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of pfaffians. The first is tridiagonalization based on Householder transformations. The main advantage
of this method is its numerical stability that makes unnecessary the implementation of a pivoting
strategy. The second method considered is based on Aitken’s block diagonalization formula. It yields
to a kind of LU (similar to Cholesky’s factorization) decomposition (under congruence) of arbitrary skew-

Keywords:
Skew symmetric matrices symmetric matrices that is well suited both for the numeric and symbolic evaluations of the pfaffian.
Pfaffian Fortran subroutines (FORTRAN 77 and 90) implementing both methods are given. We also provide simple

implementations in Python and Mathematica for purpose of testing, or for exploratory studies of methods
that make use of pfaffians.

Program summary

Program title: PFAFFIAN
Catalogue identifier: AEJD_v1_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/AEJD_v1_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 2281
No. of bytes in distributed program, including test data, etc.: 13226
Distribution format: tar.gz
Programming language: Fortran 77 and 90
Computer: Any supporting a FORTRAN compiler
Operating system: Any supporting a FORTRAN compiler
RAM: a few MB
Classification: 4.8
Nature of problem: Evaluation of the pfaffian of a skew symmetric matrix. Evaluation of pfaffians arises in
a number of physics applications involving fermionic mean field wave functions and their overlaps.
Solution method: Householder tridiagonalization. Aitken’s block diagonalization formula.
Additional comments: Python and Mathematica implementations are provided in the main body of the
paper.
Running time: Depends on the size of the matrices. For matrices with 100 rows and columns a few milli-
seconds are required.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In a number of fields in physics, the formal equations derived
from the theory make use of the pfaffian of some skew-symmetric
matrix appearing in the theory. For example, the pfaffian arises
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physics in formalisms based on fermionic coherent states requiring
the evaluation of Gaussian—-Grassman integrals [4-7]. A recent ap-
plication is to the calculation of the overlap of two Hartree-Fock-
Bogoliubov (HFB) product wave functions [8], needed for nuclear
structure theory. While there is a simple formula for the pfaffian
of a skew-symmetric matrix M in terms of the determinant,

pf(A) = \/det(A) (1

the so-called “sign problem of the overlap” [9] associated with
the square root motivates the use of numerical algorithms that
evaluate it directly. The most straightforward method, the rule of
“expanding in minors” [10], has bad scaling with the size of the
matrix and is prohibitive for large matrices. In this paper we dis-
cuss two alternative methods that have the same scaling property
as the normal N3 algorithms for the determinant. The methods are
implemented in the FORTRAN 77 and 90 subroutines provided in
the accompanying program library. We also comment on the prac-
tical implementation of the two methods in Mathematica and in
the Python programming language.

2. Evaluation of the pfaffian

The pfaffian pf(A) is reduced to a simple form that is easily
evaluated by making repeated use of transformation formula given
in Appendix A,

pf(BT AB) = det(B) pf(A). (2)

In order to perform the numerical evaluation of the pfaffian of a
complex skew-symmetric matrix A we reduce the skew-symmetric
matrix to a tridiagonal form Az by using unitary matrices U. Once
it is in this form, the evaluation of the pfaffian is straightforward
(see below).

2.1. Reduction to tridiagonal form by mean of Householder
transformations

In this method, we will use the well-known Householder trans-
formations [11] (see [12] for a generalization and [13] for a mod-
ern account) to reduce A to tridiagonal form. We present it in
some detail because the generalization to the complex number
field is not entirely trivial.

