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We investigate truncation schemes to reduce the computational cost of calculating correlations by the
generator coordinate method based on mean-field wave functions. As our test nuclei, we take examples for
which accurate calculations are available. These include a strongly deformed nded8us, a nucleus with
strong pairing,2Sn, the krypton isotope chain which contains examples of soft deformations, and the lead
isotope chain which includes the doubly ma§iPb. We find that the Gaussian overlap approximat®®A)
for angular-momentum projection is effective and reduces the computational cost by an order of magnitude.
Cost savings in the deformation degrees of freedom are harder to realize. A straightforward Gaussian overlap
approximation can be applied rather reliably to angular-momentum projected states based on configuration sets
having the same sign deformatigprolate or oblatg but matrix elements between prolate and oblate defor-
mations must be treated with more care. We propose a two-dimensional GOA using a triangulation procedure
to treat the general case with both kinds of deformation. With the computational gains from these approxima-
tions, it should be feasible to carry out a systematic calculation of correlation energies for the nuclear mass
table.
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[. INTRODUCTION polar constraining field to generate deformed configurations.
To go beyond the mean field, one mixes configurations to
Much progress has been made in developing a fully mi-obtain an additional correlation energy. This can happen in
croscopic method to determine nuclear binding energies. Thievo ways. First, whenever the mean-field minimum is de-
most successful approach in this framew¢tk starts from  formed, it can be interpreted as the intrinsic state of a rota-
an energy functional of the nuclear orbitd&], which is tional band. The lowest mean-field energy then corresponds
minimized by solving mean-field equations for the orbitals.to a weighted average over the members of the band, and one
However, to achieve a level of accuracy around 700 keV orgains correlation energy by projecting onto the ground state
the more than 2000 known masses, some correlation energiefthe band. Second, fluctuations of the quadrupole deforma-
beyond what can be subsumed within the mean-field function about the value of the mean-field energy minimum also
tionals have to be introduced. Unfortunately, the well-contribute to the correlation energy. In fact, when that mini-
established microscopic methods which could be applied armum is spherical, they are the only one present. Both kinds
far too costly to be used for such a large number of nucleiof correlations can be introduced simultaneously by project-
As a consequence, in the systematics of binding energies, thieg good angular momentum from the intrinsic states and by
effects of correlations are estimated with phenomenologicahixing configurations around the mean-field energy mini-
methods whose range of validity is not apparent. Our goal isnum with the generator coordinate method with the quadru-
to find microscopically founded yet easy-to-implement methpolar deformation as generator coordinate. Note that because
ods allowing an accurate calculation of these correlations. the resulting wave function has amplitudes for deformed as
There are several systematic approaches to correlation emell as spherical configurations, the distinction between
ergies. Among them, the generator coordinate methothese two correlations becomes blurred.
(GCM) [2] is especially promising, mainly because of two In previous works[7-10, the procedure to introduce
attractive features: it is a fully variational method and it isthese correlations consists of three steps. First one constructs
not limited to small-amplitude collective motion. It has beenmean-field wave functions for a set of configurations that are
used successfully by a Paris-Brussels collaboration for caldefined by a constraining quadrupolar field. These configu-
culating spectroscopic properties of nudlieir representative rations may be labeled by the Bohr-Mottelson variables of
applications, see Reff3—10), and we believe it has promise two deformation parametey and y. From them, additional
for a global microscopic theory to systematically calculatestates are generated by rotations with Euler andlkes
nuclear masses. =(¢, 0, x) from which are projected states of good angular
The most important fluctuations beyond the mean field arenomentum. The projected states corresponding to different
those associated with pairing fluctuations and with quadruvalues of and y are then mixed by the GCM, which means
polar deformations. We only discuss the latter in this work;numerically solving the Hill-Wheeler equations in the dis-
the pairing fluctuations are treated by number projection asrete basis of the projected configuration set. The computa-
in the above cited GCM studies. At the mean-field level,tional issue in such calculations is in the selection of the
quadrupolar deformations are introduced by using a quadruzuler angles and the deformation parameters that are neces-
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FIG. 1. Overview of potential energy land-
scapes for selected nuclei. See text for details.
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sary to achieve a sufficient accuracy. Up to now, a fairly The GOA has often been used in the past to derive the
large number of active angles-12) were used for each ingredients of a collective Bohr Hamiltonian in the spirit of
deformation. We will show that this can be drastically sim-the work of Kumar and Barang¢t2]. It is supplemented by
plified by using a suitable Gaussian overlap approximatiorseveral other approximation,13. The resulting Hamil-
(GOA), particularly the topological Gaussian overlap ap-tonian is five dimensional: three dimensions corresponding
proximation advocated in RefL1]. to rotation and two to quadrupolar vibrations. This approach

Figure 1 gives an overview of the energetics associate?_as been followed in Ref$14,19 to improve on the mean-
with the 8 degree of freedom in selected nuclei. We have!'€!d theory of the Skyrme and Gogny interactions, respec-
singled out2%8b as an example of a doubly magic nucleust'veIY' The Lubl|n.group has.den.ved an altern_atlve scheme
86Kr as a soft spherical vibratol¥®b as a soft nucleus with S:a1ting from a Nilsson Hamiltoniafi6-18, which allows

