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Dipole oscillations in Bose-Fermi mixtures in the time-dependent Gross-Pitaevskii
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We study the dipole collective oscillations in Bose-Fermi mixtures in a dynamical time-dependent approach,
which is formulated with the time-dependent Gross-Pitaevskii equation and the Vlasov equation. While the
Bose gas oscillates monotonously, the fermion oscillation shows a beat and damping. We find big differences
in behaviors of fermion oscillation between the time-dependent approach and usual approaches such as the
sum-rule approach. When the amplitude is not minimal, the dipole oscillation of the Fermi gas cannot be

described with a simple center-of-mass motion.
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I. INTRODUCTION

Over the last several years, there have been significant
progresses in the production of ultracold gases, which realize
the Bose-Einstein condensates (BECs) [1-4], two boson
mixtures [5], degenerate atomic Fermi gases [6], and Bose-
Fermi (BF) mixing gases [7-9]. In particular the BF mixtures
attract physical interest as a typical example in which par-
ticles obeying different statistics are intermingled. Using this
system we have a very big opportunity to get new various
knowledge about many-body systems because we can make
a large variety of combinations of atomic species and control
the atomic interactions using the Feshbach resonance [10].
Theoretical studies of the BF mixtures have been done for
static properties [11-16], for the phase diagram and phase
separation [17-20], for stability [21-23], and for collective
excitations [24-31].

Above all phenomena the spectrum of the collective ex-
citations is an important diagnostic signal for these systems.
Such oscillations are common to a variety of many-particle
systems and are often sensitive to the interaction and the
structure of the ground state and the excited states. Theoreti-
cally collective motions are usually studied with the random
phase approximation (RPA) [26,28] or its approximate meth-
ods such as the sum-rule [29] and the scaling [30,32,33]
approaches. The first author (T.M.) and his collaborators [31]
studied monopole oscillations of BF mixtures by calculating
the time evolution of these oscillations with the time-
dependent Gross-Pitaevskii (TDGP) equation and the Vlasov
equation. This dynamical approach showed different behav-
iors of the oscillation from RPA [28], such as rapid damping
at zero temperature.

The RPA can treat only states with one-particle and one-
hole excitation and only describe minimal vibrations around
ground states; for example, it is shown in Ref. [28]. that the
radial variation is only about 0.05% in RPA, while the am-
plitudes of actual experiments can be as large as 10% [34].
For the single boson system the RPA [35] explained experi-
mental results on frequencies of collective motions well [34].
In this system all bosons occupy one single particle state at
zero temperature, and their collective motions are simple;
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damping does not appear at very low temperature in experi-
ments [36] and in a theoretical work with the time-dependent
density matrix theory [37].

On the other hand, fermions occupy many single particle
states even at zero temperature. When the amplitude is about
10% of root-mean-square radius, the monopole states have as
large excited energy as ten to one-hundred times of the one-
particle and one-hole excitation energy. Their collective os-
cillations with a large amplitude are multiparticle and multi-
hole states and include various mode with different
frequencies. Indeed an oscillation of population difference in
two-component Fermi gas has shown damping due to a mul-
timode dephasing [38]. In the BF mixtures, especially, fermi-
ons occupy a larger region than condensed bosons, and have
different potentials between inside and outside of the boson
occupation region. Then their motions are not harmonic, and
then the fermion oscillation makes damping [31]. In order to
study the collective oscillation in BF mixtures, hence, we
need to calculate time evolution of the system using a time-
dependent dynamical approach.

Thus the BF mixing gases show new dynamical properties
different from those in other finite many-body system such
as nuclei. In order to have more information on the dynami-
cal properties, we need to investigate other kinds of multi-
pole motions. In this paper we study the dipole oscillations in
Bose-Fermi mixtures as the next step by solving the time
evolution of the condensed boson wave function and the fer-
mion phase-space distribution function with the TDGP equa-
tions and the Vlasov equations, respectively.

In the next section we explain our transport model to cal-
culate the time evolution of the system. In Sec. III we show
the calculational results for the dipole oscillation in the BF
mixture, and discuss their properties. Then we summarize
our work in Sec. IV.