Complex Householder transformations have the form

u®ut

P=1-2 (3)
|u?

where u is an arbitrary complex row vector u = (uq,up,

...,uy) and (u ® u+)ij = u,<u3’f. The vector u must be chosen to
zero all the elements of a vector x except a given one. If we take
u=xFe &) |xje;, with (e)r = 8k, it can be easily proved that

Pyx = +e' 8% |xle;

as required. The freedom on the sign in the expression defining the
vector u can be used to make sure that the vector u is non-zero.
The rest of the Householder tridiagonalization procedure follows
exactly as in the real case. Consider a skew-symmetric matrix of
dimension N (even)

0 |a1z a3
—ay2
—ai3

A= (N-D g (4)

The Householder transformation matrix is

where "=V Py is built by using Eq. (3) and taking the vector x
(of dimension N — 1) as (ai2,a13,...)T. The resulting transformed
matrix is given by

0 ki ©
—kq
PiAP{ =] o | W-Dj

where kq = +!2'8@2) x| and the matrix ¥~D A is skew-symmetric
and given by V"D A = (N=1 p; =1 A(N=1) pT 'performing this pro-
cedure a total of N — 2 times we end up with a tridiagonal and
skew-symmetric matrix

Pn_a...PoP1APTPT ... P]

0 kq 0 0 . 0
—kiy 0 ky O ... 0
0 -k O
= 0 (5)
0 . 0 kn—1
—kn_1 0

Using a well-known property of the pfaffian (see Appendix A) we
deduce from the above identity that

det(P1)...det(Pn—2) pf(A) = pf(Atr)

where Arg is the tridiagonal and skew-symmetric matrix of the
right hand side of Eq. (5). Taking into account that the determi-
nant of any Householder matrix is —1 and that N is even, we can
express the pfaffian of A in terms of the pfaffian of the tridiago-
nal ATR

pf(A) = pf(Arr)
As will be shown below the pfaffian of a tridiagonal skew-
. A . N/2
symmetric matrix is simply given by kiks...kn—1 = JT;Z{ kai—1
(this result can also be obtained using the “minor expansion” for-
mula [10]) so that we obtain
N/2
pf(A) = [ ka1 (6)
i=1

Surprisingly, the pfaffian does not depend upon kj, k4, etc. In
fact, it can be shown that even in the case of matrices where
rows and columns with even indexes i = 2q are not reduced to
tridiagonal form the pfaffian is still given by Eq. (6). This nice
property (to be shown to be true below) allows to half the nu-
merical burden as only the (N —2)/2 Householder transformations
Py, P3,..., Py_3 are required to obtain ki, k3, etc. In this case, we
have to take the precaution to multiply the result of Eq. (6) by the
phase (—=1)(N=2)/2,

In terms of numerical stability, the Householder transformation
is very robust and there is no need to consider any “pivoting”
strategy common to other methods. However, the presence of the
square root of x and the argument arg(x;) of complex quantities
prevents an easy implementation of the Householder tridiagonal-
ization procedure for symbolic computation. For this purpose the
second method described in the next section is far easier to imple-
ment.
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2.2. Aitken’s block diagonalization formula

There is an alternative method for the calculation of the pfaf-
fian, which is also well suited for a symbolic implementation and
that relies on an expression for the pfaffian of a bipartite skew-
symmetric matrix. Let us start with a general skew-symmetric ma-
trix A (dimension N, even) given by

R
AZ(—QT %) ’

where R and S are square skew-symmetric matrices and Q is a
general rectangular matrix (to account for the case where R and
S have different dimensions). Using Aitken’s block diagonalization
formula (see [14] for an early use of the formula and [15] for a
recent and thorough reference) for a bipartite matrix we obtain

(oo 1) (ar )6 75°)
QTR! 1/\ =07 s 0 I

(R 0 (8)
_(o 5+QTR—1Q>

where the matrix S+ QTR™1Q is referred to in the literature as
the Schur complement of the R block of matrix A, A/R (see, for
instance, [15]). For the special case of a skew-symmetric matrix A,
the matrices R and S are also skew-symmetric and the transfor-
mation of the matrix A is a congruence (i.e. the matrix acting on
the left hand side of A is the transpose of the one acting on the
right hand side). Denoting

mz( v 0) 9)
QTR T 1

Eq. (8) becomes

- (R 0
PraPi =1, S+QTR1Q

An equivalent expression involving S~! instead of R~! is easily
obtained

R s71QT o
P2AP2T:( 257 )
0 S
with
I —Qs!
Py = 10
, (0 : ) (10)

By using the property pf(PT AP) = det(P) pf(A) (see Appendix A)

and taking into account that det P; = det P, =1, we come to

pf(A) = pf(R)pf(S+ Q"R™'Q) (11)
=pf(R+QS~'Q")pf(s) (12)

Another nice property of the matrices P; and P is that their in-
verses can be obtained very easily

1 il 0
P] = (_QTR—l H) (13)
and

4 (1 Qs—1>
Py = (0 I (14)

These expressions of the inverses explicitly show that both P; and
P, are not orthogonal matrices.