. S one to introduce several collective degrees of freedom. In the

several coexisting near-degenerate minima, &8m as a

well-deformed nucleus. The ubper panel shows the ener resent work, the GOA is a numerical approximation, in
. ) Pper p 9 rinciple, under control, used to evaluate matrix elements of
surface, measuring the energy with respect to that of th

q he dashed h h . e norm and Hamiltonian kernels of the generator coordi-
GCM ground state. The dashed curve shows the energies ghie method, including projection on good angular momen-

the states obtained by andZ number projection from the ;.
(Hartree-Fock HF+BCS configurations. The configurations  \ost previous calculations with the angular-momentum

are labeled by their intrinsic quadrupole momehts projected GCM have assumed axial symmetry, i.e., taking
4 only configurations withy a multiple of /6, and we will

B2=—7T2<r2 Yoo, (1) make the same assumption here. In practice, the optimal
3Arg spacing of configurations as a function gfremains to be

determined, and also which off-diagonal matrix elements
eed to be calculated explicitly rather than estimated by the
OA. The first question was studied in R¢19] for un-
rojected matrix elements of the nuclet¥éHg. We will see

hat the same considerations apply to the projected matrix

with ro=1.2AY3 fm. In the figure, the states are connected
by the line. One sees that the ground state is spheric
except fort>%Sm, which has a strong prolate deformation.
The solid curves show the results of angular-momentu

projection ontoJ=0, 'abe."”g the states b_y the deforma- elements, provided that the special characteristics ofhe
tion of the state from which they were projected. One sees singular point are taken into account

that there is a net gain of energy using a deformed intrin- In the following section, we examine several methods for

. . . > C oy
sic configuration .for all the m.me' including Sp.b' The. the approximate angular projection. Our target is to design a
final energy, obtalned by t_he H|I!-Whe_eler equations USIngprocedure leading to an accuracy of a few hundred keV, the
the Z-,N-, J-projected configurations, is at zero energy onyg, q| required to improve the best present mean-field based
the graph. The dot indicates the average deformation o pproach to binding energies. We find that a two-paint ap-

tr;et m_?ﬁn-lfleld statels r\}Nlthmththe ll—lt[II—WheeII_?rdgroufnt?‘ roximation gives acceptable accuracy in all but rare circum-
state. 1he lower panel sSnows Ine refative ampltudes o tances. In Sec. IV we discuss the mesh of GCM configura-

different configurations in the ground-state wave functlon.tions entering the Hill-Wheeler equation, and we propose a

15 i i i
For °Sm, the function has a smgle_ peak and can e_asny b?)rescription for simplifying the space without losing the de-
interpreted as the zero-point motion of ti#evibration. ed accuracy

. . . ir
For the other nuclei, there is a strong mixing of oblate andS Let us now briefly describe our procedure for dealing with

p_rolatle_ configurations. As we W'” see bglow, this makes %airing fluctuations. The mean-field calculations are per-

S|mpl|f|ed treatment for spherical nuclei somgwhat MOr€t, med in the Hartree-Fock+BCS approximation using the

complicated than for the fully deformed nuclei. Skyrme interaction for the particle-hole channel field and a

separate zero-range interaction for the pairing channel. The

The negative values g8 occur for oblate axially symmetric de- mean-field interaction is taken to be the SLy6 parametriza-

formations; in the Bohr-Mottelson parametrization they correspondion in the present work, the same as was used in F2&f.

to 8=, and y=60°, 180°, or 300°, depending on the choice of The pairing interaction is taken as a density-dependent

symmetry axis. function as in Ref[20]; it is used with 5 MeV cutoff of the
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orbital space above and below the Fermi energy. We use the
same strength of the pairing as in Ref[20]
(-1250 MeV fn?), except for the Kr isotopes, where it was
taken as —1000 MeV ff To avoid the phase transition of
the BCS theory at nuclei with low densities of states at the
Fermi surface, the Lipkin-Nogami prescription is used to
generate the BCS wave functions, which are then projected
onto fixed numbers of protons and neutrons. The last step is
essential to have nuclide-specific predictions. We always use
number projected wave functions in this work, and will refer
to them as théntrinsic configurationsof the GCM to distin- L ‘ . . ‘ ‘
guish them from the BCS configurations that do not have 0.0 08 06 04 02 00
definite particle numbers. cos(f)
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FIG. 2. The overlap(g|Ry|qg) for the nucleus?®®Pb at q
=500 fn?. The overlaps of the particle-number projected BCS in-

The angular projection of a deformed wave function istrinsic states have been renormalized to ong/=0. The circles

