~ (12 +~))}. (33)>< (1 12+’

With this substitution,the formulasfor the C-coefficientsarein the final form. It is only necessary
now to choosea radial mesh,for the equationsto be in a form for numericaltreatment.
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5. Generalfeaturesof the response

Beforeperformingthe numericalcalculations,it is useful to review the theoryof the response
function in the limit of infinite matter,althoughthepredictionsfrom this limit do not havea large
scopeof validity. By translationalinvariancewe needonly considerperturbationsof the form

Mae~~r.

The bareGreen’sfunction is givenby the integral

d3k 2(Ek+q — ek)
G~(q,w)f 3 O(k~ —IkI)0(Ik+qI —k~)(kIM~Ik+q)(k+qIM~Ik) 2 2

(2ir) (Ck+q — ek) — — ie

(34)
where

O(x)1 x>0

0 x<0

and~k is theHatree—Fockenergyof the k-orbit. With Ma,p unit operators,the integrationcanbe
doneanalyticallyto give the Lindhard function [17]. The Landautheoryof Fermi liquidsis simply
the RPAmodelin the limit thatq/k~ ‘~ 1, but with Ma (in principle)an arbitrary functionof

°kq~In this limit the free Green’sfunction is

G~°~—~ ~‘ dcosO k~qcosOf(O)f’(O)n(2~r)2(k~q/m*)cosO — .o — ie

wheren is thenumberof particlesin eachplanewavestate,i.e., 4 for nucleons,andm* is deter-
mined from the Hartree—Fockenergiesnearthe Fermi surface.i.e.

�1,—~ + e~ with p kF . (36)

To get the static response,we needthe w = 0 limit of the aboveGreen’sfunction. Letusalso
confineourselvesto the unit operator.Thenwe have

G~°~(q,0). n 2kFm*/(27r)2 . (37)

The scalarstatic responseis proportionalto the RPA Green’sfunction,which in this caseis

G~°i ____

G’~’~(O)= = ~ (38)
(1+F) 11(1 ~s~(6V/6p)nkFm*/21r2) 0

In the last expressionweusethe traditionaldimensionlessexpression,

6V ?~Fm
F

0=-~---- . (39)
“P 2ir

2
1fF

0 is positive,coming from a repulsiveinteraction,the respopseislessthan in a free Fermigas.
If F0 is less than —1, the Hartree—Fock ground state is unstable.
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To find the eigenfrequencies of the system, we need the poles of GRPA(w). The first thing to
be notedis thatattractiveandrepulsiveinteractionshavedifferentbehavior.For a repulsive
interaction,asolutionwill be found for w real andgreaterthank~q/rn*. Attractiveinteractions
yield solutionswith w complex.The strengthis broadlydistributedfrom 0 to w = k~q/m*, the
so-calledLandaudampingof the excitation.For the repulsiveinteractions,we canmakeasimple
estimate of the energies of the poles assuming k~q/m* ~ w. ThenexpandingthebareGreen’s
function for the unit operator, we have

—nk~.q2
G~(q,w)—~

w2m*6ir2

The poles of GRPA are given by

2 6V /4q2 F
0 /k~q\2w =n—-—- ~—~---———j . (40)6P m~6~r~~

Thepoint we wishto abstractfrom this formula,which remainsvalid in lesscrudemodels,is that
the eigenenergy is proportional to the single-particle excitation energy, with the proportionality
constant dependent on the strengthof theinteraction.For laterusewe shall rewrite eq. (40) in
the form

(41)

3m

where~i is the averageenergyof anexcitationin thenoninteractingsystem.Naturally, we can
defineresponsefunctionsfor nonscalaroperatorssuchas aandT. Theseoperatorsdo not couple
to eachotheror to the scalaroperatorsif theground statehasS= 0 andT = 0.

Furtherconsiderationof the responsedependson the propertiesof the interaction.Of the in-
teractionswhich give realisticHartree—Focktheories,weshall dealwith SkyrmeI (SkI) and
Skyrme II (SkIl) of ref. [9]. InteractionsI andII representextremesin the rangeof behaviorthat
a realistic interaction could have andstill achievesaturationat the right energyanddensity.Inter-
actionI hasan extremeof densitydependence,while interactionII hasa milder densitydepen-
dencebut a strongvelocity dependence.The derivedSkyrmeinteraction(NV) of Negeleand
Vautherin[11] hasa densitydependencecloseto SkI, but alsoastrongvelocity dependence.We
can characterize the velocity dependence by the predicted effective mass m* in Hartree—Fock
theory..This is given by

(1 +B(p))

andthe effective massesof SkI, II andNV aregiven in table3. Experimentalevidencefor the
true m*/m is ambiguous, but see for example refs. [18,19].

Wenext consider the interaction strengths in the infinite medium. Wesubstitute kF for r in
eq. (21), and determine the various spin—isospin contributions with eq. (23). The results for the
dimensionless interaction strength calculated at p = 0.16 fm—3are given in table4. We notethat
for SkI, the a interaction is too attractive for stability. This has emerged in a calculation of 160
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Table3
Effectivemasses.

Interaction m

SkI 0.91
SkI! 0.56
NV 0.63

Table4
Interactionstrengthsin nuclearmatter(p = 0.16fm3). ThedimensionlessF parametersarerelatedto theinteractionenergiesby
eqs.(23) and(39).

Interaction SkI Skil NV Bãckman[21] Speth[22]

F, 0.7 —0.1 —0.3 —0.6 —0.2
1.2 0.5 2.2 0.3 1.7

F
0 —2.3 —0.7 — 0.6 1.4

0.6 0.1 — 0.4 1.8

spectra, where the 2— state came out belowthe groundstate[20]. We believethat this instability
may be traced to the specific parametrization of the density dependence of the interaction, that
3 particlesat the samepoint havean effectiverepulsion.Since3 particlescanonly cometo the
samepoint with the spinspartially paired,the three-bodyterm is an effectivedepairinginteraction.
Possiblya deeperconsiderationof the origin of the three-bodyrepulsionwould show someof the
effect dueto the Pauli principle operativebetweenparticlesin S= 1 states,in which caseF0 would
not be soattractive.

In anycase,sinceSkI andSkII arefitted to groundstatepropertiesof even—evennuclei,assuming
the spinspaired,thereis no reasonto expectthe spin-dependencepart of the interactionto be
realistic.The scalarpart shouldbe reliable,sincebasicallyscalarpropertiesarefit, andtheisovector
part shouldalsobe reasonable,sincethe fit includesavariety of nuclei with differing isospin.The
third columnof the table showsthe interactionparametersderivedfrom the Hamiltoniandensity
of NegeleandVautherin [11], their table 1. The interactionis obtainedexplicitly from the second
derivativeof the Hamiltoniandensity,eq. (23). Sincetheseauthorsconsideronly thespin-indepen-
dentHamiltoniandensity,we do not attemptto extractaspin-dependentinteraction.Also shown
in table4 is thepredictionby Bäckman[211, who useda simplified realistic interactionto derive
his parameters. His notation differs from ours; his F0, F~,,G0, G~means F1,F~,F0, F0~,respectively.
In the last columnare the parametersderivedfrom aphenomenologicalRPA modelof Ringand
Speth [22]. The density dependent interaction in this modelwas chosento fit the energyand
lifetime of the lowest 3 and 2~states in

208Pb,as well as momentsin neighboringnuclei.
Unfortunately,the low energyresponseof thenucleu~is dominatedby the surfaceregion,for

which the infinite matterresultsof the precedingparagraphsare not at all reliable.To beginto
makea theory which includesthe surface,we needsomeknowledgeof the spacialdependence
of the low-frequencytransitiondensities.Thesetransitiondensitiescould be constructedwith
the help of a classical ansatz,as was first doneby Tassie[23], or from a variationalprinciple [24].
TheTassiemodel predictsan approximateGreen’sfunctionof the form
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Table5
Interactionstrengths,eq.(39), athalf nuclearmatterdensity (p = 0.08 fm

3).

