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The space-averaged phase-space density and entropy per particle are both fundamental observables which
can be extracted from the two-particle correlation functions measured in heavy-ion collisions. Two techniques
have been proposed to extract the densities from correlation data: either by using the radius parameters from
Gaussian fits to meson correlations or by using source imaging, which may be applied to any like-pair
correlation. We show that the imaging and Gaussian fits give the same result in the case of meson interfer-
ometry. We discuss the concept of an equivalent instantaneous source on which both techniques rely. We also
discuss the phase-space occupancy and entropy per particle. Finally, we propose an improved formula for the
phase-space occupancy that has a more controlled dependence on the uncertainty of the experimentally mea-
sured source functions.

PACS numbds): 25.75.Gz

I. INTRODUCTION uses the ratio of total deuteron yield to total proton yield
instead of the two-particle correlation function to estimate
The phase-space density of particles produced in an uthe total phase-space occupancy of nucleons. This approach
trarelativistic heavy-ion collision is a fundamental observ-is complimentary to the source imaging approach in the
able which is accessible, at least in part, via two-particlesense that both give access to the proton phase-space occu-
correlations. Measurements of this observable are interestirgRncy. However, while the imaging method requires one to
because they may either provide direct evidence for thermd€asure the correlation function and one-particle spectrum
phase-space distribution of particles at freeze-out or shodPr One species of particle, the deuteron-proton ratio ap-
evidence of deviations from su€h,2]. Also, if one can mea- proach requires one to measure the spectra of two different

sure the average phase-space density, one can begin to 10 ecies. Usually these spectra have different acceptances and

for effects of an overpopulation of phase-space or more eiiciencies of particle reconstruction and identification

otic phenomena such as pion lasers, superradiance3étc. W.h'Ch may compllcate. exp_enmental analysis. We will not
discuss this approach in this paper.

Qn?rl;ant'tiflO:Eilgleregtlfg t(;hg;ﬁ]ggaﬁ:;:ipéacreod:rr;srtgf Iﬁi tue The outline of the paper is as follows. First, we use the
Py Per p ' y y property s ubstitution of Ref[4] to explain how the imaged sources

density matter. Indeed, a phase fransition might not tak&_ "v'.'\.<ad to extract the space-averaged phase-space den-

place adiabatically and could generate entropy. . - . i i
Several methods have been suggested for measuring tR&Y (f(p)) as discussed ifi7]. We will show that these

phase-space densities of the various particles in a heavy-igesults for(f(p)) are a generalization of the result in REf]
collision. For the case of identical noninteracting pions,derived for identical mesons. Next, we will demonstrate that
Bertsch[4] proposed a method that uses both the radius pa@ne does not change the source function by making this sub-
rameters from conventional Hanbury Brown—-Twi$$8T)  stitution. Within this framework, we will discuss the phase-
analysis and the pion spectrum. He also suggested a physipace occupancyf) and the entropy per particls/N .
cally intuitive definition of phase-space density: replace theNVe will find an expression for the phase-space occupancy
single-particle sources in the Koonin-Pratt formalif]  that is an improvement over that 7] as the formula here
with an instantaneous source at a mean freeze-out time. Thizas a more controlled dependence on the uncertainty of the
effective source is just the effective phase-space density &xperimentally measured source functions.
freeze-out. This replacement preserves the particle numbers
at large timegafter freeze-oyteven though, by construction, Il. THE CORRELATION AND SOURCE FUNCTIONS
it differs from the true density during the frgeze—put process. \yq begin by defining a Lorentz-invariant single-particle

Another approach, based on the source imaging technique > ) - )
introduced by Brown and DanielewidZ,8], allows one to  SPUrceD(r,p), which gives the rate for creating on-shell
extract the space-averaged phase-space density and entrdiy= Vp?+m?) particles(of all spin projectionk
per particle fromany like-pair correlations. This approach

T : Ed'N

uses both the source function imaged from a correlation mea- D(r.p)=—— 1)
surement and the single-particle spectrum. We will show that ' drdtdp
this approach is more versatile: it can be applied to any like- R R
pair correlations and it reduces to the HBT resulfdfwhen  In our notation,r =(t,r) is a four-vector and is a three-
applied to pions. vector. With our choice of normalization, the single-particle