II. ANGULAR PROJECTION

carried out by calculating the integral show the fu.II calculation with .the rotated many-pgrtigle wave fun(;-
tions. The fit by the topGOA is shown by the solid line and the fit
1 by the improved GOA is shown as the dashed line. #a® point
lo(0,9")=2| dcod6)]alR,q") (2)  and the point shown as the filled circle were used to make the fit.
0

and similar expressions for the matrix elements of the Hamilout to determine it. The integral over the Gaussian is then a

tonian and other operators. Here we have used the axial syrfiivial computational task.

metry and the symmetry with respect to 18@5tations, The naive GOA take$ (6)=¢?, which was proposed in

(IR49")=(d|R,—¢ld’), to reduce the integration over Euler early papers on the subje@2,23. Another form suggested

angles to the above single integral. These properties caifl Ref. [24] is F=1-cog6). We will call this the improved

be used if the left and right wave functions have the sam&OA. It is designed for cranking wave functions which

symmetry axes. We shall define our intrinsic configura-break the time-reversal invariance. In our case here, the wave

tions accordingly, taking the symmetry axis alongrhis ~ functions are invariant under time reversal and have addi-

requires that the oblate wave functions correspondyto tional rotational symmetries as well. With quadrupolar am-

=180°instead of the usual 60°. plitudes to be rotated, a form having the correct limit for
In Ref. [9] the integration was carried out on a Gauss-Small deformations i$23]

Legendre mesh with enough points to thoroughly sample the , 5

integrand in the range that it is nonzero. This is done in such (qlRyla") = exp{— > Con [ Oy = Dm,m’(Q)]}’

a way that using the estimate for the overlap given in Ref

[21] the total number of abscissas in the interjral , 1] is

chosen in such a way that at least 12 abscissas can be

pected to give overlaps that are larger than®limes the

overlap atf=0. The calculation of the integrand is started at F=sirX(0) ~1-Dj . (4)

0=0 and stopped when the calculated overlap has indeed . o o

fallen below this value. In this way, the choice of the Gauss-Testing the approximation in a three-level Lipkin model,

Legendre mesh is self-adjusting to the structure of the intethey found an important gain in accuracy using the(@in

grand, which scales with the dispersion of the angular modependence, which they call topological GQWPGOA).

mentum and is therefore nearly constant for states with smalihey also tested the approximation on the interacting bo-

deformation and sharply peaked @0 for well-deformed ~Son model and found similar improvemefi25].

ones. We show in Fig. 2 the overlafm|R,|q) as a function of the
As discussed in the Appendix, the rotation operation is @ngle for a case of moderate deformatid?#Pb at a defor-

rather costly computational task. The Gaussian overlap apgnation of -5 b(3,=-0.063. The points were calculated

proximation reduces the number of points to ¢besides the with the full many-particle wave functions. The GOA is con-

identity), making it attractive for global applications. There structed using the overlap at ¢85=0.75, where it is close to

are a number of ways that the approximation can be applied.5. The curves show the fits with the improved GOA and

We shall write a generalized GOA for the overlap in the formwith the topGOA. While the improved GOA looses accuracy

away from the peak, the topGOA gives a reasonable fit

whereD? is Wigner's rotation matrix fod=2. Haginoet al.
11] have considered this form for the case of axial symme-
y, taking F as

(qIRylq’) = (q|q’ye @ IF®) (3)  throughout. The projected integrhj is off by 18% for the
improved GOA and only 1.3% for the topGOA.
whereF has a fixed functional dependence @rSince there Next we consider the Hamiltonian matrix elements and

is only one parameter in the expression, namgly,q’), their projection. Part of the GOA scheme as is usually ap-
only one rotation and many-patrticle overlap has to be carrieplied assumes that the Hamiltonian matrix elements can be
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FIG. 3. Hamiltonian matrix element as a function of rotation

angle for?%%Pb atq=-500 fn?. The circles show the calculated  FIG. 4. Comparison of explicit and GOA calculations of the
values with the full many-particle wave function, and the lines areprojection, for the nuclet?°Sn and!%®Sm and a number of defor-
fits to the formshy—h, sird(6) (solid) and hy—h,(1.0-cos6) mations.

(dashegl The two filled circles show the matrix elements that were

used for the fit. cally convergeyl 12-point projection with the GOA for a

number of other nuclei and deformations.
written as a product of the overlap times a factor that is The correlation energy associated with the angular-
quadratic in the difference of generator coordinates. For almomentum projection has a range of about 2—4 MeV, with

versions of the GOA this may be expressed as the larger values occurring for well-deformed configurations.
) The topGOA tracks these values closely, with a typical error

(qHR|q") = (qlq") €4 hy(q,q") = hy(a,q")F()]. of the order of 100-200 keV.
(5) In the above, we only examined overlaps and matrix ele-

ments between configurations with the same sign of defor-
The values ofhy and h, may be determined from the two mation. These quantities are of course also needed for matrix
Hamiltonian matrix elements @=0° and at the value used elements between oblate and prolate configurations. How-
before to determine. In Fig. 3 we show how well this works  ever, due to the choice of the same symmetry axis for oblate
in the ?°b example. Plotted as circles are the ratiosand prolate configurations, the overlap function has a rather
(dHR¢a)/{qR¢g) calculated from the many-particle wave different appearance. An example is shown in Fig. 5, the
functions. The fits by the improved GOA and the topGOA overlap between the configuratiogs 500 and —500 frh of
are shown as curves. Again the topGOA is superior at théhe nucleus®Pb. Here we see that the overlap peaks at 90°.

