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Electron–vibration coupling in time-dependent density-functional theory:
Application to benzene
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K. Yabana
Institute of Physics, University of Tsukuba, Tsukuba 305-8571, Japan
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As a test of the time-dependent density-functional theory~TDDFT! for electron–vibration coupling,
we apply it to the optical properties of thep–p* transitions in benzene. Quantities calculated are the
envelopes of the Franck–Condon factors of the electronic transitions and the oscillator strengths of
symmetry-forbidden transitions. The strengths of thep–p* transitions span three orders of
magnitude and are reproduced to better than 35% by the theory. Comparable agreement is found for
the Franck–Condon widths. We conclude that rather detailed information about the effects of the
electron–vibrational coupling can be obtained with the TDDFT. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1390513#
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I. INTRODUCTION

The time-dependent density-functional theory~TDDFT!
is now being widely applied in both chemistry and co
densed matter physics to describe electron excitations,
dielectric function, and the optical absorption strength fu
tion. ~For reviews, see Refs. 1 and 2. More recent citatio
can be found in Ref. 3.! While not as accurate for excitation
as the ordinary DFT is for ground properties, the theory
considerable predictive power and is computationally qu
tractable, allowing calculations for large molecules. The
applications have been for purely electronic excitations. T
DFT is also very successful in describing vibrational prop
ties ~e.g., see Ref. 4 and cited references for the frequen
and transitions transition strengths of the infrared active
brations in C60!. In view of the success in both these areas
is interesting to apply the TDDFT in more general conte
allowing the nuclear degrees of freedom to interact with
electronic excitations.

In this work, we have chosen the benzene model for
exploratory study of the electron–vibration coupling. Be
zene is an excellent example for this purpose because
spectrum has been very well characterized, both the e
tronic excitations and the vibrational excitations. The T
DFT has been shown to be quite accurate for calculating
energies of thep–p* transitions as well as the transitio
strength of the strongE1u transition at 7 eV. Also, the
electron–vibrational coupling has been calculated to ra
good accuracy by other methods.5

The TDDFT is an approximation to the dynamics that
valid at short times, and we wish to examine the effects
the electron–vibrational coupling that are visible in t
short-time response. One effect is the promotion of stren
into symmetry-forbidden electronic transitions due to vib
tion couplings. There are two such transitions in thep–p*

a!Electronic mail: bertsch@phys.washington.edu
4050021-9606/2001/115(9)/4051/4/$18.00
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spectrum of benzene, theB2u around 5 eV and the theB1u

just above 6 eV. Another effect of the coupling is to spre
the transition strength over a spectral region via the Fran
Condon factors for individual vibrational states. At sho
times, the spreading is describable in terms of moments
the strength functions, and we shall examine the lowest o
moments induced by the couplings. We thus can avoid
problem of constructing the vibrational eigenstates on
excited-energy surface, which is nontrivial due to the stro
ger mixing there.

II. THEORY AND CALCULATIONAL DETAILS

The formal basis of the present calculation is the se
classical short-time analysis given by Heller.6 That article
presents several approximations for calculating the stren
function with inclusion of the effects of the vibrational de
gree of freedom. The simplest and the one we employ he
the well-known reflection approximation. While less acc
rate than the others on the average frequency of the abs
tion profile, it reproduces the width~second moment! very
well @for the numerical case presented in Ref. 6, the refl
tion approximation only has a 2% error in the root-mea
square~rms! width.#. We shall also assume that the vibratio
are harmonic in the ground state. In that case, the semic
sical theory gives a Gaussian envelope of the Franc
Condon factors. This can also be derived analytically in
harmonic oscillator model.7

To apply the reflection approximation, one first calc
lates the electronic transition strength function as a funct
of the vibrational normal mode coordinatesQk . Both the
energy of the electronic excitationsEi and their transition
strengthf i dependence onQk . In the case of forbidden tran
sitions promoted by vibrations, the transition strength d
pends quadratically on the coordinate for small displa
ments and the strength function can be parameterized a

f i~Qk!5 f ikQk
2. ~1!
1 © 2001 American Institute of Physics
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The total transition strength is then given by

f̄ i5(
k

f ikQ0k
2 , ~2!

whereQ0k is the rms amplitude of the zero-point motion
the ground vibrational state~at finite temperature the rm
amplitude is increased by a factor 1/Atanh(\vk/2kBT)!. To
get the widths of the states in the reflection approximati
we first expand the excitation energy in a power series in
coordinates

Ei~Qk!5Ei~0!1KikQk1 1
2Kik8 Qk

21¯ .

Then for smallK8 the profile of the absorption is approx
mately Gaussian with an rms width given by

s i5A(
k

~KikQ0k!
2. ~3!

We return now to the problem of calculating the ele
tronic excitation strength function in the TDDFT. The theo
starts with the electronic wave function on the ground pot
tial energy surface~at fixed Qk!. The wave function is ob-
tained by solving the Kohn–Sham equations for the elect
orbitalsf i

2
¹2

2m
f i1

dE

dn
f i5e if i .