II. TIME EVOLUTION EQUATIONS

Here we briefly explain our approach. In this work we
consider a dilute boson and one-component-fermion coexist-
ent gases at zero temperature with the axial symmetry with
respect to the z axis. We assume only zero-range interaction
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between atoms, and there is no fermion-fermion interaction
in the system. The Hamiltonian is written as
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where ¢ and lZ are boson and fermion fields, respectively,
Mg and My are the boson and fermion masses, M,
=MgMp/ (Mg+My) is the reduced boson-fermion mass, {15
and Q) are the transverse trapped frequencies of the boson
and the fermion, azz and app are the s-wave scattering
lengths between two bosons and between boson and fermion,
respectively. In addition the positional coordinate is de-
scribed as ¢=(q7,q,), and «; is the ratio of the longitudinal
trapped frequency to the transverse trapped frequency.

In this formulation we can change all variables to dimen-
sionless ones without losing generality as follows. We nor-
malized the spatial coordinate ¢ to the dimensionless coordi-
nates r as r=(rp,z)=q/Ry with Rpy=(h/MgQp)"">.
According to this normalization the boson and fermion fields
are also scaled as ¢())=R;'">$(1)). By dividing the above
Hamiltonian H by %€, we can define the dimensionless

Hamiltonian H=H/#Q as
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where m;=M /My, wf—QF/QB, and gpp= Sﬂ'ﬁ(lBBRB and
hBF 47Tﬁmfa3p(1+mf) 1R

In this work we con31der the zero-temperature system,
including N, bosons and N, fermions, so that the total wave
function is written as

Np
H d)c(ri) \I,f[djn]’ (3)
i=1

where ¢, is a wave function of the condensed boson and W
is a Slater determinant of fermions with single particle wave
functions, ¢,. The time evolution of the wave functions are
obtained from the variational condition that
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From this condition we derive coupled equations of the
TDGP and time-dependent Hartree Fock (TDHF) equations
as follows:
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where pp and py are boson and fermion densities which are
given by

ps(r) =Ny| ¢, )

occ

pr(r) = 2 |y, (r)[>. (10)

The number of fermion states are usually too large to solve
the above TDHF equations directly so instead one uses the
semi-classical approach. In the semiclassical limit (7 — 0)
the TDHF equation is equivalent to the following Vlasov
equation [39]:

—f (rp;7)= {— + —V [VrUF(r)][Vp]}f (rp;7)=0,
(11)

where f(r,p; 7) is the fermion phase-space distribution func-
tion defined as

f(r,P,T)=fd3u<(b|¢f<r_%u’7.) ¢<r+%u’7>|cp>e—ipu
(12)

As an actual numerical method we introduce the test particle
method [40] to solve the Vlasov Eq. (11) and describe the
fermion phase-space distribution function as

NgNy

3
_n S ol -pia) 013

Ny

flr.p,7)

where ]VT is the number of test-particles per fermion.
By substituting Eq. (13) into Eq. (11), we can obtain the
following equations of motion for test-particles:

d
d—r (T)—;f (14)
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L pR)==V,Uytr). (15)
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Thus we obtain the time evolutions of the condensed boson
wave function and the fermion phase space distribution func-
tion by solving Egs. (5), (14), and (15).

III. RESULTS AND DISCUSSIONS

In this section we show the results of our calculations on
the dipole oscillations in the BF mixture. We deal with the
system S’Rb-*°K, where the number of the bosons (*’Rb)
and the fermions (*°K) are N,,=10000 and Ny=1000, respec-
tively, and the fermion mass normalized by boson mass is
m;=40/87~0.46. We assume the spherical trap («,=1) and

take the fermion trapped frequency to be wf=1/\e“'mf% 1.48.
The boson-boson interaction parameter gzp is fixed to be
gpp=1.34x 1072 [41], which corresponds to azz=4.22 nm,
while the BF interaction parameter hpp is varied. In the nu-
merical calculation we take the number of the test-particles

per fermion to be N=100 and solve the time evolutions by
using the second order predictor-corrector method.

A. Ground state

The sum-rule approach [29] showed that the dipole oscil-
lation frequency is sensitive to the density distributions. In
this subsection, then, we see the boson and fermion density
distribution from the point of view of the boson-fermion cou-
pling dependence.