moderate deformation of this example. This is not surprising. The maximum density overlap is ob-
We now carry out the integrals to get the angular-tained by aligning the long axis of the prolate ellipsoid to one
momentum projected energies of the longer axes of the oblate ellipsoid. This requires rotat-

1 ing one of the ellipsoids by 90°. We may continue to use the
Eqq320= 2 |61(q1¢)f d cog6)(qHR,|q’). (6)  functional form of the topGOA in this case, but the first point

0 should be taken where the overlap is maximum. Thus, two

We report here the diagonal correlation energies oro; de- rotations are needed, the first one by 90° for the maximum,

fined by the difference in the projected energy and the en- 0.30
ergy of the intrinsic configuration,

AEq,proj = qu,J:O - <q|H|q>-

Later, we shall present the energy difference with respect to
the minimum energy of the unprojected configurations,

AEcorr = minqu,Jzo_ min<q|H|q). (7)
q q
This correlation energy is more useful to assess the effect of 0.05 - 206 ]
the projection on the calculation of the ground-state binding i -
energy. 00 == e 02 02
For the case presented in Figs. 2 and 3, the energy gained o L O'GCOS(Q)O' & i

by projection is 5.8 MeV for the accurate integration and
essentially the same value for the GOA. In this case, both the FIG. 5. Same as Fig. 2 for the off-diagonal overkapR,|q’)
topGOA and the naive GOA give values within 0.1 MeV of with q=500 fn¥ and g’ =-500 fn?, which corresponds tdg;|
each other. In Fig. 4 we show the comparison of(tnémeri-  =0.063.
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160 71— The diagonalization of the discretized Hill-Wheeler equa-
i tions is equivalent to the variational theory based on a wave
-1635 function of the form
=
< -1640 W) =2 clg;,0),
j& | i
& .
g -1645 where thec; are variational parameters ang|,0) are the
M J-projected intrinsic configurations. The total energy is thus
-1650 - .
s **pp E - (V[H[W)
=min————
1655 L— L AW (W)
1.0 0.8 0.6 0.4 0.2 0.0 !
cos(f) and the energy gained by configuration mixing is
FIG. 6. Same as Fig. 3 for the off-diagonal Hamiltonian matrix AEpw = Epw — MiNEqq s-0- (9)

element(q|HR,|q’) with =500 fr? andq’=-500 frr?.

. , , As mentioned earlier, the configurational basis only includes
which is equivalent to a permutation of axes, and at sOm&ia|ly symmetric deformations. For a given sign of the de-

intermediate angle to get the width of the Gaussian. Thg,mation (prolate or oblatg the intrinsic states can be or-
curve in Fig. 5 shows the fit obtained using the two pointSygreq with respect to their quadrupole moments. The diago-
shown by filled circles. o nal and nearest-neighbor off-diagonal elements must be

~We determine the two parameters of the Hamiltonian mag,cjjated from the full mean-field wave functions, but the
trix elements, Eq(5), using the same two angles. The fit iS o maining matrix elements can be estimated using the GOA
compared to the numerically calculated values in Fig. 6. Weyq follows. First consider the overlaps. The number and
can define a correlation energy for the off-diagonal matrixangular-momentum projected wave functions are renormal-
elements similar to the definition for diagonal elements, ized to unity in the formulas below, i.e., we takgq;,q)
(qHR,2-q") =1. The overlaps between neighboring stdigg;,qi.1) are
m- then used to define a variab¥g]19],

For the case presented in Figs. 5 and 6, the value calculated % =Xi—1+ V= 2 In[[1 (05, G D[] (10)

with the fine angular mesh is 2.50 MeV, to be gpaned This plays the role of a coordinate for the GOA. Accord-

with .2'49 MeV estimated by' the topGOA. For crossover; gly, the overlaps between more distant states are estimated
matrix elements such as this one, one should not expanzgI

about#=0 using a nontopological GOA. 3
It is possible to use one of the other GOA's if one makes lo(a,0) = exp[= (x; —X,-)Z/Z]. (11)
a rotation of one of the intrinsic configurations by 90° to

align the longer axes. Calling the rotated wave function L€t us see how well this works for the configuration set
g, m/2)=R_,|), the overlap integral becomes used for'?°Sn. The set contains 13 states, with deformations

. covering the range from strongly oblatg=-1000 fnf) to
“_ . , strongly prolate/q=1300 frf). A typical separation between
lo(a.97) = ZL d sin(6)(a, m/2Rylar). ®) neighboring states ig.,,—x ~ 0.8. Figure 7 shows the over-
laps between the second-nearest neighbors, plotted as an