Here E is the nonkinetic energy functional of the DFT. I
this work we use a simple local density approximati
~LDA ! functional8 for the electron–electron interaction inE

and a pseudopotential approximation9,10 to treat the interac-
tion of the valence electrons with the ions. As in our previo
work,11 we solve equations in a coordinate space represe
tion using a mesh. The Hamiltonian operator is sparse in
representation and it also is convenient in checking con
gence, which is controlled by the mesh parameters. The
portant numerical parameters in the calculation are the m
spacing, taken asDx50.3 Å, and the volume in which the
wave functions are calculated, which we take as a spher
radius 7 Å. With these parameters, orbital energies are c
verged to better than 0.05 eV.

The excited states of the TDDFT are calculated in
same representation, using the same Kohn–Sham opera
in the ground-state calculation. In earlier work we solved
equations of TDDFT in real time, which is efficient for ca
culating the complete optical response. However, in the
plication here, the excitations of interest are among the lo
est 10 eigenmodes of the linearized equations, and it is m
efficient to solve the matrix equations directly. The lineariz
equations are very similar to the random phase approxi
tion ~RPA! equations, having a structure

2
¹2

2m
f i

61
dE

dn
f i

61
d2E

dn2 dnf i5~e i6v!f i
6 .

Here the transition densitydn and normalization are
given by

dn5(
i

f i~f i
11f i

2!, ^f i
1uf i

1&2^f i
2uf i

2&51.
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The equations are solved by the conjugate gradient me
for the generalized eigenvalue problem.12

III. RESULTS

The pure electronic spectra in thep–p* manifold are
shown in Fig. 1, compared with experiment and with oth
calculations. It is seen that the TDDFT gives an excell
account of the energies. In fact the TDDFT gives a go
description of the higher-frequency absorption includi
s–s* transitions as well.11 One should also note the clos
agreement between our TDDFT results calculated with
simple local density approximation and the results of Ref
that used the generalized gradient approximation.

We next discuss the vibrations. The vibrational wa
functions are only needed on the ground potential ene
surface for the purposes of applying the reflection appro
mation. We have opted to treat the vibrations phenome
logically, using the empirical force field of Ref. 13, whic
fits the observed frequencies extremely well.Ab initio calcu-
lations of the force field in DFT have also reached a h
level of accuracy.14–16 However, as mentioned earlier, ou
purpose here is to focus on the electron–vibrational c
pling, and to that end it is both simpler and more direct
use the empirical force field. We include all the vibrations
our calculations, but we find, in agreement with other wo
that the most important vibrations are theA1g for the widths

TABLE I. Properties of selected vibrational modes of benzene, compu
with the force field of Ref. 13. Modes are numbered in the Wilson sche

mode

A1g B2g E2g

1 2 4 5 6 7 8 9

\v ~meV! 123 381 87 122 75 379 198 145
Q0k (Å) 0.13 0.07 0.15 0.13 0.17 0.07 0.10 0.12

FIG. 1. Electronic excitations in benzene. The two TDDFT calculations
own ~leftmost! and one of those of Ref. 3~next on right!. The next level
scheme shows the CI calculation of Ref. 20. The rightmost column sh
the empirical spectrum as compiled in Ref. 3.
ense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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and theB2g andE2g modes for the strengths of the forbidde
electronic transitions. For reference, we list the properties
these modes in Table I. The displacement of the atoms in
Cartesian basisqi is related to the normal mode coordinat
by qi5Mi

21/2(kUikQk whereU is an orthogonal matrix and
Mi is the mass in daltons of atomi.

In Figs. 2 and 3 we show the vibrational-coordinate d
pendence of the transition strengthf i and excitation energie
Ei in typical cases. We see that the conditions for apply
Eqs. ~1! and ~3! are well satisfied. We may then extract th
transition strengthf ik and the slopeKik by fitting the
Qk-dependence of these quantities. Inserting in Eqs.~2! and
~3!, we find the widths and transitions strengths shown
Table II.

FIG. 2. Dependence of the oscillator strength of the1B1u←1A1g transition
on the vibrational coordinate for the 8a mode, and parabolic fit.
Downloaded 21 Mar 2013 to 69.91.142.29. Redistribution subject to AIP lic
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Experimentally, the detailed optical properties of t
three transitions have been studied gas phase absorption17,18

The allowedE1u transition is determined to have a streng
in the rangef 50.9– 0.95. TheB1u mode is seen as a shou
der on theE1u peak. Its total transition strength is about
factor of 10 lower than the strong state; Ref. 17 quote
value f 50.09. TheB2u transition is very weak and is seen a
a partially resolved set of vibrational transitions with a to
strength aboutf '1.331023.17 The strength associated wit
the most prominent resolved states is 0.631023.18 We have
also assigned widths to the three excitations by a three-t
Gaussian fit to the absorption data of Ref. 19.