Interaction SkI SkII NV Bäckman Speth

F, —1.6 —1.0 —2.7 —1.1 —2.0
F,. 1.7 0.9 2.1 0.6 0.7
F

0 —1.0 —0.2 — 0.4 —

F0,. 0.3 0.3 — 0.5 —

GL(r, r”, w) XL (T) XL (~), ~42~
I_si0 — I_s.)

where

r)-~r’~
1dp/dr, L*0 (43a)

3p+rdp/dr, L0 (43b)

and ~ is unspecifiedby thetheory. It maybe s.eenthat, exceptfor L = 0, theperturbationis
confined to the surface of the nucleus. Remarkably, this model can be derived [25—271from
sumrulesunderthe assumptionthat the strengthof a probingfield r~-~YLMa is exhausted by a
single resonance.Thisassumptionis reasonablefor the operatorswith repulsiveF’s, sincein the
limit of the Landautheory,asinglecollectivemodedominatesthe strengthfunction. Theassump-
tion is difficult to justify for attractiveinteractions,in view of the Landaudamping.Nevertheless,
empirically the modelis quitesuccessfulfor the scalarresonances,wherethe empirical interaction
is attractive. Since the surface region is so important,the interactionstrengthshouldbe examined
hereas well. In the surfaceregion,the interactionis quite different from the interior. In table 5,
theF parametersareevaluatedat the surfacedensityof 0.08 fm3. We seenow that F

1 is strongly
attractive.This correspondsmoreclosely thanthe previousnumbersto thepropertiesof the
empirical or calculatedresponsefunction.

6. Sumrules

From general principles, the strength function satisfies an energy-weighted sum rule,

— E0)I(nIFI 0)12 = ~(I[F, [H, F] ] I) . (44)

This sumrule is automaticallysatisfiedin RPA, if the left-handsideis evaluatedby eq. (3b) and
the right-handsideis evaluatedby taking theexpectationof the doublecommutatorin the
Hartree—Fockgroundstate.Thistheoremwas provedby Thouless[61 usingconfigurationspace
representationof the wavefunctions.The theoremcanbe provedquite easilyin the Green’sfunc-
tion formalism [71], as we shallnowshow.It is only necessaryto considerthe first two terms
in the seriesexpansionof GRPA
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G~~=G(0)_G(0)~~ (45)6p

It will be seenbelow that the higherordertermsdo not contributeto the energy-weightedstrength.
It will alsobe necessaryto expressthe Hamiltonianin a Hartree—Fockbasis.We canwrite

H=HHF+Hv,

where HHF hasoff-diagonalmatrix elementsfor at mostoneparticle,andH,, hasonly off-diagonal
matrix element for two particles. Terms in the Hamiltonian off-diagonal in more than two particles
play no role.

We now evaluatethe sum rule with (45). The first term makes a contribution

!Imfdcsio.)~i<hiFip)p2( I + 1

h,p \�p—Eh—(si—l� epCh+Wle

-~-Im fdww~) i<hIFip)12 1 ~ i<hlFip)I2(eP—eh). (46)
—~ h,p CpChW1C ph

The sum is restricted to occupied orbits on the h index and unoccupied orbits on the p index. How-
ever,thereis no needto restrictthe p sum,becauseaterm with (c,, — e,,) is cancelledby asimilar
term with (eh — eh’). Thuswe canuseclosureon the p sumto get

f d.siw Im <FG ~°~F)= ~ <hi [F, [HHF,F] II h). (47)

The second term in the expansion of GRPA canbe written

Im -‘-f dw csi(FG~°~VG~°~F)

Im-~-(dww~<hIF1p) 1 <phlVip’h’)— 1 <‘iFih’)
7FJ ph �pChW1�

+(phiVlh’p’) — i� (h’IFIP’))

= E <hiFip) {<phlVip’h’)<p’IIlh’) + <h’IFIp’)<phIVIh’p’)} . (48)

ph’

Again, we neednot restrictthe p orbits to the unoccupiedorbits. This allowsus to replacethe
sumover p andp’ by the unit operator,andwe endup with the doublecommutatorof H,,. The
contour integral over higher terms in the Green’s function expansion vanish, because the integrands
vary as 1 /w2 or faster, and we can close the contour on a pole-free half plane. So our final result
is
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/ dww-~-Im<FG’~F)= ~<i[F,[HHF +H~,F]]i). (49)

The free Green’sfunction satisfiesthe sumrule with HHF, andthe first two terms in theexpansion
satisfy the complete sum rule. Higher terms merelyreadjustthe strength,preservingthe sumrule.
In simpler models where H~is invariantunderinterchangeof particlesandholes,the secondterm
hasno effect on the sumrule.

The sum rule provides a convenient way to show that a spurious state is degenerate with the
ground state.We considertheoperatorF = V , which commutes with any Galilean-invariant
Hamiltonian.Theright-handsideof the sumrule is zero;the only way this canbe satisfiedis for
all of the strengthto be exhaustedby astateat zeroenergy.

Let usnowexaminewhat the SkyrmeHamiltonianspredictfor sumrules.The single-particle
kinetic energy gives the following contributionto sumrules [12]:

~ ~rLY~~in)I~ (E~—E0)=--~-—--AL(2L+ l)<r
2’~2). (50)

n 8irm

The doublecommutatorof the Skyrme interactionvanishesbecauseof the zerorangeof the inter-
action, exceptof operatorsF carryingspin or isospin.As indicatedearlier,the spin-dependent
Skyrmeinteractionis completelyunrealistic,so it is only usefulto evaluatetheisospin sumrules.

In the sumrule for the electric dipolestate,theoperatoris to actonly on theprotons.With
aproperaccountof the center-of-masscoordinate,the dipoleoperatorshouldbe

F
1 = r~,Y

1(r~)— r,,Y1(r~)

which resultsin the factorA beingreplacedby NZ/A in eq. (50). Usingthe sameoperator,the
doublecommutatorof the Skyrme interactionreducesto

~ ~ NZ 3

~<0i[F
1,[~ F1] 110) = (1 2) — ~ (~6(r~. (51)

Thispotentialcontributionto the sum rule is commonlyexpressedas a fraction aof the kinetic
sum rule,

a ~(t1 +t2)<~6(r11)) (52)
(h

2/2m)A

so that the dipolesumrule becomes

~I<0IhiI1~I2(EnEo)~ ~—~(l+a). (53)

It is interestingto seehow thecombination(t
1 + t2) in eq.(51) emergesfrom the Hartree—

Fock andRPA Hamiltonians.The Hartree—Fockfield containsa velocity-dependentterm pro-
portionalto (3t1 + 5t2)/16,as maybe seenfrom eq.(21) andtable 1. Thisterm primarily modi-
fies the single-particleenergies,andaffectsthe sumrule by changingthe positionof the state.The
residualisovectorinteraction,eq. (24), containsa current—currentterm proportionalto (t1 — t2)/16,
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Table6
Interactionenergycorrectionsto dipolesum rule, eq.(52).
Numbersin parenthesesareobtainedby numericallyinte-
gratingthecalculatedresponse.