In this represen_tatior_n the improved GOA gives a value forequivalent Separatiom@:\/—Z IM[15(01,Girp) | J. Thex axis
the overlap which differs by less than 1% from the value

. , , : ives the separation as determined from the assigneal-
obtained by 12-point Gauss-Legendre integration. Note th

: : ) =T es from Eq(10), Ax=x;,1—X;_1. The accuracy of this GOA
topGOA gives identical values with either EQ) or EQ.(8). ¢4 pe judged by the deviation of the points from the diag-

onal line. We see that Eqll) gives satisfactory results ex-
cept for one point. The bad point corresponds to the oblate-
to-prolate matrix element(200,-200; all other points

In the preceding section, we have presented a numericgorrespond to transitions between states having the same
approximation which allows one to calculate the matrix ele-sign of deformation. The prolate-oblate matrix element has a
ment projected od=0 between any two intrinsic configura- value very close to unity),(200,-200=0.996 andy®?
tions (q,q’). If the total number of configurations I, one  =0.08, despite the fact that the overlaps with the spherical
needsN(N+1)/2 elements per matrix. In this section, we state that separates them is smail&x=0.17 and 0.19, for
introduce an approximation scheme which requires only thathe prolate and oblate states, respectixely
diagonal and nearest-neighbor off-diagonal matrix elements Unexpectedly large overlaps between prolate and oblate
be calculated with the full many-particle wave functions. projected states were also found in the previously mentioned
This reduces the number of needed elementsNie 2, giv-  study of the interacting boson modg@l5]. In fact, it is easy
ing considerable savings in computational cost. to understand this behavior. For small deformations, the in-

AEq—q;proj = Eq-qri=0~

I1l. MIXING DEFORMATIONS
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ST T 71— ment, but more distant crossover overlaps suctA@sare
L 1 still underestimated. This suggests that the two-dimensional
4k i geometry of Fig. 8 might be used to define a better metric for
< the overlaps: measure the distance along the lines for the
= prolate and oblate configurations separately as done before,
§ 3r 1 but use the triangular geometry of Fig. 8 to determine cross-
= over overlaps. We put the prolate configurations along the
a2k - horizontal axis and write their position as a vectqr
p =(x;,0). The oblate configurations are put on a line making
~ 1L i an anglea with respect to the horizontal axis, located at
120 positionsx;=x;(cos a, sin @). The distance between configu-
Sn I ] rationsgj, q; is taken to bey;; =|X;—X;|, which is to be applied
0 5 Q i ' é : é ' "1 : 5 in general without distinguishing prolate and oblate. We will

call this thetriangular GOA, and will apply it below. In
general, the angle AOB of the triangle depends on the dis-

FIG. 7. Overlaps of angular-momentum and particle-numbetances, becoming more acute the clodeand B are to the
projected states from second-nearest-neighbor configurations &pherical point. For the configuration sets used here, the
120sn. The ordinate and abscissa indicate the actual and the GO/pacings are such that the angles range from 30° to 60°. In
estimated overlaps, respectively. the application below, we assume a fixed angle of 45°. It is

suggestive that the geometry of overlaps exhibited here
trinsic configuration may be expanded |gs~|0)+aQ'|0)  somewhat resembles the usual picture of a sector of the
+a?Q'Q'0y/2+:--, where Q is a particle-hole operator (3,7) plane in the Bohr variables. The correspondence can-
transforming asd=2, M=0 under rotations and is a defor-  not be exact, however. As we have seen, for small deforma-
mation parameter. On projection, the wave function becometions they degree of freedom is suppressed, requiring a sur-
P1-ol@) = |0)+a?/2/5(QTQ"M)% 0y +---. This wave function face having a shorter metric in thedirection than in the3
does not depend on the sign®@fThus, the same state can be direction. This could be achieved, for example, by a trumpet-
obtained by projecting a prolate or an oblate intrinsic state.shaped surface embedded in three-dimensional space.

This behavior is also found for crossover matrix elements We now turn to the estimation of the Hamiltonian matrix
between more highly deformed configurations, and it preelement. The first step for a GOA estimate is to express the
vents us from defining a linear metsdo estimate the cross- matrix element as a product of the overlap and a smoothly
over matrix elements. A possible procedure could be to carevarying factorh(q;, q;),
fully select the sequence of deformations so that (#d) is
not applied to estimate high-overlap crossover matrix ele- (ailH]a) = h(a;, q)1o(a, q) -

ments. This strategy is illustrated in Fig. 8. The dashed Iinel;)h factorh i ded D e
shows the path for a naive scheme for assigning a distance'€ 'actorn IS €xpanded as a power seriespin-x,

between configurations. — vy

The points %arked\ andB would be separated by a dis- (@, ) = ho®) = ha(91% = X1 (12
tance Ax given by the sum of the distances between thewhereY:(xﬁxj)/Z. This equation will be used to defirg
origin and those two points..But from what we said before,petween nearest-neighbor configuratiapsy;,,, taking the
the angular-momentum projected configuratioksand B computed Hamiltonian matrix element as input. To assign
would actually have a very high overlap, larger than with thenearest neighbors, we drop the spherical point and use the