In the ground state the wave function of the condensed
boson ¢, is defined as a solution of the following Gross-
Pitaevskii equation:

1 1
{— SV S T+ Z) + gnpslr) + hBFpF(r)}cﬁir@(r)

= P (), (16)

where u, is the boson chemical potential. In the ground state
the fermion phase-space distribution function is given by the
Thomas-Fermi (TF) approximation

f(r’p)ZH[/-ljf_s(r’p)]s (17)

with

1
e(r,p)= 2—,,2 + Up(r), (18)
ny

where w, is the fermion chemical potential. In this TF ap-
proximation the fermion density pp is obtained as the solu-
tion of the following equation:

1 1
%{677'2PF(”)}2/3 + szw;("zr"' Kizz) +hgppp(r) = pp.
f

(19)

Here we iterate solving the boson wave function with Eq.
(16) and searching the Fermi energy u, in Eq. (19) to give
the correct fermion number.
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FIG. 1. The density distribution of the BF mixing gas with the
boson-fermion coupling hgp=—gpp (a), hgp=gpp (b), and hgp
=gpp (c). The dashed and solid lines represent the density of the
boson and Fermi gases, respectively.

In Fig. 1 we show the density distribution of the boson
and Fermi gases with the boson-fermion coupling hpp
=—9BB (a), hBF:gBB (b), and hBFzngB (C) The solid and
dashed lines represent the results of boson and Fermi gases,
respectively. The density distribution of the Bose gas is neg-
ligibly changed while the fermion density distribution in the
boson occupation region varies as the boson-fermion cou-
pling increases. The fermion density distribution is central
peaked when hpp=—ggp, flat when hpp=gpp, and surface
peaked when hpp=2gpp.

This boson-fermion coupling dependence of the fermion
density distribution can be easily explained as follows. When
the boson number N, is very large, the boson density distri-
bution can also be given by the TF approximation as

1 1
pp(r) = g_ Mp— E("zﬂ' Kizz) = hprpp(r) |. (20)
BB

Note that the boson density in Eq. (20) is defined within a
region, and it is zero outside of that region.
Substituting Eq. (20) into Eq. (19), we can get
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where & =r7+«;z%. From this equation we can easily know
that pp=const when hpr/ggp=1 and pp>0. Furthermore the
derivative of the fermion density py with respect to £ is given

by
4n\B s 3m3hg 19pr _ 2 hpr
f gBB 8BB
(22)

The stability condition [18], that (du,/dpp)(dus/ Ipr)
— (! &pp)(&ﬂf/&p3)>0 restncts the value of the fermion
density as pp<4w* 833/3mf pr- In the boson occupation re-
gion, therefore, the derivative of the fermion density is nega-
tive dpp/d€<<0 when hBF/gBB>mwa2c and positive dpp/ d&
>0 when hgp/ gpp=>mwy.

As mentioned before, we take the parameters to be
mfwjz;l and «;=1 in the present calculation. Thus the TF
approximation can explain the relation between the boson-
fermion coupling and the fermion density distributions.

B. Dipole oscillation

In this subsection we show our actual results of the nu-
merical simulations on the dipole oscillations. Here we de-
fine the center of mass (c.m.) position on z coordinates for
bosons and fermions as zz and zp, respectively. We will dis-
cuss the oscillation behavior by examining the time depen-
dence of zz and zp.

In actual simulations we boost the condensed boson wave
function and the fermion test-particles at the starting time 7
=0 in the following way:

b (r,7=0) = M8 (r), (23)

p.(i) = ng)(l') +mwp\p (24)

with the boost parameters Az and Ay, where the superscript
(g) represents the wave function and the coordinates of the
ground state. These transformations give the current density
of boson jz(r) and fermion j(r) as

Js(r,m=0) = p (P2, (25)

Jr(r,7=0) = p(r) w2 (26)

If hprp=0, the time dependences of zgr become zp
=N\g sin(7) and zp=\p sin(w7); the boost parameters A and
A\ correspond to the initial amplitudes of zz and zj, respec-
tively.

In Fig. 2 we show the time dependence of the zp » when
the boson-fermion coupling hzp=—gpp (@), hgp=—0.5g5 (b),
hgr=ggp (¢), and hpp=2ggp (d). The dashed and solid lines
represent the results of zz and zp, respectively. In all calcu-
lations we choose the out-of-phase at the beginning between
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FIG. 2. Time evolution of the center-of-mass position of the
boson (dotted lines) and fermion (solid lines) with the boson-
fermion coupling hgp=—ggp (a), hpp=-0.5gpp (b), hpr=gpp (c),
and hgp=2gpp (d). The initial condition is taken to be \z=0.4 and
)\F=—O.4.

the boson and fermion oscillations by taking the initial con-
dition to be Ay=0.4 and \p=-0.4.