Let us now apply the above result to an arbitrary skew-
symmetric matrix of dimension N =2M which is written in block
form as

AD AN_1 AN
A=| -AL_, 0 aN—1.N (15)

—A[E —daN-1,N 0

where AV is a skew-symmetric square matrix of dimension N — 2
=2(M—1) and Ay—_1 and Ay are column vectors Ay_1 = {A; n—1,
i=1,N—2} and Ay = {A;n,i =1,N — 2} both of dimension
(N —2) x 1. In the language of Eq. (7) the matrix R is the matrix
AM | the matrix Q is a rectangular matrix of dimension 2 x (N —2)
made of the two column vectors, Ay_1 and Ay and finally the ma-
trix S is the 2 x 2 skew-symmetric matrix with matrix element
S12 =an—1,n. Using the ideas of Aitken’s block diagonalization for-
mula, it is easy to show that the matrix A = DlTAD1 is in block
diagonal form

AD 0 0
;\ = 0 0 aN—-1,N (16)
0 —an-n 0

with a matrix Dq of the form

In., 0 O
Di=| x 10 (17)
Y 01

where Iy_5 stands for the identity matrix of dimension N —2 and
both X and Y are row vectors of dimension 1 x (N —2) and given
by X = —ay', yAL and Y = a,T,l_quA[,_l. In Eq. (16) the skew-
symmetric matrix A is given by

AD = AV 4 An(an-an) ARy — Avoiayl VAR (18)

Taking into account that det D =1 we obtain

pf(A) = pf(A) = an_1,n pf(AT)

The algorithm can be applied recursively to A to obtain

PR(A) =an—1ndy 5 y_, PF(A®)

so that, after M — 1 iterations, the pfaffian is obtained.

This procedure can be easily implemented for a skew-symmetric
tridiagonal matrix, as the transformed matrices in Eq. (18) coincide
with the original ones; for instance, A’ = A®M. As a consequence,
the pfaffian of a tridiagonal matrix is given by

0 d 0 0 0
—di 0 dy O 0
0 —-dy 0
pf
0 0o . 0 . 0
: : : 0 don—1
0 0 --- 0 —dyN_1 0

N
=didz...don_1 = l_[dZi—l
i=1

As mentioned before, this result can be extended to matrices
where rows 2, 4, etc. and columns 2, 4, etc., are not in tridiagonal
form. This is easily justified by noticing that AV = AM s also
satisfied if only the Ay column is zero.

One could think of using the above property in this case, but
it turns out that the update S — S+ QTR~1Q is not modified by
setting to zero one of the rows of Q instead of the two. Therefore
the computational cost remains the same.
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2.2.1. Pivoting

As a consequence of the division by matrix elements like
ay-1,n in the first iteration, the numerical stability of the algo-
rithm requires the use of pivoting strategy in the implementation
of the method. Full pivoting amounts to search the whole matrix
for the matrix element with the largest modulus and exchange it
with the required matrix element. For instance, in the first itera-
tion of the procedure, the matrix element a4 (p <q) with the
largest modulus is searched for and exchanged with the matrix el-
ement ay_1 . In this way we avoid dangerous divisions by small
(or even zero) matrix elements. We have to take into account that
in the present case, the exchange of both columns and rows is
required to preserve the skew-symmetric nature of the matrices
involved. To carry out the exchange of rows and columns we will
use the exchange matrix P(ij) that, when applied to the right of
an arbitrary matrix, exchanges columns i and j. The exchange ma-
trix is given by the matrix elements

P(ij) = Sk — 81,181,k — 85,18,k + 8i,18j k + 85,101k (19)