spherical configuration. Modifying the path by taking the gotted path shown in Fig. 8. The definition bf on these
shortcutAB (dotted ling, the overlaplg(ga,qgg) Will be de-  jinks is thus

termined exactly and the errors for more distant crossover

TiTito

overlaps will be reduced. This procedure offers an improve- 1 h(g,q) + h(gi,1,0;
p p prove; i iipo— L 2( (G4 G) + (Gis1, Gis) _ h(qi,qiﬂ))-
[Xi = Xi44] 2
, o We averageh, on the links between two states to get an
7® 38 estimatedh, to use in their matrix element. Then the matrix
; element of the Hamiltonian on thkprojected states is esti-
AS mated as
. prolate N — 5
Y A e e h(qi!qj):E[h(qilqi)+h(qj!qj)]+h2|xi_Xj| . (13
B C

We now have complete matrices both for the overlap and

FIG. 8. Linear metrics for GOA mixing prolate and oblate the Hamiltonian and it is diagonalized exactly the same way
shapes. The naive metric is defined by the path passing through tt@&s in the full theory. This is usually done by first diagonaliz-
spherical point, shown by the dashed line in the figure. An im-ing the matrix of overlap$, and constructing its square root.
proved metric bypasses the spherical point via the pdgh Then the matrix
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12——F——7 771 71— TABLE I. Correlation energies in the GCM associated with
F L 1 quadrupole deformationdE.,, [Eq. (7)] is the energy gain asso-
1.0 ® . ciated with angular-momentum projectioAE,,y [Eq. (9)] is the
F ®e 1 additional correlation energy associated with configuration mixing.
=08 ° ° = The total correlation energy is given in the next column. The last
é F column shows the same energy computed with the approximations
EO.S = . for the Hill-Wheeler equation discussed in Sec. Ill. Energies are
5] F given in MeV.
404 -
r 1 Z A AECOFT AEHW total GOA
02 -
L _ 36 74 2.9 0.8 3.7 3.7
0.000 . 0'2 . 0'4 . 0I6 . 0I8 . 1'0 . r 36 78 2.4 0.9 3.3 3.2
AFw (GOA) 36 82 3.0 0.8 3.8 35
36 86 2.8 0.4 3.3 3.0
FIG. 9. Comparison of configurational correlation energies50 120 2.8 0.8 3.6 3.3
AEpw, EQ. (9), computed with the triangular GOA to the numeri- 62 156 3.0 0.8 3.8 3.8
cally accurate values. 82 186 27 0.9 3.6 33
|6l/2H|61/2 82 190 2.7 1.0 3.8 3.7
82 194 2.8 1.1 3.9 3.7
is diagonalized, and its eigenvalues give the energies of thgy 208 15 0.2 1.7 16

GCM theory. We remind the reader that the method has nu

merical instabilities if the configurations are too close. This i h h lei diff kinds of
is circumvented by truncating the basis, removing state'INg We have chosen nuclei to represent different kinds o

whose norm is smalitypically <0.01. In such situations structure in the mean-field approximation, including closed-

i 20 15
there is a sensitivity to elements of the norm matrix that:zalimgnilglgvit(h :t:),’n Stg)iﬂggmgr?)fo:rr]nggd(iti(:im\)/\’/e 222_
are quite removed from the main diagonal. It is for this 9 9p : ’

reason that the GOA needs to be rather accurate. As aﬂder two isotope chains, krypton and lead, which exhibit

example, the configuration set used to represisn, coexisting oblate and prolate deformations. The results are

i fthe 13 ei tat f th trix had ei presented in Table I. The first three columns of energies
ree or tne eigenstates of the norm matrix had eigengy, ., the numerically converged correlation energies ob-
values less thaf.01 and werdaliscarded.

X ained with theN, Z, andJ projections and Hill-Wheeler
We now compute the correlation energy for a sample o epresentation as in RefZ—10.