While the boson oscillations are monotonous, the fermion
oscillations have damping in the early time stage. When
hpr= * gpp, the amplitude of the fermion oscillation is about
0.4 at the beginning, but it decreases and becomes about
0.1-0.2 after the damping (7= 60). This damping becomes
slower when the coupling is weaker, hzp=—0.5g35 [Fig.
2(b)]. Furthermore, we see that after the damping zz and zp
oscillate with the same period, and their relative phase be-
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FIG. 3. Same as Fig. 2(c), but using the in-phase initial condi-
tion Ag=Np=0.4 at the beginning.

comes in-phase when hpzr<<O and out-of-phase when hpp
>0. Note that, when hgr=2ggp, the damping of zp is not
clearly seen; the damping is too fast, and the period of the
oscillation becomes the same with that of zz in the early time
stage.

In order to confirm the above comment about the relative
phase after the damping, we calculate the dipole oscillation
with hgr=gpp, Which is started with in-phase at the begin-
ning (A\g=Nz=0.4). The results are shown in Fig. 3. The
relative phase between the boson and fermion oscillations
becomes out-of-phase in the later time stage after the damp-
ing. In order to clarify it, we plot the same quantities shown
in Figs. 2(a), 2(d), and 3 in later time, 120 < 7<150, in Fig.
4. We can see that z; oscillates almost with the same period
of zp.

As seen in Figs. 2—4, the behaviors of the fermion oscil-
lations are not so simple and imply that the fermion oscilla-
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FIG. 4. Time evolution of z; (dashed lines) and z; (sold lines)
with the boson-fermion coupling hgr=—ggp (a), hpp=ggp (b), and
hgr=gpp (¢). In the first and second panels the oscillation is started
with the out-of-phase at the beginning, and the last ones with the
in-phase.
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tion includes various modes. In order to inspect these prop-
erties more, we calculate the strength function defined as the
Fourier transformation of zp

Sprlw) = fdeZB)F(T)SiII((DT). (27)

In this work we fix that #,=0 and ;=200 (QI}I). We show the
strength functions of the dipole oscillations with hgr=—gpp
for the bosons (a) and the fermions (b) and with hgp
=-0.5gpp for the bosons (¢) and the fermions (d) in Fig. 5,
and those with hgzp=ggp for the bosons (a) and the fermions
(b) and hpp=2gpp for the bosons (c) and the fermions (d) in
Fig. 6.

First we note that the boson strength functions have only
one sharp peak, which is consistent with the monotonous
behavior of the boson oscillations. Hence the frequency of
the peak position can be considered to be the intrinsic fre-
quency of the boson oscillation; we define wf) as this fre-
quency. Second the fermion strength has three peaks. One
peak appears at w=a)’l’), and another peak appears at the
trapped frequency, w=w;~1.47 in all cases, whereas the po-
sition of the other peak depends on the coupling constant.
These three peaks must correspond to certain modes. For
convenience we refer to these three modes as modes 1, 2,
and 3 in order, and define w’z) as the frequency of mode 3.

The sign of the fermion strength function at w= wbD (mode
1) is plus when hgr>0 and minus when hgzp<0, while the
signs of the strengths at w=w, (mode 2), and w:wg (mode
3) are minus in all oscillations. In Fig. 7, furthermore, we
plot the strength functions of the bosons (a) and the fermions
(b) with hpp=ggp using the in-phase initial condition (A
=N\r=0.4). We see that the signs of the strength functions at
w=w, and w=w}, become plus.

In this initial condition the sign of the boson strength
function is always plus. The sign of the strength exhibits the
relative phase between each mode and the boson oscillation;
the plus and minus signs show the in-phase and out-of-phase,
respectively. Then the above results imply that a choice of
the phase at the beginning determines the phases of modes 2
and 3, while the phase of mode 1 is determined by the boson-
fermion coupling. These results exhibit typical behaviors of
the forced vibration with the external force caused by the
boson oscillation, which is discussed in the following sub-
section.

C. Modes of the fermion oscillation

In this subsection we examine the above three modes for
the fermion oscillations by performing the test simulations
shown in the following. First we calculate the fermion dipole
oscillations with the boson motion frozen; namely, the fermi-
ons move in the fixed potential Ux(r) in the ground state. In
Fig. 8 we show the results with the boson-fermion coupling
hBF:_gBB (a), hBF=gBB (b), and l’przngB (C) In each result
we see a beat and damping: the amplitude of z; oscillation is
about 0.4 in the beginning, and it becomes about 0.05 after
the damping.