Nucleus SkI SkII

160 0.16 (0.10) 0.57 (0.35)
4O~ 0.19 (0.19) 0~71(0.70)
90zr 0.20 (0.18) 0.73 (0.66)

2O8pi,~ 0.21 (0.26) 0.79 (0.73)

which affects thestrengthof the stateas muchas its position.The sumof thesetwo in eq. (48)
is ~(t

1 + t2), which is the desiredcombination.
Experimentally,the dipolesumrule is not unequivocablydetermined.We haveto cut off the

sumat someenergy.A naturalcutoff is the mesonproductionthreshold,at which the sumrule
is 1.5—2 times the freevalue [28]. If thecutoff is someenergyjustabovethe gaint dipole
resonance,the sumrule rangesfrom 0.6 in 160 to 1.15±0.08 in

208Pb (refs. [29—30]). We be-
lieve this is the appropriatecutoff for Hartree—Fockmodels,for the following reason.The
modeluseda limited configurationspace,so it cannotincludeexplicit effectsof the meson
degreesof freedomor the short rangetensorinteraction.Therefore,thepredictionsfor the dipole
absorptionshouldbejust missingthe partsdueto theseaspectsof the wavefunction.The tensor
interactionhasbeenshownto increase[31] the sum rule from 1.4 to as muchas 2.0;the states
responsiblefor this increasewould be mostly2p 2h in ourrepresentationandnot accessiblewith
ourmodelevenif a tensorinteractionwereincluded.

The calculatedvaluesof a with eq. (52) aregiven in table6. Thereis a greatdifferencebetween
SkI andSkII. SkI! predictsa largeenhancement,a —~ 0.7, which can be tracedto the larger
particle—holeenergies.Comparingthe Skyrmemodelswith the empiricalsumrule,we see that
Skil hastoo muchvelocity dependence,andSkI hasa muchmorereasonablevelocity dependence.
We shall find thatneitherinteractiongives agood accountof the isovectorpropertiesof nuclei.

7. Numericaldetails

The first ingredient in an RPA calculationis the completeHartree—Focktheoryof the ground
state,i.e. the single-particlewavefunctionsandenergies.Initially we usedWoods—Saxonwave-
functions [32], but we have since constructed a Hartree—Fock program for this purpose. The
continuum is handled by putting the nucleus in a box whose radius is several fermis greater than
the nuclearradius.Somedetailswhich we felt wereunimportantwereleft out. This includesthe
effect of the spin—orbitpotentialon the wavefunctions,andCoulombeffects,exceptas noted
later.Our energiescorrespondto within an MeV of the energiesof ref. [9] , exceptfor 208Pb,
whereour levelsaremoreboundby about5 MeV. The radii are identical to those of ref. [9]

A very strongtestof the techniqueis the calculationof theJ = 1, T = 0 response,which is
governedby the spuriousstate.In a self-consistentRPA calculation,the statemustoccur at
w = 0. For density-dependentinteractionswe find that self-consistencycanbe achievedonly
when a very large space is included in the bare Green’s function. Of course, the interaction can
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Fig. 1. Self-consistencyof spuriousstatein 160 The interactionrenormalizationZ of the Skyrmeinteractiont0 = —1100MeV fm
3,

= 15000MeV fm6, requiredto producethespuriousstateat zeroenergyis plottedasa functionof the cutoffenergyin the
particle—holespaceincludedin G(°).

alwaysbe adjustedto put the spuriousstateat zeroenergy,as was donein ref. [32]. For the
detailedcalculationshere,we shallalso be contentto usea relatively smallspace.To makeup
for the inadequacyof G(0), the interaction is adjustedby an overall scaling factorZ which
puts the spuriousstateat zeroenergy.The convergenceof Z to 1 as the spacegets largeis
illustratedin fig. 1. Here is plotted the renormalizationfactorZ againstthemaximumparticle—
holeenergyfor configurationsto be includedin G(°).Evidentlyself-consistencyis not achieved
until 200MeV. The causefor this unexpectedresult lies in the natureof the interaction.The
interactionchangesvery sharplyfrom the surfaceregionto the interior, as it must to give satura-
tion. The spaceof wavefunctionshasto be large enoughto include suchwavelengthchanges,to
makea self-consistentdensityperturbation.The wavelengthis of orderof the surfacethickness,
which implies an energyof the sameorderas we actuallyneeded.

We still haveto decidehow manyoperatorsto includein the Green’sfunction andthe mesh
size in coordinatespace.Theoperatorsetswhich we usedaregiven in table7. OperatorsetA
hasthe full velocity dependenceof the interactionbut neglectsthe spin andisospin degreesof
freedom.It is appropriatefor scalarperturbations.The setA,. is similar to set A exceptthat it
is for isovectorprobes.For T= 0 nuclei, the Green’sfunctiondoesnot mix theseoperatorsets.
The setB hasthe full spin-isospindegreesof freedombut neglectsthe velocity dependenceof
the interaction,andso is exactonly for interactionswithoutvelocitydependence,such as the
one in ref. [10]. The usefulness of this operator set is mitigated by the known incorrect behavior
of thea• ainteraction.It would probablybe betterto ignore the a • a interactionthaninclude
accordingto the interactionsSkI or Skil. Finally, theoperatorsetC is usefulfor theelectro-
magneticresponsein nuclei with T ~ 0. Programsfor eachoperatorsetconsistof about300
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Table7
Operatorsetsfor responsefunction.

A Xl
(1 + V

2), P±,Pr,Vr, V~
A,. XTZ

B l,r~,a,a.r

C ~(1+rz),~(1—rz)

Table8
Numericalapproximationsin responsefunction calculation.

Multipolarity
Highestnumber with highest

Meshsize tIR Emax Numberof of configuration numberof
Nucleus (fm) (MeV) particleorbits ZSkI ZSkII calculated configurations

160 0.625 100 30 1.005 0.899 54 2
40~ 0.625 100 40 1.078 1.001 98 3

90Zr 0.90 40 40 1.114 0.965 114 3

208pb 1.0 40 50 1.09 0.955 226 4

Thenumberofunoccupiedparticleorbitsandnumberof configurationscontributingto G(°~is determinedby the
sizeof thecoordinate-spacebox in which thenucleusis placed,andtheenergycutoff, 5p — 5h ~ Emax.Z is the
renormalizationfactorneededto achieveself-consistency.

Fortrancardsapiece,andareavailableuponrequestfrom the authors.OurHartree—Fockprogram
is alsoavailable.