nuclei using the triangular GOA and compare with the results "Tpe first column givedE,,,,, the energy gain over that of
of the fully calculated matrices. The resulting configurationakhe |owest intrinsic configuration associated with angular-
correlation energy equatiof9) is displayed in Fig. 9. The momentum projection, defined in E¢7). We should note
horizontal axis shows the value in the GOA using HGdd)  that we only use the given configurations to determine the
and(13), and the vertical axis shows the accurate result oknergy minimum for the projected states, glig, -0, Which
the full calculation. could give some error in assigning the energy gain. There
The errors using the estimated matrix elements are allill be a compensating error in the value of the configura-
within the targeted accuracy of £0.2 MeV. We conclude thattional correlation energy, with the total independent of
the procedure has sufficient accuracy to be used in a firshingEq ;-o. In the table, the nuclei for which the deforma-
survey of the nuclear mass table. tion q Is significantly different for the intrinsic and the pro-
For numerical purposes in general, it is also important tgected configurations are indicated with asterisks. An ex-
know how close together the configurations need to be to gedmple where the deformation is virtually identical before and
reliable energies. Referenf9] indicates thavx=1.6(over-  after projection is*®**Sm. Its correlation energy is 3.0 MeV,
lap of 3099 is adequate andx=1.1(overlap of 55%is safe,  which is rather typical for deformed nuclei. What is surpris-
taking a criterium of 0.2 MeV for energy convergence. Thising to us is that the other nuclei have rotational correlation
seems to be valid for th@projected configurations as well. energies of the same order of magnitude. The semimagic
For example, for the nucled8’Sn, we can thin the configu- “spherical” nucleug?’Sn is a case in point. At the mean-field
ration set taking out states whose overlaps with neighborsr intrinsic level, the ground state is indeed spherical, but the
exceeds 55%. Here the thinned space has only four configenergy after angular-momentum projection is lower for the
rations, compared with 13 in the original set. The configuraconfiguration withq=400 fn?. Qualitatively this behavior is
tional correlation energy is nearly unchanged by the thinningo be expected, because the variation after projection is a
and is within the desired error bound. Clearly, more study isyvay to introduce correlations from the attractive parts of the
needed to find an optimum spacing for a global prescriptioninteraction that only have perturbative character. The surpris-
ing finding is the magnitude, which is only 10% lower in
IV. EXAMPLES OF CORRELATION ENERGIES 12051 than the value for a fully deformed nucleus. In fact all
In this section we survey the trends of the correlationthe nuclei except the doubly magf€®b have correlation
energy taking the results for a number of nuclei. In this samenergies in the same range.
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The next column of the table shows additional energyeven nuclei. For a global calculation we would need to use
gain obtained by solving the Hill-Wheeler equation to mix an energy functional that is applicable across the chart of
configurationsAE,y, in Eq.(9). Except for the doubly magic nuclides. We have been using the SLy6 Skyrme parametriza-
208pp, these numbers are remarkably constant over the nuclgon, but so far the pairing parameters have been different for
considered, ranging in value from 0.8 to 1.1 MeV. Thelight and heavy nuclei. Ultimately, a new fit of the mean-field
nucleus?®®Pb behaves in a similar way as the model dis-energy functional will be required, but for a first survey of
cussed in Refl25]. The model permitted a significant energy the correlation energy it should be sufficient to take the same
by projection, but the optimal projected state had a very highunctional, but with a fixed pairing interaction.
overlap with the true eigenstate, and there was no further
energy gain by mixing configurations. ACKNOWLEDGMENTS
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V. CONCLUSIONS y

Although the primary purpose of this study was numerical APPENDIX: SUMMARY OF COMPUTATIONAL COSTS
and we only examined a small sample of nuclei, our findings Our aim is to reduce the computing time needed to calcu-
suggest the possible physics that may emerge from a systeriate correlation energies at a level comparable to that of
atic, global study of the quadrupolar correlation energy. Onanean-field calculations. Let us estimate the cost of both and
might naively expect that the energy of projection would bedetermine how they scale with the number of nucleons. The
large for deformed nuclei but not for others. In fact we foundparameters which govern the computing time are the number
that this energy is rather large except for the doubly magiof active orbitalsN,.; and the dimension of the vector repre-
nucleus that we considered. The additional energy associategnting an orbitalN,. The mesh size is always fixed to
with vibrations is small, less than 1 MeV, and not very dif- 0.8 fm, a value sufficient to have a satisfactory accuracy on
ferent from one nucleus to another. For the sum we see fluenergies. The number of mesh points must be large enough
tuations of the order of a few hundred keV. to guarantee that the wave functions can be set equal to zero

In the global theories of nuclear masses, one treats that the edge of the box so that derivatives and the Coulomb
mean-field effects in detail but up to now ignoring or ap-boundary conditions can be calculated accurately. The mean-
proximating in a phenomenological way fluctuating parts offield equations are solved by the imaginary time method and
the correlation energy. The relative constancy of our calcuene can limit the number of orbitals that have to be com-
lated correlation energy suggests that these fluctuations apited to the orbitals close to the Fermi level. In practical
indeed small, permitting a mean-field treatment to be quiteapplications, to be on the safe sid¢,.; and N, are chosen
successful. On the other hand, the fluctuation effects we havarger than required.
found are large enough to be potentially useful. In the In Hartree-Fock theor\N,. is equal toN,., the number
present mass theories there are rms deviations of the order of occupied orbitals. Due to time-reversal symmetry, the or-
700 keV. For the nine nuclei in Table |, the rms fluctuation inbitals are twofold degenerate and the number of orbitals is
the total correlation energy is 650 keV. This gives groundshalf the number of nucleons. When pairing correlations are
for the hope that including the quadrupolar correlation entaken into account, either at the BCS or at the Bogoliubov
ergy in calculating nuclear masses might significantly im-level, N, is larger. In practical applications, to be sure that
prove the agreement with the experimental values and precenough HF wave functions are computed,.. is taken
duce a theory with better predictive power. around /3.