In Fig. 9 we plot the strength functions of these fermion
oscillations with the boson-fermion coupling hgr=—ggp (a),
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FIG. 5. Strength functions of the boson oscillation in upper panels (a),(c) and fermion oscillation in lower panels (b),(d) with hgp
=—ggp (a),(b) and with hgr=-0.5g55 (c),(d) using the initial condition Ag=—\y=0.4.

hgr=ggp (b), and hgp=2ggp (c). In all the results there are
two peaks at w=w; and w=wyp, but no peak at w=w).

These results demonstrate that modes 2 and 3 are intrinsic
modes for the fermion oscillation, and that mode 1 is caused
by the boson oscillation. A mixture of modes 2 and 3 arises
the beat, and this mixing and their widths make the damping
in the fermion oscillations.

Next we simulate the dipole oscillation with the initial
condition A3=0.4 and Ar=0. In Fig. 10 we show the time
dependences of zz and zp with the boson-fermion coupling
hgr=—gpp (), hgp=gpp (b), and hgp=2gzp (c). In Fig. 11,
furthermore, we plot the strength functions of the boson os-
cillation with hzr=—ggp (a) and with hgr=gpp (b) and those
of the fermion oscillation with hgr=—gpp (c) and with hgp
=gpp (d). In the fermion strength functions (c),(d) there are
two peaks at w=w2’, (mode 1) and w=w§ (mode 3), and no
peak at w=w; (mode 2). In this initial condition, Az=0, the
boson oscillation is a trigger of the fermion oscillation and
moves only fermions inside of the boson occupation region.
Hence these results demonstrate that mode 2 and mode 3 are
the dipole motions contributed from the fermions outside and
inside of the boson occupation region, respectively.

The condensed boson density distributes in a smaller re-
gion than the fermion one, so that the fermion potential Uy is
separated into two regions, the inside and outside of the bo-
son occupation region. Outside the boson occupation region
the fermion potential Up has a simple harmonic oscillator
shape with the trapped frequency ;. Inside the boson occu-
pation region, furthermore, the fermion potential around the
central region can also be approximately described as a har-

monic oscillator potential with a different trapped frequency.

Thus this fermion motion can be described with two kinds
of fluids corresponding to the above two modes. One fluid
moves outside the boson occupation region, and makes a
dipole oscillation mode with the frequency w=w,. The other
fluid moving in the inside region makes the dipole oscillation
with wzw}) . However the fermion potential does not have a
simple harmonic oscillator shape in the boson occupation
region, and then their dipole motions, particularly for the
latter fluid, are not harmonic, and the oscillation amplitudes
decrease.

Now we examine the above consideration in quantum cal-
culations. We calculate the excited states in RPA and com-
pare the results with those in our time-dependent approach.
For this purpose we get the fermion wave functions in the
ground states in the Hartree-Fock (HF) approximation and
solve the RPA equation in the way of Ref. [28]. In the HF
calculations the fermion number N, must be dependent on
the subshell closure of fermion single particle states, and
changed from N;=1000; for example N;=989 with hgp=
—gpp, but this slight change hardly affects the final results.
We use seventeen particle-hole states for bosons and about
five hundred ones for fermions.

Then we calculate the transition amplitudes from an ex-
cited state |®,) with excitation energy w, to the ground state
|®,) for bosons Ay and for fermions A which are written as

Ap(@,) = (D, Z5|Dy), (28)
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with hBF

=gpp (a),(b) and with hpr=2gpp (c),(d) using the initial condition Ag=—Ar=0.4.

Ap(w,) = (D, Z| Do) (29)
with

Zp= f Pré(r)zpr), (30)

Zp= J Erif(r)zlr). (31)

In Fig. 12 we show the boson Tj(w,)=3|Ag(w,)|*/4 (a) and
fermion transition strengths Tp(w,)=3|Ax(w,)|*/4m (b) as
functions of the excitation energy w with hgr=—ggp.

In order to visualize the distribution for the fermion tran-
sition strength, we introduce an artificial width I' and draw
the curve of Tj(w) defined as

r

I+ (0-w,)* (32)

1
Ti(w) = 7—72 Tr(w,)

In our calculation we take I'=0.01, and plot 0.018 X T.(w) in
the second panel (b), where the arbitrary factor 0.018 is in-
troduced to plot the curve with the same scale of 7 in the
same figure.