The size of the configurationspaceandthe meshsize in coordinatespacearegovernedby the
limitationsof our computer.Formost of the calculations,we useda meshsize of 1.0fm, which
testson finer meshesshowedto be accurateto about5%. We arealsoforced to truncatethe sum
for G(°)by only includingparticle—holeconfigurationsup to a certainenergy,Em~.The specific
energytruncationandmeshsizesaregivenin table 8, togetherwith the numberof single-particle
orbitalsandparticle—holeconfigurationsneededin G(°)with this truncation.Therenormalization
factorsZ, which areincludedin the calculationof all multipoles,arelisted for bothSki andSkil.
For the calculationsof the strengthfunction in the following section,we computedIm G in steps
of 1 MeV, averagingoveran intervalof 1 MeV by addinga finite imaginarypart to co. Thus,
individual resonanceswill havea width of 1 MeV duesolely to the averaging.Computationof
GL at oneenergyrequires~ minutewith setC and5 minuteswith setA. OperatorsetA is the
mostrealistic;in ref. [32] therewas a further truncationin the neglectof Vr andPr’ which modi-
fies someof the preliminary conclusionsgiventhere.

8. Distributionof strength

We now displaythe computedstrengthfunctionsfor the variousmultipoles,eq.(3b). Before
examiningeachmultipole in turn, we notesomegeneralfeatureswhich arewell-knownfrom the
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Fig. 2. Isoscalarquadrupolestrengthin 208Pb,2 -÷0,plotted MeV
in Weisskopfunits/MeV(eq.(57)). Thedashedcurveis with
aSkI Hartree—FockHaniiltonianbut no interactionsbetween Fig. 3. L = 6 strengthin 208Pb,6 -~ 0, plotted in Weisskopf
theparticles,i.e. G(0). Thesolid curveis thepredictionwith units/MeV.As before,the dashedcurveis thenoninteraction
theSkI interactionturnedon, andthedot-dashedcurveis SkI model,andthesolidanddot-dashcurvesarethecomplete
thecorrespondingfull modelwith SkI!. SkI andSkIl models.

behaviorof moreschematicmodels,andalsoemergefrom ourcalculations.The attractiveiso-
scalarinteractioncausedthe strengthto be muchenhancedfor the lower energies,whencompared
to the G(°)strength.Furthermore,for the low multipoles,the strengthtendsto be concentrated
in a singlestate.This is illustratedin fig. 2 for the quadrupoleresponseof 208Pb.Thedashedcurve
is theunperturbedresponse~ for SkI; the solid curveis with SkI interaction;andthe dot-dashed
curveis with Skil. Thesestrengthfunctionsarecurvesrather thansetsof s-functionspikesbecause
of the averagingin the calculationof Im G. Note that the interactionshifts the bulk of the strength
downwardandalso makesit narrower.Sincethe energy-weightedsumrule is conserved,thedown-
wardshift in strengthis accompaniedby an increasein magnitude.We alsosee thatthereis a con-
siderabledifferencebetweenSkI andSkI!, with SkI predictingalower resonanceenergy.

It is interestingalsoto examinehow highin multipolarity andenergytheGreen’sfunctionmust
be takenfor the strengthfunction to approachthatof the noninteractingsystem.ForL higher
than3, thestrengthdoesnot concentratein a singlegiant resonance,but up to L = 6 it remains
quite different from the free response.TheL = 6 responsein 208Pbin fig. 3 illustratesthe approach
to~the noninteractinglimit. The dashed(noninteracting)andsolid (SkI) curvesarequiteclose
above15 MeV. Below 10 MeV, however,thereis still pronouncedcollectivity.

We now takeup in detail the strengthfunctionsof the importantlower multipolarities.Except
for the monopoleandisovectorstrengths,the SkI resultsbelow arevery similar to the recent
resultsof Ring andSpeth[22], whousean oscillatorbasis,a Woods—Saxonsingle-particle
Hamiltonian,anda phenomenologicaldensity-dependenttwo-particleinteraction.

Isoscalarmonopole(L 0, T= 0). Thismultipole is the breathingmodewhich hasbeenthe
subjectof severalcalculations[34—36]. Thismodeis importantin determiningtwo experimental
properties,namelyisotopeshifts [37] andthe massdependenceof particletransferform factors.
Fromfig. 4, a plot of the strengthversusenergyin 208Pb,we first notethat thesingle-particle
energyis quite a bit higher thanthe traditional2hw value, evenwith the SkI interaction,which
is nearlyvelocity independent.This is dueto the fact that in a realisticwell it is relatively more
costly to makea radial nodethanangularnode.We alsosee from the figure thatwith the inter-
action turnedon, the mode is shifted slightly down in energy.Ring andSpeth [22] find the
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- ISOS~ALAR MONOPOLE FOR Pb

MeV

Fig.4. Strengthof the monopoleoperator,E
1r~,in

208Pb.As before, thedashedcurveis theSkI Hartree—Fockmodelwith no
residualinteraction,andthesolid anddot-dashedcurvesarethecompleteSkI andSkIl models.

monopoleconcentratedat 14 MeV in 208Pb,muchlower thanour 18 MeV. Referringto table4,
it maybe seenthat theseauthorshaveamoreattractiveinteractionin the infinite matterlimit,
so it is not surprisingthat their monopoleis lower. Oneshouldbe cautiousin usingtheseinfinite
matterLandauparametershowever.The downwardshift of the strengthwith the SkI interaction
is contraryto what would be anticipatedfrom the repulsiveLandauparameterF

0.We will
returnlater to the systematicsof the resonanceenergyas a functionof nuclearmass.

Isoscalarquadrupole(L = 2, T = 0). Giant quadrupolestrengthshaverecentlybeenseenas
fairly sharppeaksin inelasticscattering[38—41]. As maybe seenfrom fig. 5 of the SkI syste-
matics,we alsofind that thereis a sharpstate.A giantresonanceat this energywas predictedby
Mottelson[42] usingthe harmonicoscillatormodel. We shallexaminethe A-dependenceof the

10

QUADRUPOLE STRENGTH
SkI

5
I0

~ 4~. 20 30

/ 20 30

20 30
~ .5/

0 MeV 20 30

Fig. 5. Systematicsof thequadrupolestrengthin variousclosedshellnuclei.TheHamiltoruanis SkI, theaveragingintervalis
1 MeV, andthe meshsizeis 1 MeV.
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Fig.6. Systematicsof theoctupolestrengthwith theSkI Hamiltonian.

energeticsin a latersection;SkI andSkil aresystematicallydifferentwith SkI in agreementwith
experiment.

Onefeatureof the calculatedresponsethatmayseemsurprisingis that the upperstateis sharp.
Accordingto the Landautheory,the strengthshouldbe ratherspreadout, sincethe interaction
is attractive.However,thisis only a consequenceof G(°)havinga significantstrengththroughout
the energyregionof interest.From fig. 2 we seethat the G(°)strengthis lumpedabove14 MeV
in 208Pb.Indeed,the tiny pieceof it below 10MeV generatesa low statehavingnearly30% of
the mainpeak.Anotherpoint of interestto the authorsis that thereis no evidencefor thesepara-
tion of the vibrationinto a surfacemodeanda distinctvolumemode,as might be expectedof
a moderatelycompressiblefluid. In fact, the fluid picture is quite wrongfor the giantmodes[24],
andevenpredictsthe wrongA-dependencefor the energy.