To exchange the corresponding rows we have to apply P(ij)T to
the left of the matrix (notice that P(ij) is symmetric). With the
help of these matrices we can write the matrix after pivoting a, 4
with ay_1,n (and aq,p with ay n—1) as

Ap=PT(N—1,p)PT(N,q)AP(N —1,p)P(N,q)

As a consequence of such exchange and taking into account that
det P(ij) = —1 we can conclude that the pfaffian of A does not
change by the pivoting procedure. Finally we obtain

A=P(N,q@)P(N—1,p)ApPT(N—1,p)PT(N,q)
=P(N,q)P(N—1,p)D] 'ApD]'PT(N —1,p)PT(N.q)

where Ap has the same structure as S in Eq. (16). As before,
pf(A) = pf(]\p) = (Ap)N-1.N pf(Af,])) and repeating recursively the
whole procedure M —1 times we obtain the pfaffian as the product
of the corresponding matrix elements.

2.2.2. Cholesky-like decomposition of a skew-symmetric matrix

Although it is not necessary in order to compute the pfaffian,
it can be useful to show that even with pivoting we can write the
matrix A as

A=PLTALP (20)

where P is the product of exchange matrices as in Eq. (19), L is
the product of matrices of the D~! type, Eq. (17), and therefore is
a lower triangular matrix with ones in the main diagonal and fi-
nally, A is a skew-symmetric matrix in canonical form, i.e. a block
diagonal matrix with skew-symmetric, 2 x 2 blocks in the diag-
onal. This decomposition of a general skew-symmetric matrix A
resembles the Cholesky decomposition of a general symmetric pos-
itive definite matrix and can be useful in formal manipulations
like, for instance, the inversion of the matrix A. In order to show
that Eq. (20) holds the only required property is that, when apply-
ing the pivoting procedure to ;\5,1) the exchange matrices required
P(N — 2,5)P(N — 3,r) have the property of preserving the struc-
ture of the matrix D; (and its inverse). For instance,

DI"'P(N—2,5)P(N—3,r)=P(N —2,5)P(N—3,r)D]~!

with L:)]T’] a matrix that is obtained from D]T’] by exchanging
rows N—2 and s and rows N —3 and r and therefore has the same
upper triangular structure with ones in the diagonal as the original
matrix DlT’]. Using this property we can move all the exchange
matrices to the right (or to the left) and the remaining matrix will

be the product of triangular matrices (lower for products involving
D) with ones in the diagonal.

As mentioned earlier, Aitken’s method is better adapted to sym-
bolic evaluations. However, one must take care that in each step of
the process some specific matrix elements are non-zero.

We note that after the completion of this paper an algorithm
similar to the one of this section has been put forward [16] in
connection with supersymmetric models of Quantum Field The-
ory [17].

3. Fortran implementation

The implementation of the algorithms considered in this paper
in a high level computer language is straightforward. With this pa-
per we provide, specific code in FORTRAN, both 77 and 90, and
with real or complex arithmetic. The algorithms are easy to fol-
low and the comments included in the code are useful guides. Just
a few remarks are in order: to implement the tridiagonalization
procedure in Fortran, it is advantageous to use the BLAS pack-
age [18] to perform the required matrix by vector multiplication
and rank two update. Unfortunately there are no equivalent in the
skew-symmetric case of the routines SYM (to multiply a symmet-
ric matrix by a vector) or SYR2 (to perform a symmetric rank two
update) but the general procedures GEMV and GERU can be used
instead. On output, both the pfaffian of the matrix and the set of
vectors required to bring it to tridiagonal form are returned. In
this routine a switch has been introduced to control if the number
of Householder transformations is reduced by a factor of two or
not. In the current implementation the number of operations for
the full case scales as N3 multiplications and N3 sums (we do not
consider the skew-symmetric character of the matrix in this count)
and it is exactly half that number for the case where only half the
transformations are performed.