A third approach, introduced by Siemens and Kapl@la source transforms as a Lorentz scalar. The single-particle
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source may be computed directly in an event generator such .1 d°N
as relativistic quantum molecular dynami@&@QMD) [10]. f(t,r,p)zr— —. (4)
We define the two-particle source function as the prob- odrdp

ability density for producing a particle pair separated_Bw
their center of mas&.m) frame. Following 58], we define
this source function as the convolution of the single-particle

Here we have defined a unit volume in phase spacEqas
(2s+1)/(2whc)® and a differential phase-space volume

sources: asTodr dp. The (25+1) factor accounts for the spin of the
particle of interest. Assuming that the particles propagate as
f dt'f d*R D(R+r/2,p;)D(R—r/2,p,) free particles, the phase-space density at a specific tjme
SF;(P)= can be written in terms of the phase-space density of a dif-
(j &R D(R,ﬁp)(fd“R D(R,f)z)) ferent timet, as

~ o R f(tlyl:)vﬁ):f(t01|:)_l;(t1_t0)!5)
Ef dt’f d*RD(R+r/2,p))D(R—1/2,p,). (2 1 (4
+——| dtD(t,r—o(t;—t),p). (5

Here we denote the normalized single-particle sources with a ToEJi,

tilde, coordinates taken in the pair c.m. frame with primes,_l_h. L that modify th ticle
and coordinates taken in the laboratory frame without is expression ignores processes that modify the particle’s

fimes. The average particle momentum _)igl(_) N a) momentum(such as from a mean field, Coulomb forces,
P g h. ati g Ip entumpis 2P Ezl etc). Since we want the particle at positionwe must look
and the relative particle momentumds=z(py—pz). While - paciward(or forward in time to where it was at its creation,
all g pairs seem to enter in this definitié), in practice only

. : . : e.g.r—v(t;—t).
low relative momentum pairs contribute to correlations and 5 particle is said to have frozen out when it has under-

he_nce to elt_her the !m_aged sources or Gaussian flts to Co”‘ébne its last strong interaction and is now propagating to the
lations. Typically, this is used to allow one to replgzeand  detector. Since each particle can freeze out at a different

52 with the average pair momentuﬁw (see Ref[6]). Fol- time, the concept of a “freeze-out phase-space density” is
lowing convention, we will not explicitly state thg depen- ~@mbiguous. One option to deal with this is to average over
dence of the source function. the creation times of the particles. However, then the ques-

The two-particle source function may be extracted fromtion becomes how to perform this average and what the av-
the measured two-particle correlation function by invertingéraged density means. Referefié¢gproposes a simple solu-
the Koonin-Prat{5,6] equation: tion: replace the particle sourde(r,p) with an effective
> - sourceDe”(r,f)) at an instantaneous freeze-out time In
deairldpldPZ 3.0 1 TN 20 T th d

- —= [ d%" |Dgi(r)|2S5(r7). other words,
(dN/dp;)(dN/dp,)

Cp(q')=

®) D(r,p)—D®(r,p)=8(t;—) ELof*(r,p).  (§)
Here C,;(c?) is the measured correlation function and

(I)q#(ﬁ) is the pair relative wave function in the pair c.m. i
frame. We comment that the correlation function can be
measured and the source function extracted in any frame; 1 (T
however, relation between the two is simplest in the pair c.m. fefi(r,p) = —f dt D(t,r —v(t;—1),p). (7)
frame. LoEJ -7

In order to extract the source function, we first discretize o _
Eq. (3) to obtain the matrix equatioB; == K;;S;. We then ~Here, 7>t;>—Tand =7 is simply some large time after
proceed as i7,8] and find the set of source poin& that  (beforg which the source is turned ofbn). Itis clear from
minimize the x2. Here, x*=3,(C;—3;K;;S))%/A%C;. The  Eq. (7) that replacement in Eq6) gives the right phase-
X2 minimizing source isSj=2i[(KTBK)*1KTB]ji(Ci—1) space density at large tlm_e‘s>(7') as it must by Liouville’s
WhereKT is the transpose Of the kerne' matrix aBdS the theorem. Furthermore, this can be eaSIly checked by exam-
inverse covariance matrix of the daBy =&, /A%C;. The ining Eq.(5) for large timest>7with f=0 for times earlier
error on the source is the square root of the diagonal eldhan —7. Finally, it is clear that this replacement does not
ments of the covariance matrix of the sourca2s  alter the momentum-space density that one might calculate
= (KTBK) L. Since this procedure works on any like-pair from Eq.(5). _ o
correlation, we can dispense with the correlation function Not only does this prescription give a reasonable way to