Isoscalaroctupole(L = 3, T= 0).The generalfeaturesof the octupolestrengthfunctionundergo
a smoothchangefrom light to heavy nuclei.Fig. 6, of the SkI octupolesystematics,showsthat
for light nucleithe strengthfunction is spreadout overmanyenergyregions,while as wepro-
gressto heaviernuclei the loweststatecollectsmoreandmorestrength.It seemsplausible,al-
thoughwe cannotprove it, that a high-angularmomentummultipole,suchas3, would require
a largenucleusto haveits collectivepropertiesfully exhibited.Thevery largepeakin 208Pbis
somewhatdeceptive;actuallythe statecontainsonly 17% of the (isoscalar)energy-weighted
sum rule.Detailson the comparisonof strengthswith experimentwe deferto a following sec-
tion.

Anotherpoint of interestin theoctupolestrengthfunction is comparisonwith the harmonic
oscillatormodel.In this model,the strengthis split into two peaks,at 1w andat 311w, with the
bulk of the strengthin the 311w peak.From fig. 6, it appearsthat the 311w strengthis still large
andsharpin 160. This upperstateactuallybecomesquite broadwhenthe box is chosenwith a
largerradius~. In heaviernuclei, the 311w strengthbecomesprogressivelyweaker.The upperpart

* We areindebtedto S. Shiomofor calculationson thispoint.
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of the 3 strengthin 208Pbhasreportedlybeenobservedin electronscattering[40].
Isovectordipole (L = 1, T = 1). The fundamentalgiant dipole resonancehasbeenthe objectof

theoreticalstudyeversinceits discoveryin 1948.Sincethe natureof the resonanceas a many-
body phenomenonis now well understood,the main questionis whetherits position andfrag-
mentationis consistentwith theknown propertiesof the nuclearinteraction.The answerto this
is ambiguous;microscopiccalculations[43] havehaddifficulty reproducingthe energyof the
statein 208Pb.On theotherhand,macroscopiccalculations[42] based on the empirical isovector
opticalpotentialdo quite well on the mean energy of the strength. Our calculations with the Sk
interactions should be in this latter category, since the interactions are fitted to isovector as well
as isoscalar ground state properties. The results of our calculations are exhibited in figs. 7 and 8
In fig. 7, the unperturbed SkI strength in 208Pb is compared with the interacting SkI and SkII
response. The SkII interaction has a much higher energy-weighted strength than SkI. Also, the
strength function is split into two peaks for both interactions. In actuality, only one peak is ob-
served [29], located at 13.5 MeV, and it has a strength less than the total of both SkI peaks.

5 !‘~ GIANT DIPOLE

~4. 208Pb

MeV

Fig. 7. Giantdipolestrenghtin 208pb.Solid curveis SkI, dot-dashedis SkII, anddashedcurveis SkI without aresidualinteraction.
Notethattheintegratedstrengthfor Skil is largerthanfor SkI.
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Fig. 8. Systematicsof thegiant dipole for theSkI Hamiltonian.
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Thereis no evidencefor additionalstrengthathigher energy.Thus themodelsfail to give a
quantitativeaccountof the dipole.

Turningto fig. 8, the systematicsof the strengthfunction in differentnuclei,we seethat the
splitting of the dipole intotwo piecesis quite a generalphenomenon.This splittingwas notedin
the pioneeringcalculations[44, 45] on 160; thereit originatesin thesingle-particlespin—orbit
potential.

The origin of thetheoreticalsplit into two peaksfor heaviernuclei is not clear.The velocity-
dependenceof the interactionplayssomerole in this effect; whenthis part of the interaction
is turnedoff the upperpeakbecomesmuchsmaller.Othercalculationswith velocity-independent
interactions[48—49] or realisticinteractions[43] havealsofoundasmallpeakathigherexcita-
tion.

In 160, therearein fact two prominentpeaksat 22 and24 MeV, andextendingupwardto
30 MeV thereis a broadabsorption.The SkII predictionfor 160, not graphed,is excessively
high, but our SkI predictionhasat leasta reasonablelower peak.

SinceneitherSkI nor SkII givesa gooddescriptionof the dipole, it is appropriateto ask in
what way do theyerr.We find that a reasonablemodelcanbe constructedwith SkI, but omitting
the velocity-dependentp~p1 termsin the residualinteraction,i.e. operatorsetC.

It should be emphasizedagainthat thebasicquestionof the broadeningof peaksis outsidethe
scopeof ourmodel;the apparentwidthsin the figurestendto be numericalartifacts.The physical
origin of the widths, at leastin heavynuclei, is themixing with morecomplicatedstates[50—52].

Isovectormonopoleandquadrupole. Other isovector modeswhich haveattractedsomeinterest
arethe monopoleandthe quadrupole.The isovectormonopoleinfluencesisospinviolating effects,
becauseit couplesstrongly to the Coulombfield. It hasbeeninvokedin the theoryof superallowed
beta decay[53], the theory of widths of analogstates[54—55], and the Coulombenergiesof
mirror nuclei [26]. The isovectormonopoleonly enterstheseproblemsas avirtual state,so it is
only the meanenergyof the strengththat is of interest.We shallexplorethis furtherbelow.

RecentlyEl —E2 interferencehasbeenobservedabovethe giant dipole resonance,in the nuclei
160 (ref. [56]) and

208Pb (ref. [57]). The claim was madethat the E2 is from a giant isovector
quadrupole.The theoreticalpredictionsfor this modeis not likely to be meaningfulwith the full
SkI or SkI! interactions,sowe only mentionthepredictionswith theoperatorsetC. We find that
j~16o the giant quadrupolehasonly 20% of the sumrule below 30MeV, wherethe interference
of ref. [56] wasobserved.In 208Pbhowever,we find aconcentrationQf strengthbetween20 and
22 MeV, which compareswell with the observedstrengthseenin electronscattering[40], which
is centeredat 22 MeV. The gammaexperiments[57] placesthe strengthsomewhathigher,at
23.7MeV.

9. Transitiondensities

Oneof the featuresof mostmultipoles isthe existenceof singlestatescarryingmuchof the
transitionstrength.Whatdo thesesharpstateslook like? Thetransitiondensitiesto individual
statescanbe computedby examiningthe Green’sfunctionneara pole,whereit reducesto adyadic
operator,as in eq. (42). Thecollectivemodel, specifiedby eq.(43), hasbeenshownto work quite
well empiricallyfor the transitiondensitiesfor the strongisoscalarstates[291. We find thatboth
SkyrmeI andII predict isoscalartransitiondensitiesvery closeto the collectivemodel [33]. An
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MONOPOLE
TRANSITION

0.8 DENSITY (xR
2)

GINTf:
0 2 6 8 10 Fig. 10. Monopoletransitiondensityin 208Pb.Thesolidcurve

is theresultfor thetransitiondensityoperatorR2E~p(r~— R),
Fig. 9. Isoscalarquadrupoletransitiondensity(X r2) in 208pb for theSkI interactionbetweenthe groundandthe20MeV
with theSkI interactionto thegiant statepredictedat state.Unitsare,rfm’. Thedottedcurveis thepredictionof
11.4MeV.Thesolid curveis thecalculation;thedashed theTassiemodel,eq.(43b).Here, theoverallmagnitudeof
curveis thecollectivemodel,eq.(43a). thecurvehasno significance.

exampleis shownin fig. 9, wherethe 208Pbgiant L ,= 2 transitiondensityis comparedto the collec-
tive model.Blomqvist [8] displaysthe transitiondensityof the L = 3 statein 208Pb;this too is
very closeto the collectivemodel.