In these results there is a clear peak at w=1.0 in the boson
transition and two clear peaks at w=1.50 and 1.61 in the
fermion transition. These two peak positions of 7 are close
to the frequency of mode 2 w, and that of mode 3 wf) in our
time-dependent approach. Furthermore we see several modes
with the excitation energy between w; and wg.

[ 1T T 1T % T T 1 T 7]

- 40 her/ ges =1 (a) —
o
9 L 0 <7 <200 i
o
5 20 - ]
2
= B i
=
@ 0

10

Sf (Units of RB /QB)
o

_I.
o
I
|

1.0

16 1.8

| ! |
12 14
o (units of Qp)

FIG. 7. The strength function of the fermion dipole oscillation
with hpp=gpp, but using the in-phase initial condition Ag=Nr=0.4.
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FIG. 8. Time evolution of zz (sold lines) with the boson-fermion
coupling hpp=—gpp (a) and hgp=gpp (b) when the boson motion is
frozen.

We would like to comment that there is a peak T
=0.075 at w=1.0, but it is too small to be visible. In the
RPA calculation, thus, there is not any strong comoving
mode, and hence the fermion transitions must be almost ex-
plained as single particle processes. In Fig. 12(c) we plot the
fermion transition strength, 7, in the single particle process;
the results of Figs. 12(b) and 12(c) are almost the same.

Hence the dipole oscillation behavior can be explained as
follows. The condensed bosons occupy one single particle
state, and the boson oscillation has one mode and does not
damp. In contrast the fermions occupy many single particle
states, and the fermion oscillation includes two intrinsic
modes which are contributed from the Fermi gases outside
and inside of the boson occupation region, respectively.
Since the fermion potential cannot be critically separated,
there are several modes with frequencies between w, and ),
Because of this statistical difference, furthermore, the boson
oscillation almost one-sidedly affects the fermion oscillation.
Then the fermion oscillation has one more mode caused by
the external vibration force which is the boson oscillation. As
a result the Fermi gas gradually loses its intrinsic modes and
finally oscillates with the same frequency of the condensed
Bose gas.
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FIG. 9. Strength functions of the fermion oscillation with hgp
=gpp (a), 0.5gp5 (b), =0.5gzp (c), and with hgr=—gpp (d) when the
boson motion is frozen. The dotted lines indicate the fermion
trapped frequency wy.

D. Comparison with the sum-rule approach

In this subsection we discuss the boson-fermion coupling
dependence of the oscillation frequencies by comparing our
results with the sum-rule approach [29]. In Fig. 13 we show
the intrinsic frequencies of boson (a) and fermion (b) oscil-
lations with full circles. For references the fermion frequen-
cies with the boson motion frozen are plotted with the open
circles which are connected with the long-dashed line, and
the trapped frequency of the fermion with the dotted line in
Fig. 13(b). In addition we give the results of the RPA, which
is defined as the peak energy of T}, with the asterisk. The
three results except the sum rule are very similar and cannot
be distinguished in the figure. Our results about the fermion
oscillation in the full calculation (full circles) agree with
those in the boson motion frozen (open circles) and those in
RPA (asterisk).

The sum-rule approach [29] gives the intrinsic frequen-
cies of the boson and fermion dipole oscillations as

/ 1

b

=1/1 Vops 33
@p N, DP (33)

w{) =\ o= ——Vpp (34)

with
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FIG. 10. Time evolution of z (dotted lines) and z; (sold lines)
without the boson boost at the beginning with the boson-fermion
coupling hgr=—ggp (a), hpr=gpp (b), and hpr=2gpp (c).

dpn 9o

. 35
dz dz (35)

Vpp= hBFf &r

In the same figure we also plot the results of the sum-rule
approach with the thick dashed lines. The above results in
the sum-rule approach agree with our results when hpzr<<0,
though the two results show discrepancy when hgp>0.

It is known from Egs. (33)—(35) that the frequency calcu-
lated with the sum-rule is sensitive to the density distribu-
tion. As discussed in Sec. III A the derivative of the fermion
density with respect to the radial coordinate in the boson
occupation region is negative dpg/ dr <0 when hpp=< gpp and
positive dpg/ dr>0 when hgr= gpp, while the derivative of
the boson density dpg/dr<<0 in the both coupling region. As
the boson-fermion coupling hpp increases, hence, the fer-
mion frequency in the sum-rule approach decreases when
hpr<<O0, is not varied when 0 <hpzr<<1, and increases when
hpr>0.