For the implementation of the method based on Aitken’s
block diagonalization formula a pivoting strategy is required. We
have used full pivoting in our implementation due to its ro-
bustness. The routines provided only require the upper part of
the skew-symmetric matrix. The lower part is destroyed and re-
placed with the tridiagonal transformation matrix that brings the
skew-symmetric matrix to canonical form upon congruence. An
integer vector is also returned to reconstruct the required ex-
change of rows and columns. The operation count in this case
scales as N3/6 multiplications and N3/6 sums and therefore it
is significantly smaller than the operation count of the House-
holder method. However, we have not considered the computa-
tional cost of full pivoting in the Aitken’s method that also scales
as N3 and might have a strong impact in the total computational
cost.

Perhaps the best test to check the validity of the two imple-
mentations is to compute the pfaffian of a skew-symmetric matrix
using both procedures in order to compare the output. If it is
the same up to a given accuracy then it is very likely that the
two implementations are correct. We have written a test program
(also included in the distribution) that generates skew-symmetric
matrices of given dimension with random entries and computes
the pfaffian using both techniques. In our tests the pfaffians com-
puted both ways coincide up to one part in 10'® with matrices
1000 x 1000. This result also supports the adequacy of the imple-
mentation in terms of numerical stability. Another possibility to
test the numeric and symbolic implementation is to use the ana-
lytical formula given in Appendix B for a specific kind of 8 x 8 ma-
trices. A test program implementing this approach has also been
included in the distribution.

To finish this section we will briefly comment on the timing
of the FORTRAN numerical implementations mentioned. We have
used a personal computer under Linux and with an Intel Xeon
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Table 1

CPU time in seconds to compute the pfaffian of 1000 matrices of dimensions N x N
with random real entries and using the full Householder tridiagonalization method
(H), half Householder (H/2) and Aitken’s (A). In the last column the time spent in
setting up the random matrices is also given.

N H H/2 A Setup
200 20.5 11.1 14.4 1.7
400 149 78 107 7.2
600 486 255 341 19
800 1130 586 695 41

1000 2364 1237 1327 69

W3550 processor running at 3.07 GHz. We have computed the
pfaffian of matrices of various dimensions up to N = 1000 and
the results are given in Table 1. The results show that a typical
computation of the pfaffian of a 200 x 200 matrix takes around
10 milliseconds in the three implementations. For matrices as large
as 1000 x 1000 the computing time goes up to around 1 second
which is consistent with a scaling law going as the third power
of the dimension. One also sees that the full Householder takes
twice as long to run as the half Householder for large matrices.
It is also interesting to note the strong impact of full pivoting
in the Aitken’s method: the operations count discussed previ-
ously suggested that Aitken’s should be six times faster than full
Householder. Another possible reason is the performance of the
machine-specific implementation of the BLAS library used in the
Householder case.

4. A simple Python implementation

We provide here a simple implementation of the tridiagonal re-
duction method (see [14] and [19]) in Python, which may be useful
for testing purposes. It is similar to the Householder, but it only
uses simple row and column operations that have determinants of
unity. The code is:

from numpy import *
def pfaff py(m)
mat=copy (m)
ndim = shape (mat) [0]
t1=1.0
for j in range(ndim/2)
ndim_r=shape (mat) [0]
kp=1; pvt=abs (mat[0,1]) #pivot
for k in range(2,ndim_r)
if abs(mat[0,k]) > pvt :

kp= k; pvt = abs(mat[0,k])
if kp != 1 :
tv=mat([:,1]*1.0
mat[:,1] = mat[:,kp]l*1.0

mat[:,kpl=tv
tv=mat([1l,:]1*1.0

mat([l,:] = matl[kp,:]1*1.0
mat [kp, : ]=tv
tl = -tl

tl *= mat[0,1]
if j <ndim/2-1 :

for i in range(2,ndim_r) : #row and column reduction

if mat[0,1] != 0.0 :
tv=mat[1l,:]*mat[i,0]/mat[1,0]
mat[i,: ] -= tv
tv=mat[:,1]*mat[0,1i]/mat[0,1]
mat([:,1 ] -= tv

else :
t1=0.0
break

mat=mat[2:,2:]
return tl

The matrix is assumed to have been constructed with the ar-
ray function in the Numpy library. Both real and complex matri-
ces are permitted.