Therehavebeentwo collectivemodelsproposedfor the monopole,ahydrodynamicmodel
[73], which hasa transitiondensityproportionalto aBesselfunction,’andthe modelof uniform
breathingmotion [23], which hasthe transitiondensity (43b).The computedtransitiondensity
in 208Pbis very closeto the breathingmodel,as maybe seenfrom fig. 10. We canunderstand
from thistransitiondensitywhy the interactionloweredthe energyof the monopolestate.Even
thoughit hasaradial node,the transitiondensityis peakedon the surface:the densitychangeis
greaterat the radiusof the surfaceduring the breathingmotion. Theinteractionis alwaysattrac-
tive in this region,hencethestateis loweredin energy.

Theisovectorexcitation,which gavedifficulty with an unphysicalsplit into two strongstates,
hasan amusingaspectwith the transitiondensities.Therearetwo ourstandingcollectivemodels
for the isovectordipole; the hydrodynamicSteinwedel—Jensen[46] model,for which the transi-
tion densityis aBesselfunction,andthe Goldhaber—Tellermodel,which hasa transitiondensity
satisfyingeq. (43a).Both modelsaresimulatedin the RPAtransitiondensity[33]: thelower
statefollows theSi modelandthe upperstatethe GT model.

10. Energyformulas

A compactsummaryof the massdependenceof resonanceenergiesis oftenmadewith the
parametrization

E=K/A’~’3 . (54)

However,thereis alsomotivationfrom eq. (41) for aparametrizationOf the form,

EKLT(nllw) (55)
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Table9
Peakpositionsof giant collectivemultipoles,expressedascoefficientsof oscillatorenergies,eq.(55)andeq.(56). Therangeof
variationfrom 40Cato 2O8ps~~is shown.

OtherMultipole KLT(SkI) KLT(SkII) Empirical calculations

Isoscalar L = 0 1.5 — 1.6 1.25— 1.45 1.2 (35)
L = 2 0.76 — 0.83 0.89— 0.94 0.75 0.7 (72)
L = 3 0.30 — 0.45 0.45— 0.55 0.31 — 0.38

IsovectorL = 0 2.1 — 2.4 2.2 — 2.5 2.1 (53)
L = 1 2.1 — 2.2 2.2 — 2.4 1.95

where11w is somecharacteristicunperturbedenergyof the system,for exampletheoscillator
energy,andn is thenumberof energyquantaneededto createthe L-multipole excitation in the
oscillatormodel.In fact, we find that this parametrizationallowsa superiorfit over the range
‘60208Pb,usingoscillatorenergiesdeterminedfrom nuclearsizes[58]:

11w= 45/A’~’3 — 25/A213. (56)

The empiricalandcomputedscalingfactorsKLT aresummarizedin table9. We note that the two
isovectormultipoleshavenearlythe sameKLT, andalsothe magnitudeof theconstantroughly
accordswith eq. (41). No such simplebehavioris evidentin the K

20 andK30. ComparingSkI and
SkI! with experiment,we do seethat SkI agreesandSkI! disagreeswith the quadrupoledata.We
concludethat in generalSkI is superiorto SkI! in describingthe giant resonances.

11. Low-lying states

The predictionof the theory for the low-lying collectivestateswill now be examinedin some
detail. To determinethe energiesof thesestates,the polesof the Green’sfunctionare locatedby
an energysearchwith w nearlyreal. The casesin which a poleis found in reasonablecorrespon-
denceto the lowestphysicalstateof a givenmultipolarity arelistedin table 10. We haveleft out
of the tablethe2~statesin nuclei with low-lying 0~states;suchstatesareprobablybasedmore

Table10
Energies of low.lying states(MeV).

L~r Nucleus Experimental SkI Skil

2~
208Pb 4.07 5.4 5.2

3 160 6.13 6.2 7.5
4O~ 3.74 3.3 5.1

90Zr 2.74 2.6 3.9
208Pb 2.61 2.7 3.2

4+ 208Pb 4.31 5.4 6.4

40~ 4.48 5.4 7.5
3.2 3.3 4.6
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‘Tableil
Electromagnetictransitionrates(0 -÷ L) for low-lying statesexpressedin Weisskopfunits,
eq.(57).

L~ Nucleus Experimental SkI SkII
(ref.)

2~
2O8p~ 8 [75] 7 7

3~ 160 14 [76] 4 8

40Ca 25[77,79] 11 19
90Zr 32 [74] 28 57

39.5 [75] 29 50
4+ 2O8pi,~ 15 [78] 7 4

4°Ca 10[77],30[79] 3 8
208Pb 14 [75] 6 16

6~ 2O8pj~ 5 9

on the excited0~thanon the groundHartree—Fockconfiguration.It was foundnecessaryto in-
cludethe single-particleCoulombenergiesin 208Pb;without the Coulombfield on theprotons,
the3 stateis higherin excitation.On the whole,we seethat the SkI predictionis usuallywithin
20%of the empirical stateanderrson the high side. SkI!, on theotherhand,uniformly predicts
statesat too high an excitationenergy.This is consistentwith the extremevelocity-dependence
of SkIl. Previouscalculationsof vibrational stateshavemostly resortedto adjustmentof the inter-
actionpotentialto reproducethecorrector closeenergies[59—61,22]. The successfulcalcula-
tionsof Kuo [43] haveas their ingredientsempiricalsingle-particleenergies,realistic interactions,
andscreeningof the particle—holeinteraction.Use of empiricalrather thanHartree—Focksingle-
particleenergiestendto makeexcitationenergiessmaller[62]. On theotherhand, the screening
interactionis arepulsiveeffect which pushesthe collectivestatesbackup in energy.

Letusnow examinethe electromagnetictransitionratesfor the low states.Sinceour main
calculationswerewith an isoscalaroperatorset,we determinedthe relativestrengthof neutron
andproton excitationby a separatecalculation,andthenscaledthe resultsaccordinglyto get
electromagneticrates.Thesearegivenin table 11, expressedin Weisskopfunits,S~,

B(EL:O-+L)=e2S~(2L÷1) (3)2 (1.2A’~’3)2t. (57)

It is possibleto seesomepatternin the results.The two interactionsusuallydiffer by a factor
of two, with Skil predictingstrongertransitionstrengths.However,in the 208Pb2~,thepredic-
tionsagreewith eachotherandwith experiment.Often in othercasesthepredictionsbracket
theexperimentaltransitionrate.The closeagreementpossiblefor the208Pb3 hasbeennoted
in earlier calculations[8, 42]. Two anomaliesthat standout arethe 3 in 160 andthe4~in
208Pb.In 160, ourconfigurationspaceis largeenoughto containvirtually all of the energy-
weightedsumrule,but endup with a smalltransitionrate.The earlycalculationof Gilet and
Vinh Mau [59] alsopredictsa small transitionrate,of the samemagnitudeas our SkII result.
As an exampleof possibleeffectswhich could be responsiblefor thepoorshowingof the
Hartree—Fockmodelin 160, alphaparticleclusteringwould give someL = 3 deformationto the
ground stateandenhancethe transitionrate.The4~in Pb is equallypuzzling;our configuration
spacecontains92%of the energy-weightedsumrule,andextensionof the spacehasnegligible
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effect on the prediction.The energyof our stateis alsooff hereby 40%,andonecouldwell ask
whetherthe high-momentumcomponentsof the interactionaresimply too weak in the Skyrme
models.A similar difficulty with the4~wasfound in themorephenomenologicalcalculationof
RingandSpeth[22].

