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Capillary waves in a superfluid are shown to propagate with the classical form of the dispersion, w?®~
k3, but the coefficient in the model is not given by the surface tension.

The Bose quantum liquid behaves like a classical
irrotational fluid in many respects. It is of inter-
est to see whether the surface modes of the fluid
are the same as the classical ones, since it is now
possible to study surface waves of rather short
wavelength.! I will derive here the dispersion of
capillary waves in a microscopic model. Using a
variational principle, we find that the dispersion
has the same functional form as in the classical
liquid,?

w?=AR. (1)

We do not get the same coefficient A as appears
in the classical formula,

w'=(o/p)k*, 2

where ¢ is the surface tension of the fluid and p

is the density. However, since we only have a
variational energy, we cannot assert that the cap-
illary-wave propagation in a superfluid is nonclas-
sical.

This derivation of quantum-mechanical capillary
waves follows the method Pitaevskii used?® in his
calculation of the dispersion of waves on a vortex
line. However, his dynamical equations must be
generalized somewhat in order for the system to
have a free surface. We consider an energy func-
tional of the system of the form

2
E =fdv (—w%vzw + V[p]) , with p=yp*y. (3)

In Eq. (3) V is an operator on the density function;

for example, V[p]=[d%, p(r)p(r)V(r,). The usual
microscopic theory assumes an interaction energy

density

vipl=3V,p*(r),

with Vv, repulsive. Recently, progress has been
made in theoretical nuclear calculations* using a
more general form of V, such as V{p]~iV,p®
+3V,p%. A free surface is possible with suitably
chosen V of this form. Minimization of the energy
yields a Schrddinger-like equation for the conden-
sate wave function of the ground state, ,(r),
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We assume that the excited state is given by a con-
densate wave function of the form

Pex = Yo +e! wrf(i) +e-‘thf’.((i) . (5)

Here the function f and the constant e<1 are as
yet undetermined. It is convenient to make a
change of variables as follows:

n=f+ef*, t=f-ef*. ®)
The variable n is proportional to the density fluc-
tuation in the excitation, and the variable ¢ is
proportional to the fluctuation in the velocity po-
tential. The random-phase-approximation (RPA)
equations that Pitaevskii obtains may then be ex-
pressed as follows, setting /i2/m =1:

oV

AL=-3VL v -G = o, (Ta)
o
(2% 5V?2

Tn=-3ivih +6—p'17 +2_67):TPTI - AN =wg. (7b)

These equations may also be obtained by lineariz-
ing the hydrodynamic equation of Gross.® He de-
rives the pair of equations

%R =-VR-VS - tRV3S (continuity), (8a)

_i— = 2 é—z 2 _V_ZE j
51S (vS) +6p (R?) A (Bernoulli).  (8b)

To make the connection between Eq. (7) and Eq. (8),
we identify R with y, +ne'“!, S with ze'“!/y,, and
linearize.

An upper bound on the energy of the excitation
may be found from the Thouless variational princi-
ple,® which uses a trial n, and a trial ¢,. If linear
combinations of n, and ¢, are orthogonal to all vec-
tors associated with zero energy, such as uniform
translation or rotation, then the variational w will
be given by the upper bound

Zn) AL
ol ®)

To uce this principle let us assume that the surface
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moves infinitesimally in the z direction, with an
amplitude proportional to e***. This is given by a
trial n of the form

=% iRx 10
Ne 2z e . (10)

We also assume that the velocity potential of the

flow is the same as in the classical fluid, i.e.,

¢ =e***e™**, if the surface is in the x-y direction.

Then the trial velocity fluctuation is

C,= apoet™e . (11)

We have included in (11) a parameter ¢ which will
be the variational parameter.

Considerable simplification of (9) is possible by
using the relations

Ay =0, (12a)
»dd_g, (12b)
dz

Equation (12a) is nothing more than the Hartree-
Fock equation, and Eq. (12b) is easily proved by
differentiating (12a). It asserts that the state
made by an infinitesimal translation of the system
has zero excitation energy. In the limit of small
k, we find the following expressions for the inte-
grals in (9):

(215 =k3[J‘d_;_7:<%>z

5°V dplr,) dplr,)
_%fdarldsnﬁ’g;)? ’;(z ‘:iz :l’

(&ea0 =o'k [ ar G, = ., (13)
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where p_ is the density deep in the interior of the
liquid.

Minimizing w with respect to variations in o
then yields the bound

2] [Lx(dn)
Po 2 \dz

2
-4 [ @, xi,gTyd—LLdg’ ) d—l—‘;(: )] (14)

The term in brackets, which is the classical ex-

pression would be the surface energy, has some

similarity to a quantum formula derived by Brout
and Nauenberg,”

3 2
ozfd—zt(%q> “%fda”xds"zpw(?’v”z)

x( 5 _1‘11.".’..._2111.)5 (15)

. 2 dxm 2 8yg)60°

Feibelman® has also derived a formula quite sim-
ilar to (14) in the context of a Fermi liquid, and
shown that it is equivalent to (15) in the limit of a
short-range interaction. The two expressions are
not equivalent in general, however.

Examining our trial wave function, we find that
it carries an oscillation in surface thickness, un-
like the classical wave. This is indicated in Fig.
1, where equivalent equidensity points are sketched
for a surface wave of our type and of the classical
type. The energy of this thickness oscillation is
independent of k2, and it only requires an admix-
ture of this mode of order £? in the potential ener-
gy to modify the dispersion of the capillary wave.
From the figure it can be seen that the thickness
oscillation is out of phase with the surface oscilla-
tion. It is therefore impossible to obtain the clas-
sical motion in an RPA calculation, since the RPA
excitation can always be represented by a real
amplitude multiplied by a sinusoidal function of
time. While it is most likely that the failure to
reproduce the classical motion is just due to the
inadequacy of the Hartree-Fock theory, the possi-
bility of a fundamental difference between classi-
cal and quantum surface motion is not necessarily
excluded. As an example, the Fermi liquid has a
completely different dispersion from either the
classical or the quantum Bose liquid.

I would like to thank D. Thouless for an instruc-
tive communication.
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FIG. 1. Exaggerated equidensity profile of a classical
surface wave and an RPA quantum surface wave.
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