On the numerical side, the GOA for angular-momentum Calculations are performed in a three-dimensional coordi-
projection reduces the computational cost by almost an orderate grid representation. To calculate the nuclear ground state
of magnitude. A similar saving is realized by the triangularand to be able to easily rotate the orbital wave functions on
GOA for the Hill-Wheeler matrices, which only requires the mesh, we consider only cubic meshes. In practice, the
computing diagonal and next-to-diagonal elements. Thisctual dimension of the grid can be reduced by symmetry
brings the total cost down the same level as the HF+BCSonsiderations. The reflection symmetry of the mean-field
computations of the GCM configurations, and makes feasiblélamiltonian allows one to consider only the points in an
a systematic determination of correlation energies for thectant. We will thus definé\, to be the number of points
nuclear mass table. along the positivex axis. However, there is a price to pay for

We thus have the intention of continuing this project tousing this symmetry: the wave functions must be complex.
compute the quadrupolar correlation energies of all evenAlso, the spin degree of freedom doubles the size of the
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vector. In the end the dimension of a real array representingith first- and second-order derivatives acting on the four
an orbital is components of the wave functions, with 24 terms in total.

In the GCM case, another time-consuming task is rotating

N, = 4N3. the many-particle wave function, an operation that is needed

. for angular-momentum projection. This is done by interpo-
1:
The number of points scale roughly a8'd, although the lating the single-particle wave functions in tkez plane to

number used in practical applications is larger for Iigh_t NU-the points corresponding to some rotati®about they axis,
clei. This dependence oA ensures that the wave functions

can be safely put to zero at the edge of the box. Ry(x,2) = (X" — x cosf+zsin 6,2 — —x sin §+2coso).

in each cycle the total energy of the nucleus, the HF Hamilnyaif plane to interpolate in that plane. The computational
tonian, and its action on the individual wave functions. Thesggst here is

computations need to be repeated a number of times equal to )
the total number of iterations required for a full convergence, ANaoNi NS,

typically 200-400 times. It has also to be done for eachynere the factor of 4 includes a factor of 2 for expanding
quadrupole moment which will enter the GCM calculation. ¢,qm 4 quarter-plane slice of the octant to the half plane.

The GCM requires calculating the overlaps and the Hamil- 14 (ake overlaps, one needs to calculate a determinant.
tonian matrix elements between wave functions with differ-the geterminant is of ordeN,, and setting up its matrix

ent orientations and deformations. Let us first evaluate th?equires

computational effort that is required for a single set of Euler

angles and a single deformation. This effort is similar to that ZNictNr

required to calculate the energy in the mean-field calculatio
For the calculation of a matrix element of the GCM

Hamiltonian kernel or the total HF energy the dominant

terms are those with derivatives of the wave functions. Thi

has a computational cost given by

noperations. Sincéd, is usually less thamN,, this is usually
the most time-consuming task. However, the simultaneous
rojection on particle number and angular momentum re-
uires also additional calculations to follow the phase of the
overlap kernel. Test calculations indicate that the particle-
BN NN, (A1) number prqjeqtion approximately doubles the computing of
the determination of the GCM kernels.
following the method of Ref.21]. A prefactor 3 accounts for For our calculationsN, is of the order of 14Kr) to 16
the three Cartesian directions along which derivatives havePb). Thus the vector size is abobf ~4 X 15°=13 500. The
to be calculated. The prefactor 2 counts separately the muhumber of orbitals for Pb is around,=140. With these
tiplication of the initial vector and the addition to the final numbers, the interpolation of the wave functions has about
vector. Several terms in the Hamiltonian matrix element in-the same cost as setting up the determinants.
volve derivations, e.g., those associated with the spin-orbit Putting all these numbers together with realistic values,
field, and the total computational effort is an order of mag-one can estimate that the determination of a single point for
nitude larger than given by the expression, E§l). More  the GCM-+projection calculation takes a factor of 10 longer
terms appear in the GCM calculation due to the presence ghan a single mean-field iteration.
vector densities which are equal to zero for diagonal matrix The computing time is also determined by the number of
elements. times these basic calculations have to be done. It is the num-
The cost related to particle-number projection is not easyer of iterationgtypically 300 times the number of quadru-
to evaluate, since this projection is intimately mixed with thepole moments that have to be considefggbically 15 for
other part of the calculation. We use the method of R&f. the mean-field part. For the GCM part, it is the number of
which requires one to multiply the factor of the Bogoliu- active Euler anglegypically 12) times the number of matrix
bov transformation by a phase. The calculation of the derivaelements(typically 15%). With all these numbers, the GCM
tives of the wave functions is not affected by this projection.calculation is an order of magnitude longer than the mean-
However, all densities become complex. field calculation. Reducing the number of Euler angles to 1
The mean-field calculation requires one to calculate als@r 2 and the number of matrix elements to be determined
the action of the HF Hamiltonian on all mean-field wave exactly to two times the number of discretized quadrupole
functions. Once more, the most time-consuming part conmoments reduce this part of the calculation to a time similar
cerns terms including derivatives. They are grouped in termg the mean-field calculation.
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