The effective freeze-out phase-space density is related to the
rue single-particle source via

and work directly with the source function. define the freeze-out phase-space density, but it alem-s
tirely consistent with our definition of the source function in
Ill. THE PHASE-SPACE DENSITY Eq. (2). We will illustrate this by simply inserting the effec-

tive phase-space density into the definition of the solce
The phase-space density at tinis a Lorentz scalar; we (2)] and performing the required algebra. Special care must
write it as be taken in performing the various time integrals as some are
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performed in the laboratory frame while others are per- _ - ..
formed in the pair c.m. frame. Sﬁ(f')ZJ dr’ J dSRf dT D(T+7/2R+r/2
We now insert Egs(6) and (7) into the equation for the
source function in Eg(2) and perform one of thé function —804(t;—T—7/2),p)D(T—72R—r/2
integrals. We obtain . .
_5U2(tf_T+T/2),p2). (12)
Sﬁ(ﬁ):f dt’ 5(,[)J dSRf dTJ dr In order to complete the connection betweenEl@) and
the source in Eq(2), we must justify dropping thév;’s in

Eq. (12). Since At=(t;—T*1t/2) is on the order of the

5 o R freeze-out duration, iﬁJiAt is smaller than the characteris-
XD(T—7/2R—r/2—v,(t;—T+7/2),p,). (8 tic length scale of the single-particle source, we can drop the
55{5. Writing 55i in terms of the relative momenturh we

find

XD(T+72R+r/2—v,(t;—T—17/2),p,)

Hereu, pI /E; are the velocities of the individual particles.
Also, T= (t1+t2)/2 and r=(t,—t,) are the average and

relative time variables from the time integrals in the effective 5v| =p— JI +
phase-space density. We can simplify B8). by introducing

the average velocity of the paiv:=p/+/p?+m? so thatu; Thus, thesu; term shifts the spatial argument B in Eq.

—v+5v|. With this, we make the change of variablRs (13) ~Atqg/yE in the direction parallel tar and ~ Atg/E
~v(t;—T)—R and remove much of the time dependenceperpendicular to it. For highly relativistic or massive pairs,

(d—v-qu)+0(q?). (13)

m| —

from the spatial arguments: this shift may be neglected. For low velocity or light pairs
(such as7r pairg the shift is important, especially if the
freeze-out duration is large or the system size is small.
jdt 5(t)fd3 defdr

~ L . . A. Space-averaged phase-space density from the sources

XD+ 2R+ (r +v7)12= 6v1(4=T=7/2).py) Inserting the particle source with instantaneous freeze-out
XD(T— 2R~ (r+vr)/2— 8v,(t;— T+ 7/2),p,). into Eq.(2), takingp,,p,~p, taking the limit ag’—0, and
performing the integrals over time, we find E4.7) of Ref.

© (71
Our next step is to do the integral. This appears to be a f a3 £2(F.p)
straightforwardé function integral, however, care must be 1 1 EdN Se(F7
taken due to the different reference frames involved. When <f(p)>_ - ..~ Tom d—f) Sp(r’—0).
we perform thet’ integral, two things happenfdt’ &(t) fd3rf(r,p)
—1/y and everywhere in the integrant——ur| . Herer| (14)

is the component af’ in the direction of the boost from the ) . een )
laboratory to the pair c.m. fram@his boost velocit isﬁ) For the sake of brevity, we drop the “eff” subscript on the
y P T y ‘ density here and for the remainder of the paper.

We make further progress by examining v 7. First, de- For zero impact parameter collisions, we may exploit the
fine the four-vectos=(7,s)=(7,r +v ). If we write this in  azimuthal symmetry and average over the angle of the par-
the pair c.m. frame, we haves=(y(7' +vs”’),y(sH’ ticle transverse momentud,_ and use

+v7-’),r_l). So the parallel component efis
Jd@ Jd3rf2(r p)

T 1 =
__US,)):—Si+UT. (10) y pT
Y Y Jdaprd3rf(r P)

But note, from the definition of and from thet’ integral we
already have FO m 27rdy dpr Pt

S|= y(SH’ +uv7')= y(si +v

S;(r’'—0). (19

1 Note that, due to the azimuthal symmetry, the density is a
s|=rjtvr= 7(rﬁ+vt’)+m= _rliJ””' (11 function of the particle rapidity and the magnitude of the
Y particle transverse momentuiy .
As a side comment on using Eq44) and(15), one can
Therefore, if we identif)sﬁ =rH’ and change integration vari- use ther’—0 point either from a full three-dimensional re-
ables fromr to 7', we find the result construction of the source functidgeuch as irf11]) or from
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the angle-averaged source function. In practice, it is usually .

much easier to measure the angle-averaged two-particle cor- f d*p (f(p))?

relation function(and hence source functipthan the full (f)= . (22
three-dimensional correlation because one can sum over fd3p<f(5)>

angles to increase statistics.