The sum-rule approach is available only when the transi-
tion strength is concentrated to one excited state. In BF mix-
tures, however, the fermion transition strength distributes
mainly to the two modes, and then the sum-rule approach

PHYSICAL REVIEW A 77, 063611 (2008)

cannot predict the correct intrinsic frequency of the fermion
oscillations.

E. Discussions

Both our time-dependent approach and the RPA calcula-
tion explain the two modes in the fermion oscillation. How-
ever, the RPA can be available only in minimal oscillations.

Here we calculate the time evolutions zz and zp in RPA.
By using the initial boost given in Egs. (23) and (24) with the
perturbative way, the initial state in the dipole oscillation
becomes

| (7=0)) = M2 M2\ D) =~ |Dg) + N2, + N} Do)

=[Dp) +i 2 {ApAp(w,) + AR (@)} ®,).  (36)

This initial boost is equivalent to that given in Egs. (23) and
(24) in the first order of A 7. Then, the time dependence of
zp and zp are given by

(7= 12 (@207
b n

2
= ]72 Ap(0,)[NpAg(w,) + \pA p(@,) Jsin(w,7),
b n

(37)

24l = Ai,fz (@D (|Z|D(0)

= =3 A0 DNpAal0,) N s, Tsin(o, ).

(38)

In Fig. 14 we show the results for boson (dotted line) and
fermions (solid line) in the out-of-phase oscillations with
hgr=—gpp (@) and hgp=gpp (b) by using the condition Ag=
—\p=Az. The amplitudes of the oscillations are scaled by Az.
Comparing these results with those in the time-dependent
approach (Fig. 2), we can see a clearer beat and weaker
damping in the fermion oscillations, and the period of the
fermion oscillation dose not become the same as that of the
boson oscillation even in the later time stage. The boson
oscillation does not affect the fermion oscillation in RPA as
strongly as in the time-dependent approach.

In order to inspect the reason for this difference more, we
show the density distribution and the velocity fields at 7=0
(a) and at 7=18.5 (b) in Fig. 15. The dashed and solid con-
tour lines represent the density distributions for boson and
fermion, respectively, and the arrows indicate the fermion
velocities. At both times the z component of the c.m. position
of Fermi gas is zero, zz=0.

At 7=0 the boson and Fermi gases move with unique
velocities (a) in all positions. At 7=18.5, however, the veloc-
ity of the Fermi gas is directed along the contour lines of the
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FIG. 11. Strength functions of the boson (a),(c) and fermion (c),(d) oscillations with hgp=—ggp (a),(b) and with hgp=ggp (c),(d). The

details are shown in Fig. 10.

density, and its density becomes dilute in the space region
z<0 and |r;| = 1. The Fermi gas moves to the surface part of
the Bose gas because of the repulsive force from the Bose
gas. This motion is very natural from the aspect of the hy-
drodynamics.

The RPA approach can describe only minimal oscillations
with one-particle one-hole excitation energy, where the den-
sity distribution is slightly changed from that at the ground
state. In the case of hgzp=ggp and the boson motion frozen,
for example, its excitation energy is about 80 #{)z, and the
system cannot be described with simple one-particle and
one-hole states. In such non-small-amplitude oscillations the
Fermi gas changes its density distribution and moves to the
place with low resistance. Hence the actual oscillations of the
BF mixing gases are not so simple to describe with the RPA
and sum-rule approaches.

In order to confirm the above consideration, we calculate
the dipole oscillations with the smaller amplitude Ag=—\p
=0.05 in our time-dependent approach. This amplitude is still
larger than that in RPA, but the test particle method cannot
give sufficient numerical accuracy if we use further smaller
amplitude. Even in these calculations, indeed, we take the

number of the test particles to be N7=400, though it does not
influence the previous results with the larger amplitude. In
addition a semiclassical approach such as the Vlasov equa-
tion cannot describe discrete energy levels which appear in
RPA.

In Fig. 16 we show the time dependence of zz (dotted
line) and z (solid line) with hgr=—ggp (a) and hgp=gzg (b).
Comparing these results with those in Fig. 2, a beat is

clearer, and damping is weaker; these results are similar to
those in RPA (Fig. 14).