In the calculation, the only vibrations that contribute
lowest order to the width are the twoA1g breathing modes.
The vibrations affect all three transitions identically; mode
has the larger amplitude of displacement of the carbon at
and gives the greater contribution. The results agree ra

FIG. 3. Dependence of the1B2u←1A1g transition energy on the vibrationa
coordinate for the mode 1, and linear fit.
d rms
and
rious
l

TABLE II. Vibrational coupling properties in benzene molecule. The upper table shows the predicte
widths associated with the twoA1g vibrations. The total is compared to the CASSCF calculation of Ref. 5
to experiment~see text!. In the middle table, the predicted transition strength associated with the va
vibrations are given, with blank entries having values smaller than 1024. In the lower table, the predicted tota
transition strength is compared with the CASSCF theory and to experiment~Ref. 17!.

Widths ~ev! 1 2 Tot. CASSCF Expt.

1B2u 0.12 0.03 0.15 0.14 0.18
1B1u 0.12 0.03 0.15 0.14 0.17
1E1u 0.12 0.03 0.15 0.125

f 0k/1023 4 5 6 7 8 9 Total

1B2u ¯ ¯ 1.4 0.2 ¯ ¯ 1.6
zz1B1u ¯ 1.6 0.4 ¯ 44 13 59

f̄ /1023 TDDFT CASSCF Expt.

1B2u 1.6 0.5 1.3
1B1u 59 75 90
1E1u 1100 900–950
ense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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well with the empirical widths. The magnitude of the width
and its independence of the electronic state can be un
stood in very simple terms with the Hu¨ckel model. This is to
be expected, since the excitation energy of the electro
states is mainly due to the orbital energy difference, and
is describe quite well by the Hu¨ckel model. For benzene, th
energy difference is related to the hopping matrix elemenb
by ELUMO–EHOMO52b. Allowing changes in the nuclea
coordinates, the hopping matrix element will depend on
distance between neighboring atomsd; this may be param-
eterized by the form

b~d!5b0S d0

d D a

.

Then the highest occupied molecular orbital–lowest unoc
pied molecular orbital~HOMO–LUMO! gap fluctuates due
to the breathing mode vibrations with widths given by

DE52b0a
Dr

r
,

wherer is the radial distance of the carbons from the cen
and Dr is at Qk5Q0k in an A1g mode. From fitting orbital
energies in various conjugated carbon systems one may
tract valuesa'2.7 andb052.5 eV.11 Inserting these value
in the above equation, one obtains 0.145 eV for the wid
associated with mode 1, quite close to the values obtaine
TDDFT. Similar results are obtained for the rms widths
the Franck–Condon factors calculated in the complete ac
space self-consistent field~CASSCF! theory,5 which are also
reported in the table. One point should also be noted on
comparison with experiment. While the theory gives prac
cally identical widths for all three states, the experimen
strength is significantly narrower for theE1u excitation, and
this seems to not be understandable in the TDDFT.

Next we examine the transition strengths of t
B-transitions induced by the zero-point vibrational motio
In the middle table of Table II we show the contributions
the six active vibrational modes. The main contribution
the B2u transition comes from mode 6. This is also found
the CASSCF theory, and is how the observed spectrum
interpreted in Ref. 18. In the case of theB1u excitation, the
TDDFT predicts that the coupling of mode 8 is domina
Experimentally, the situation is unclear because the vib
tional spectrum of the excited state is strongly perturb
Reference 18 assigns both mode 6 and mode 8 vibrati
involvement. Irrespective of the spectral details of the vib
tional modes in the excited state, the total transition stren
in the reflection approximation is given by the same integ
over the ground-state vibrational wave function. As in t
case of the widths, the inducedB1u transition strength can b
understood roughly with the tight-binding model. The cha
densities are displaced in the vibration, giving theB1u con-
figuration an induced dipole moment just from the atom
geometry. The Hu¨ckel Hamiltonian of the orbital energy i
also affected by the changed separations between carb
and that cause a violation of theB1u symmetry. Finally, the
Coulomb interaction, which is mainly responsible for t
splitting of the three electronic states, is affected by
changed separations. Of these three mechanisms, only
effect of the symmetry-violation in the Hu¨ckel Hamiltonian
Downloaded 21 Mar 2013 to 69.91.142.29. Redistribution subject to AIP lic
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is important, and mode 8 carries the largest fluctuation ind.
Taking the samed-dependence as before, the strength o
tained in the tight-binding model is 0.05, rather close to
TDDFT result. The tight-binding model cannot be used
estimate the very weakB2u transition because the charg
density on the atomic centers is identically zero.

The lower table gives the empirical transition streng
and comparison to theory. The agreement between the
and experiment is quite good for all states. For the weak
transition, theB1u , the TDDFT gives a transition strengt
25% higher than the empirical For the case of theB1u tran-
sition, the TDDFT prediction is within 35% of the measure
value. We also show the previously reported value for
E1u which is within 20%. We consider this remarkable su
cess of the TDDFT considering that the strengths range o
three orders of magnitude.

IV. CONCLUSION

In conclusion, we have shown that the TDDFT gives
semiquantitative account of the effect of zero-point vib
tional motion on the optical absorption spectrum in benze
In this respect this extends the possible domain of uti
from the region of infrared absorption, where it is known th
the TDDFT gives a description of transition strengths ac
rate to a factor of 2 or so.4 We are encouraged by thes
results to consider the TDDFT for other problems involvi
the electron–vibrational coupling, such as temperature
fects on the optical absorption.
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