Given the current state of available correlation data, the un-
certainty in the extracted sources can be greater than 50% of
We now show that Eqg15) and(14) are direct generali-  the extracted source value. Therefore, in this expression the
zations of the results if4] or [2] for pions. The correlation yncertainty in the result is dominated by the uncertainty in
function for identical noninteracting spin-0 bosons can behe underlying extracted source. Indeed, since the relative
written in terms of a matrix of radius paramet¢tL]: uncertainty in<f(5)> is nearly 6S;(r—0)/S;(r—0), we
find &(f)/(f)~3S;(r—0)/S;(r—0) for sources with a
strong p dependence. Thus, one easily finds uncertainties

Here we have dropped the average pair momentum label arftiéater than the values themselves. Clearly an alternative is
all primes on the momenta. Here al€p=2 (the relative needed that has a smaller dependency on the error in the

: ; : ; : ource.
momentum variable used in the analysis of pion correlahonss .
and\ is a fit parameter often called the chaoticity parameter, VITStiid cf)f _EQ(ZD‘ we propose the following method for
The matrix of radius parametef&?] is the following real, evaluating(f):
symmetric matrix:

B. Gaussian meson sources

C(Q)=1+re ARy, (16)

f= Jd3 f(p N 22
RS R R O™ N PPN 22
[R¥=| R R& RS 1n , ,
R2 R2 R2 and for azimuthally symmetric systems,
ol sl |

. ) L . - 20 2
in the Bertsch-Pratt parametrization. For pions, the Koonin (f)y= - dy dpr prE(F(y,pr))

Pratt equation is a Fourier cosine transform that may be in- part. 27dy dprpr’
verted analyticallyf 7] to give the source function directly in

terms of the correlation function: Using either of these expressions, the relative uncertainty
varies like one factor 06S;(r —0)/S;(r—0). One can see
Eq.(22) [or Eq.(23)] by beginning with the definition off ):

(23

- 1 . - -
S(r)= deQCOS(Q-r)[C(Q)—l]- (18

(2m)®
d3r d3p f4(r,p)
Inserting Eq.(16) into this expression yields a Gaussian k
source function: (f)= .
jd3rd3p f(r,p)
S(P) . d - grotre?). o
r=——=——==6exp — Il b _ .
(2\m)®\Jde{R?] 470 fd%((f(p))f d3rf(r,p))
Taking ther —0 limit of this source, - Npar/ T'o
- A d*p [(f(P))(LTo)(d*N/dp)]
S(r—0)= ———F———, (20 J P °
(2\/7)%/defR?] = N_T , (24)
part’+ 0

and inserting this into the equation for the average phase- = ) )

space density, Eq14) or (15) yields the result in Refl4].  Which immediately gives Eq22). _ _
Actually our result is more general than those in RE?s4] One might W_onder if, through S|m|la_r considerations, we
as those results only apply either to diagop@f] or [ R?] may be able to improve on the calculation of the entropy per

with Rﬁ,#O. One should note that the=0 intercept of the particle given in Refsl7] or [9]. In short, we do not believe

source function has units of an effective volume. so. Consider t.he entropy for a gas of fermiofisp) or
bosons(bottom):

IV. PHASE-SPACE OCCUPANCY AND ENTROPY
Jd3rd3p[fInfi(lIf)In(lIf)]

We can now estimatéf) from our calculation of the SIN = — (29

space-averaged phase-space der$ity,py)) or (f(f))). In 4 d%p f
[7], the authors argue théf) can be estimated via rawp
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To arrive at their expression for the entropy per particle, the authofg]afeglected the spatial dependencef(ﬁ, |5) and
found

| ot == @) I () )
S/Npart: - . (26)

| ot

The authors of9] go one step farther and neglect the mo- The numbers extracted from the sources from the NSCL

mentum variation of (r,p) to obtain a result entirely depen- PP data in[16] are more dramatic. Since the proton spectrum
dent on the phase_space Occupa('[t;y C|ear|y, the entropy for this reaction is available at Only a few angles, we follow
should get larger contributions from regions of coordinateRef.[7] and approximate it with the thermal distribution
space where the phase-space density is small; however, both