In Fig. 17 we show the fermion strength functions of the
above dipole oscillations with hgp=—gpp (a) and with hgp

T T T T T T T T T
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FIG. 12. Transition strengths vs the excitation energy for the
boson (a) and fermion (b) oscillations with hgr=—ggp in RPA. The
fermion transition strength in the single particle process are also
plotted in the bottom panel (c).
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long-dashed line, indicate the fermion intrinsic frequency with the
boson motion frozen. The thick dashed and dotted lines denote the
results of the sum-rule and the trapped frequency of the fermion,
respectively. The results of RPA are also plotted with asterisks, but
they cannot be distinguished in the figure.

=gpp (). The results are scaled by A\z=Az. Here we do not
plot the boson strength functions, which do not show any
different behaviors from the previous results.

For comparison we also calculate the fermion strength
functions in RPA, which is obtained from Eq. (27) and Eq.
(38) as

1 . _
Se(@)/Az= -2 Ar(,)[45(w,) —AAW]{W@
4 - Wy

sin[ (o + wn)ti]} )

w+ w,

with Ag=—Ap=Az and 1,=0. We show the results with hgp
=—gpp in Fig. 17(c) and with hzp=gpp in Fig. 17(d), where
we use ;=200 (Q;l). Note that the forced oscillation mode,
mode-1, is caused by the term proportional to Az(w,)Ap(w,)
in Eq. (39).

It is seen that the fermion strength calculations in the
time-dependent approach are very similar to those in RPA.
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FIG. 14. Time evolutions of zz (dashed line) and z (solid line)
in RPA with hBF=_gBB (a) and hBFngB (b)

Particularly the peak heights at w= wg are smaller than that

at w= wf); namely, the contribution from the mode 1 is
small. Surely results in our approach become closer to those
in RPA, when the amplitude becomes smaller.

IV. SUMMARY

In this paper we study the collective dipole oscillation in
the BF mixtures by solving the time evolutions of the system
directly with the TDGP and Vlasov equations. The calcula-
tional results reveal that the boson and fermion oscillations
make different behaviors reflected by their statistics. The
condensed bosons occupy one single particle state, but the
fermions distribute in many single particle states. Then the
boson oscillation has only one mode and does not have
damping, but the fermion collective oscillation includes vari-

z
o
L e e e L

FIG. 15. Density distribution and velocity fields. at 7=0 (a) and
7=18.5 (b). The dashed and solid contour lines represent the density
distributions of the Bose and Fermi gases, respectively, and the
arrows indicate the velocities of the Fermi gas.
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ous modes. In the BF mixtures, especially, the Fermi gas is
separated into the two regions, inside and outside of the bo-
son occupation region, and these two fluids oscillate with
different periods.

Furthermore the boson oscillation almost one-sidedly af-
fects the fermion oscillation, and then the fermion oscillation
includes three modes: one is a mode of the forced vibration

PHYSICAL REVIEW A 77, 063611 (2008)

caused by the boson oscillation, the other modes are two
fermion intrinsic modes contributed from the Fermi gases
inside and outside of the boson occupation region, respec-
tively. In addition there are several small modes in the fer-
mion oscillations with frequencies between the two intrinsic
frequencies. These modes cause the beat and damping in the
fermion oscillation. As the result the fermion motion gradu-
ally loses the strength of its intrinsic modes and finally os-
cillates with the same frequency of the condensed Bose gas.

The RPA approach can also explain the frequencies of the
boson and fermion intrinsic modes. The qualitative behavior
of the strength function in RPA oscillations is similar to that
in our approach. Nevertheless the time evolutions of z; are
not the same, particularly in the later time stage, because the
forced oscillation modes, mode 1, does not largely contribute
to the whole oscillation in RPA. RPA is available only in the
minimal oscillation, and cannot describe the change of the
density distribution in the time evolution process. In actual
experiments the amplitude is not so small, and hence we
must solve the time-dependent process of the collective os-
cillations directly.

In this work we do not take into account two-body colli-
sions and thermal bosons [42]. In the system N,> N at zero
temperature, the thermal bosons are very few, and then the
two body collisions do not play significant roles in the dy-
namical process. However, it is not easy to establish gases at
such low temperatures in actual experiments. In the future
we need to introduce the two body collision terms into our
approach [43,44].
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FIG. 17. Strength functions of the fermion oscillations with hzp=—ggp (a),(b) and with hgp=gpp (c),(d) using the initial condition
Np(=Az)=—N\;=0.05. The results in the time-depent approach ard)§l3éwh-12 upper panels (a),(c) and those in RPA are shown in lower panels
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