12. Inelasticscattering

As an applicationof the responsefunction technique,we shall considerthe differentialcross
sectionfor inelasticscatteringof variousprojectiles.Normally crosssectionsareanalyzedby
eitherisolatingindividualstatesandcomparingwith a microscopictheoryof that state,or by
lookingat the entire spectrumandcomparingwith a quasi-elastictheory.We shallconcentrate
on the overallspectrum,summedoverall angularmomentumtransfers.We cancomparethis
bothwith experimentandwith the cruderquasi-elasticmodels.

Thefirst reactionto be consideredis inelasticelectronscattering.The electronis the simplest
probefrom a theoreticalpoint of view, becauseits couplingto the nucleonsis well known,and
the Born approximationis at leastreasonable.The crosssectionfor a momentumtransferq and
energylossE is well approximatedby theequation

cia F2 da (58)
d~2Z2 d~Ma

where

F2 = E 1(01 ~ ~iq’~r~j)~2 6(E, — E)

I pmtons

andq’ is the momentumtransferin thevicinity of the nucleus,which differs from q by Coulomb
effects.Ournormalization,in casethereis anyambiquity,is suchthat F2 Z2, the squareof the
charge,for elasticscatteringwith q’ = 0. Thefactor F2 canobviouslybe computedin the response
function formalismas [2]

2L+l 1+r 1+rF2 = 4ir ~ ~ Im(IL(q’r) ~ Gj~(q’r)(—~--~)). (59)

We havecalculatedthis quantity for operatorsetC of table7. In fig. 11 is displayedthe
strengthas a functionof energyandmomentumtransfer.Theenergyaveraginginterval is 1 MeV.
It maybe seenthatbumpsin the curvesremainpronouncedup to about20 MeV in excitation.
Wherethe bumpis dueto someparticularangularmomentum,we identify it as such.The positions
arenot preciselythe sameas in the previoussections,dueto the limitationsof theoperator
setC.

A questionwe cannow addressourselvesto is, how good is the Fermi gasmodelfor describing
the totalstrengthfunction?Theresponsein this modelis familiarly called quasi-elasticscattering,
and it hasoftenbeenusedto describesmoothbackgrounds.In it, the strengthfunctionis pro-
portional to theimaginarypartsof the Lindhardfunction(seeeq. (34)). Thismaybe conveniently
expressedas
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4.
2ONp~ RESPONSE to E ~i~r

PROTONS

MeV q(fm )

Fig.11. Responseof 2OSpla to anelectromagneticprobe. The four graphsshoweq.(59) for momentumtransfersof 0.35, 0.50,
0.65,and0.80fnf~,with anaveragingintervalr = 1.0MeV. Dashedcurvesarethe predictionsof thequasi-elasticmodel,eq.(60).

~7 2~ w 2forJIw<_I2qk~—q Iandq<2k
2h3qk~. m

F2 = -~-ImG(°~q,w)=

3Zm 1 — (~-~ — ~)2 for~—lq~— 2qk~J<11w< 11~~q2+ 2qk~l.
4ll2qk~ q F F m m (60)

Obviously,thismodel doesnot give ausefulapproximationfor low momentumtransfer,
q < 0.5 fm’. Not only do sharpresoiiancesdominatethis region,but a considerablefraction
of the strengthis in the spuriousstate.However,the meanenergyof the strengthfunctiondoes
roughly correspondto the Lindhard function,asmaybe seenin fig. 11, wherewe haveplotted
eq. (60) for momentumtransfersof 0.35 and0.8 fm—1. It appearsthat the interactionsandsingle-

...
0.4 208Pb(e,e’) qrO.8fm~

0 20 30
MeV

Fig. 12. Crosssectionfor 208Pb(e,e’) at 250MeV incidentenergyand35°scatteringangleaccordingto eqs.(58) and (59). The
experimentaldatais from thegraphin ref. [40].
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particleshellstructuredo not becomenegligibleperturbationson the strengthfunctionuntil
muchhigherq. For extremelyhigh momentumtransfers,q 2.5 fm’, the Fermi gasmodelis
seento work quite well [63], whensomecorrectionshavingto do with an effectivemassare
incorporatedinto the model.Experimentaldataatlower momentumtransferhasrecentlybeen
publishedby NagaoandTorizuka [40]. Oneof their curvesis shownin comparisonwith our
Iql = 08 fm—1 calculationin fig. 12. Thereis a roughcorrespondencein overall magnitudeof the
crosssection,andalessercorrespondancebetweenpositions,shapes,andsizesof bumps.Below
11 MeV thereis much morestructurethanourmodelwould predict,evenwith afine averaging
interval.The theoreticalbumpat 11 MeV is duemostly to L = 4; NagaoandTorizukaassigntheir
nearbypeaksto L = 2 andL = 1. Theyalsonotean L = 3 peakat 19 MeV, and indeedour bump
in this region is L = 3 (seefig. 6) togetherwith someL = 2.

Inelasticscatteringwith otherprojectilesalsoprovidesusefuldataon the responsefunction,
but is lessinformativethanelectronscatteringfor two reasons.First, the Born approximationis
not valid, bothbecausethe projectilewavefunctionis stronglyalteredandbecausethe nucleus
doesnot respondlinearly to the largefields madeby the projectile.Thebestthat canbe doneat
presenttime for the descriptionof the reactionis the Distorted—WaveBorn Approximation
(DWBA). Nonlinearitiesin theresponsein principle canbe treatedby higher-orderBorn approxi-
mations,but existingcalculationalschemesareunreliableor cumbersomeor both. Second,the
interactionbetweenprojectileandnucleonin the nucleusis not knownaswell as desired.How-
ever, successfulmodelsfor the excitationof low-lying collectivestateshavebeenmadewith the
macroscopicmethod(outlinedbelow), realisticinteractions[64], or eventhe Skyrmeinteraction
[65].

Besidesthe questionsof principle a purely technicalproblemremains,in thatthe existing
DWBA codesrequirea nucleartransitiondensityas input, i.e. G is forced to be of the form (42).
The codesdo not provide a scatteringtransitiondensityanalogousto the Besselfunctionsof
electronscattering.So for our nucleartransitiondensityweshallassumethe following,

dp
0

(0I~(r)IL>= C ~ (61)

As notedearlier,this is actuallyan excellentapproximationfor the collectivestates.Later we
shall investigatethe magnitudeof correctionsdueto partsof the Green’sfunctionmissedwith
eq. (61).