Eq. (26) and the analogous result from REJ] do not reflect dNp 1

- — .
this. The source function’s dependence does give us infor- dp z lexpp¥2mT)+1
mation about the spatial dependence of the phase-space den-
sity; however, it is not clear how one might use this infor- Here the normalization constant is determined by normaliz-
mation to obtain a better estimate of the entropy. ing to the number of participant®ine protong T is the

Now we present sample calculations @) and S/N,,. fitted temperature of 10.2 MeV, amds set from the require-
from two different experiments. The first calculation usesment of maximum entropy giving~1.1. Since the source is
negative pion correlations measured from+#b collisions  given only at three fixed pair momenta, we follow REf]
at 158 GeV/nucleon from the CERN-SPS experiment NA4%nd average the results to obtain the zero inter&utr
[13—-15. The second calculation uses proton correlations—0)=(15.5+2.5)x10"4 fm~3. Using Eq.(22), we find
from the ¥*N+ 27Al reaction at 75 MeV/nucleon measured at (f)=0.27+0.12, while, using Eq(21), we find (f)=0.25
the Michigan State University NSC[16]. These calcula- =*0.04—a factor of 3 improvement in the uncertainty. For
tions will show the general applicability of the source imag-the entropy per proton, we estima#éN,=2.7=0.7. These
ing and the superiority of Eq22) over Eq.(21). results differ slightly from those ifi7] simply because the

For the first calculation, we use the space-averaged authors of[ 7] set the error on the source to zero. Using the
phase-space densities of Ferena@l.[2], extracted from ex- more accurately determined intercepts from R8i, S, (r
periment NA49[13-15. In this calculation we could have —0)=(18.7+1.1)x10"* fm 2, we find (f)=0.30=0.02
used an extracted source, but we can also getrthe0  from Eq. (22) and(f)=0.30+0.05 from Eq.(21). For the
source intercept from the radius parameters of a Gaussian fntropy we findS/N,=2.45=0.21. Note the substantial im-
to the pion correlations, as we saw in Sec. IIl B. Since this iorovement from a better determination of the source inter-
exactly what is used in Ref2], we use their radii. We esti- cept. Nevertheless, the result from EB2) is still a factor of
mate thew~ spectrum as the product of the™ rapidity and 2 improvement over Eq21).
pr distributions:

(28)

V. CONCLUSIONS

dN, - O -1 The phase-space density is an important, fundamental ob-
dydprpr =09 dy {Tet(Y)IM+ Ter(y) I} servable that can provide insight into the underlying dynam-
ics of the nuclear reactions and it may be extracted from

Vp3+m2—m, sources imaged in heavy-ion reactions. This extraction relies

Xexp — W (27) on an appropriate definition of the effective phase-space den-

sity at freeze-out, since the true freeze-out density is not a

uniguely defined concept. We have shown that the definition
Here,dNy- /dy is the negative hadron rapidity distribution in Ref. [4] is entirely consistent with the source function
from Ref.[14] and the factor of 0.9 accounts for the fraction obtained by imaging7]. We have also shown how the ex-
of negative hadrons that are actually pions. In BY), the  traction of the space-averaged phase-space density from im-
pr distribution is parametrized by a rapidity-dependent ef-aged sources is a generalization of Bertsch’s result for pion
fective temperatur@¢«(y) and the actual values of this ef- correlations. Finally, we have provided a formula for the
fective temperature are obtained frgtb]. Using Eq.(22),  calculation of the average phase-space occupancy. This for-
we find (f)=0.19+0.06 while using Eq(21), we find (f) mula is less sensitive to the uncertainties of the source func-
=0.14+0.08. Both results are consistent; however, the resultions than others in the literature. We believe that the source

from Eq.(22) has a 25% smaller uncertainty. Using E26), imaging method will be useful for extracting space-averaged
the entropy per pion can also be estimatedSAd .-=3.9  phase-space densities from data of future relativistic heavy-
+1.8. ion experiments.
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