5. A simple Mathematica implementation

We also provide a simple Mathematica implementation of the
method based on Aitken’s block diagonalization formula. As men-
tioned above, this method requires pivoting to avoid divisions by
small (or zero) numbers. In the symbolic implementation, this is-
sue is solved by replacing the denominator by a variable (OO on
the implementation below) in case it is zero and an additional
limit when the variable tends to zero is performed at the end. The
two Mathematica modules required are:

Aitken[M_,n_,00_]:=

Module[{MM=M,1i,Jj,p},
If[MM[[n-1,n]]==0,MM[[n-1,n]]=00;MM[[n,n-1]]1=-00];
p=MM[ [n-1,n]];

For[i=1,i<=n-2,i++,

For([j=1,j<=n-2,j++,
MM[[i,3]]=M[[1,3]0+(M[[i,n]]*MM[[F, n-1]1]-MM[[],n]]
*MM[[1,n-111)/p
]

MM] ;

pfaffian[S_]:=
Module[{T=S,n,p}.,
n=Length[T]/2;
If[T[[2*n-1,2*n]]==0,T[[2*n-1,2*n]]=00;T[[2*n,2*n-1]]=-00];
For [n=Length[T]/2;p=T[[2*n-1,2*n]],n>1,n--,
T=Aitken[T,2*n,00];
p=p*T[[2*(n-1)-1,2*(n-1)]]
1i
Limit[p,00->01];

6. Conclusions

The issue of how to compute both numerically and symbolically
the pfaffian of a skew-symmetric matrix has been addressed using
two different approaches. Numerical stability issues are discussed
and methods to assure the desired accuracy are fully incorporated.
A collection of subroutines and test programs in FORTRAN (both 77
and 90, double precision and complex) are provided. A few com-
ments on the implementation of the algorithms in Mathematica
and Python are also given.
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Appendix A. Definition and basic properties of the pfaffian

The pfaffian of a skew-symmetric matrix R of dimension 2N
and with matrix elements r;; is defined as

11
pf(R) = >l €(P)riyiyTizigTisig - - -T2n—1,2n

Perm
where the sum extends to all possible permutations of iy, ..., i
and e(P) is the parity of the permutation. For matrices of odd di-
mension the pfaffian is by definition equal to zero. As an example,
the pfaffian of a 2 x 2 matrix R is pf(R) =rq2 and for a 4 x 4 one
Pf(R) = 12134 — 13724 +114123. Useful properties of the pfaffian are

pf(PTRP) = det(P) pf(R),

pf(_(;T g) = (=)NN=D/2 det(R) (A1)
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where the matrix R is N x N and

Ry O
pf( o R2> = Pf(R1) pf(R2)

where R; and R; are skew-symmetric matrices. The matrices may
be defined on the real or on the complex number fields.

Appendix B. Pfaffian of a test matrix

In this appendix we give the expression of the pfaffian of a test
matrix which is big enough as not to be trivial but on the other
hand is small enough as to render the explicit expression of the
pfaffian manageable. The expression given below can be used to
check both numerical and symbolic implementations of the pfaf-
fian.

Consider the two general skew-symmetric matrices of dimen-
sion 4

0 fi mp omp
M — -fi 0 my mp

-my1 —my; 0

—mpy —myp —fr O
and

0 g1 M1 np
N —£1 0 ny1 N2

-ny1 —n1 0 2
—nyp —g 0

where the matrix elements can be complex numbers. With these
two matrices and the identity 4 x 4 matrix we build the skew-
symmetric matrix

—ni2

N I
S =
()

of dimension 8 x 8 (see Ref. [8] for the physical context of this
matrix). It is relatively easy to compute its pfaffian

pf[S1=1+ f{g1 + f; 82 + mijni1 + miyn + mi,n12 +miny

+ (f{ f3 —miymb, +mi,m3, ) (g182 — n1in2z + ni2n21)
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