The macroscopicmodelhasrecentlybeenappliedby Satchler[661 to the giant guadrupole
anddipolestates.Detailsof the theoryaregiven in ref. [671 ; only the essentialequationswill be
presentedbelow. We first evaluatethe coefficientC in eq. (61) by requiringthat the responseto
the perturbation(dp0/dr)I,. be given correctly.Thisyields

dp 2 -1 ~ /dp0 dp0\
C°[f (~~9)r2 dr] ~/ — fdE Im\~~-G —~-,,). (62)

If both the transitionpotentialandthe centralopticalpotentialare given by convolutionsof an
interactionandadensity,theneq. (61) impliesthe specific transitionpotential given by

dV0 .J(l/,r) fdEIm(d~0/dr)G(dp0/dr))
(0IVlL)=Y~— — . (63)

dr f (dp0/dr)
2 r2 dr
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DWBA codessuchas DWUCK permit useof transitionpotentialsof this form, the standardnotation
being

______ dV0

(OIVIL)= Y~~-~--~=j~R0~j— (64)
andda/d~2= 13~(da/dl2)~wBAwith (do/d~

2)DwBAtheoutputof the computercodein themacro-
scopicmodel. Thus in ourmodelfiL is given by

1 /dp
0 dp0\ r /dp0\2 12

= (2L + 1)— fdEIm~-~-G~ r2 dr] (65)

and thedifferentialcrosssectionis

do — ~ (2L + 1) Im ((dp0 /dr) G(dp0 /d.r))L < 66)
d~2dE - L irR~ [f(dp0 /dr)

2 r2 dr]2 ~~ (

The reactionwe consideris 208Pb(p, p’). The scalarpart of the proton—nucleusinteraction is
takenas.eq.(63), with astandardopticalpotential [68] for V

0. For the spin andisospinparts
of the interaction,we assumethat the interactionhasa Serberexchangemixture,which implies
that eachnonscalarcomponenthas~ the magnitudeof the scalarinteractiOn.As mentioned
earlier,the spin-dependentSkyrmeinteractionis unreasonable,sowejust useG(°)for the nuclear
modelin this channel.In anycase,the scalarresponsedominatesat all energies,so the details
herearenot important.

The resultsfor the crosssectionof 62 MeV protonsat20°are shownin fig. 13 as the solid line,
to be comparedwith thedataof BertrandandPeelle[69] on

209Bi. The experimentaldatais in
1 MeV bins, andwe useda 0.5 MeV averaginginterval in the calculation.Angularmomentum
transfersup to L = 9 areincluded,whichjust coversthe rangeof angularmomentumtransfer
that makea significantcontribution.The loweststate,the3, is within 10% agreement,as it
shouldbe from the known consistencybetweenelectromagnetictransitionstrengthsandinelastic
scatteringstrengths.Forhigherexcitationenergies,the model doesvery poorly indeed: theex-

21~Pb(p,p’) 200

~

MeV

Fig. 13. Crosssectionfor 208Pb(p,p’) at 62 MeV and20°.Solid line is theoryfor themacroscopictransitiondensity;dashedline
hasanincoherentcontributionaddedfrom atransitiondensity 1 fm further from the surface.Experimentaldatais for 208Bi,
from ref. [69].
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perimentalcrosssectionismuchlargerthantheory.Troublesbeginwith the experimentalpeak
near4MeV due to4~and6~,which, as mentionedearlier,the RPAmodel fails to explain. The
giant quadrupolestate,which is an isolatedfeaturein the theoryevenwith all othermultipoles
addedon, appearsexperimentallyas a smallbumpon a largebackground.

In an effort to understandthe backgroundwithin the frameworkof the model,we haveex-
aminedmorecarefully the radial distributionof transitiondensities.A similar reaction208Pb(a, a’),
alsohasa largecrosssectionwhich hasbeenexplainedby knockoutof a nucleon[701. The knock-
out processis of courseimplicit in the responsefunction, but it hasa transitiondensitywhich
peaksmuchfurtherout in the surface.A graphof suchatransitiondensityis giyenin ref. [55].

The inelasticscatteringprocessenormouslyfavorsthe externalregion,so the macroscopiccalcula-
tion could be quite inaccurate.We haveexaminedthis hypothesisby addingto the transition
densitya term peaked1 fm furtherawayfrom the surface.To avoid double-countingit is orthog-
onalizedto the macroscopictransitiondensity,

dp
0 /dp0 dp0\ dp0 j~dp0 dp0

(0I~(r)IL)~~~= C’ ~ (r—1)8n — (r + 1) ~ / \~i~
The strengthfor this densityis anorderof magnitudelessthanthe “background”strengthof
the macroscopicmodel.However,the DWBA crosssectionsarefour or five timeslargerat the
larger distance,so the externalregion is indeedsignificant.We havealsoexaminedthe internal
region in a similar way, andfind that it is completelynegligible,dueto projectileabsorbtion.To
quantativelyestimatetheknockout,it is desirableto usea microscopicinteractionin thislow
densityregion insteadof the macroscopicV0. A 6-interactionof strength400MeV-fm

3corre-
spondsto a V

0 of —64 MeV; usingthis we find thatthe externalregion is nearlyas important
as the surfacein generatinga background.The sumis shownas the dashedcurvein fig. 13. While
our calculationis far from precise,it appearsthat the knockoutprocessstill doesnot account
for the remainderof the crosssection.This is furthersupportedby a morerefinedcalculation[80].
In view of the muchbetteragreementwith electronscattering,a reasonableconclusionis thatmuch
of the backgroundis dueto multipleexcitationprocesses.

13. Conclusion

We havefound responsefunction techniqueis veryuseful as a theoreticalandnumericaltool.
Someof the calculationspresented,especiallythe inelasticscatteringin thecontinuum,would
havebeenvery tediousby the standardmethod.However, we alsofound that someeffort and
operatortruncationwas requiredto makethe methodnumericallymanageablein the presence
of velocity-dependentinteractions.For the simpleroperatorsets,the methodis veryfast. Also
the form of theoutput,andintegralof the strengthfunction in coordinatespace,is closeto what
is neededfor comparisonof theoryandexperiment.

Turningto the specificHartree—Fockmodels,we find that on the whole, the RPA andempir-
ically-basedSkyrme interactionprovidesa usefultheory of nuclearexcitations.Low-lying states
andgrossfeaturesarefairly insensitiveto the specific interaction,andagreementwith experiment
is often close.The two interactionswe tested,SkI andSkI!, did howevershowsystematicdif-
ferencesin theirpredictions,with SkI favoredby most features,suchas the positionsof levels,
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andmeanenergiesof strengthfunctions.However,oftenSkI did quite poorly on the transition
strengthof low-lying states.In severalof thesecasesSkII did better,but on the whole, SkI gives
abetterdescriptionof the dynamics.

Theresultsseemencouragingenoughthat the modelwouldprofitably be appliedto other
problemsof nuclearphysicsthat havenot beenconsideredhere.For example,the theoryof the
imaginaryopticalpotentialis closely tied to thestrengthfunction for nuclearexcitation.Another
problemis thedescriptionof the interactionbetweennucleonsin the nucleus.Thisrequiresa good
understandingof the polarizationof the nucleusby the field of an individualnucleon.Up to the
present,treatmentof the polarizationhasbeenextremelycumbersome;perhapsthe response
function techniquewill providemorereliablecalculationsor betterinsight.
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