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Magnetic properties of an ensemble of rotating ferromagnetic clusters

N. Hamamoto
Institute of Physics, Graduate School of Arts and Sciences, University of Tokyo, Komaba, Meguro-ku Tokyo 153-8902, Japan

N. Onishi
Department of Ecosocial System Engineering, Yamanashi University, 4-3-11 Takeda, Kofu, Yamanashi 400-8511, Japan

G. Bertsch
Department of Physics and Institute for Nuclear Theory, Box 351560, University of Washington, Seattle, Washington 98195
(Received 2 November 1998; revised manuscript received 12 Augus} 1999

We analyze the adiabatic magnetization of ferromagnetic clusters in an intermediate-coupling regime, where
the anisotropic potential is comparable to other energy scales. We find a nonmonotonic behavior of the
magnetic susceptibility as a function of coupling with a peak. Coriolis coupling effects are calculated; they
reduce the susceptibility somewhat.

[. INTRODUCTION sition probability to other modes can be neglected. This is
called the adiabatic approximation. In the present work, we
Magnetic properties of a wide variety of ferromagnetic calculate the profile and the magnetization with this assump-
clusters, e.g., Fe, Ni, and Co in transition metals involvingtion.
3d electrons;™ and Ru, Rh, and Pd associated witd 4 If the electrons were completely decoupled from other
electrons®®® are studied using the Stern-Gerlach techniquedegrees of freedom such as rotational motion, the deflection
The observed deflection profile, caused by the interaction gbrofile would be a flat horizontal distribution independent of
magnetization and the gradient of field strength, provideshe field strength. But this is not actually the case for the
information about these intrinsic magnetic moments of theobserved profiles. A small coupling of the magnetic moment
cluster as well as its coupling to other degrees of freedom ito the internal coordinates of the cluster gives rise to spin
clusters. The size of the cluster is small enough to be rerelaxation, making the profile different from the flat distribu-
garded as a single-domain system, and the electrons involvein. Hence it is important to make clear how various cou-
form a single giant magnetic moment; we will call it the plings produce observed deflection profiles.
superelectron spin in this paper. It is quite interesting to see The simplest model is superparamagnetism in which the
that, in such a low-dimensional system, some elements formppopulation of the magnetic states is proportional to a Boltz-
ferromagnetic clusters, even though the bulk material isnann factof In other words, the cluster rotation plays a role
nonmagneti€.Also, the magnetization is strongly dependentas a heat bath for the superelectron spin in the magnetic field.
on the number of atoms in the clustérhe analysis or In a practical analysis for extracting the giant magnetic mo-
interpretations of the experimental data have caused signifment, the Langevin formula is widely employed. It assumes
cant discussion and are still debated. Therefore, it is imporequilibrium with a thermal reservoir at a temperature which
tant in the present stage of study to establish a method aé the same as the source of the cluster beam. However, it
analysis for extracting the intrinsic magnetic moment frompredicts a rather sharp deflection profile which is quite dif-
the observed deflection profile, and this is the motivation forferent from the broad profile that is often observed. Hence,
the present work. the superparamagnetic model seems to be too simple for the
Let us consider the experimental setup. First, clusteranalysis of the experiments.
formed by laser evaporation are cooled by helium gas, and Another simple model is locked-spin model in which the
then the clusters are expanded to form a molecular beam. lsuperelectron spin is frozen to the intrinsic orientation of the
the present study we assume that the clusters are in the theluster, which of course is free to rot&f@! This model
mal equilibrium. The density of clusters in the beam is low,seems successful in reproducing the small peak observed
so that the clusters may be assumed to be isolated beyond thear the zero deflection angle, which experimentalists call
equilibration zone. Therefore each cluster stays in a certaifisuperparamagnetism.” But it is applicable only to Gd clus-
quantum state in the beam. Finally, the clusters enter into gers and not general. Furthermore, the model ignores the an-
Stern-Gerlach magnet and are deflected by the interaction gfular momentum of the superelectron spin, which is known
the gradient of magnetic field and the magnetic polarizationo give recoil effects in the Einstein—de Haas effect.
of superspin induced by the magnetic field. At the entrance We propose an intermediate-coupling model as a method
of the magnet, the strength of the field changes gradually imo extract the giant magnetic moment from the deflection
time, and a time-dependent interaction for the superelectroprofile!* This model covers the superparamagnetic and
spin causes a transition of the initial quantum state to othelocked-moment models as weak- and strong-coupling limits,
guantum states. If the time dependence is sufficiently weakespectively. This paper is organized as follows: the interme-
compared with coupling of the spin to other modes, the trandiate model is explained and formulated in Sec. I, numerical
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results of profiles and magnetization are presented for varian internal cubic structure and the potential has cubic sym-
ous strength of coupling, strength of magnetic field, and temmetry. This is true for the observation of the direction of
perature in Sec. lll. The conclusions and discussions are preasy magnetization beif@00], [010], and[001] for iron and
sented in Sec. IV. nickel. The anisotropy constant is measured in the form

II. INTERMEDIATE-COUPLING MODEL E,=Ky(a?al+ alad+ ala?) +Kyaladalt -, (3)

In the present model it is supposed that all the electron
spins are aligned in the same direction through the exchangghere «;’s express the direction cosines of superelectron
interaction. Thus, the electron spins are in stretched couplingpin. The measured values in the bulk arné;
states having a giant total spB=3niN, wheren is the =36 [mK/atoni and K,=13[mK/aton for iron, andK;
number of spins participating the magnetic moment an atom= — 4 [mK/atom] and K,=0 [mK/atom] for nickel. We
Since the magnetic moment is proportional to the total spinconsider only the first term in the present calculation. In
the cluster has a single giant magnetic moment expressed afder to formulate the anisotropic interaction, let us start
#=9sS, in terms of the electronic gyromagnetic rage. with the above classical picture for angular momentum vari-

Consider as a typical case the;kgcluster at temperature gples, in whichS'’'s commute:

100 K. According to Kitte> the magnetic moment per atom '

for the bulk iron is 2.2g. Then a spin value o6=2.2

X 100X 1/2= ;00 a_nd a thermal rotational angular momen- Hcoup|:8US’4( a2+ alad+ ala’— E)
tum R=600 in units of#. These large values & and R 5
justify a classical treatment of the problem. In fact, in a pre-

vious papel® the classical treatment allowed the problem to -
be reduced to a simple and transparent calculation. This was
examined for a simple case, by utilizing adiabatic invariance

ul it 5" 5 - 6(Si28y 2+ 8487+ 878

which makes the calculation easy and transparent. + §(Si2+ S§2+ 3é2)2
However, in a more general case, in which a fluctuation of S
spin orientation with respect to the cluster is significant, we 3 12
are unable to make a simple classical treatment. Further- —_ug4 \/:{ cH(S+cH(§+ \ﬁcgl)(g)}_
more, in the classical treatment, the spin angular momentum 35 S
is ignored, and thus angular momentum conservation is vio- (4)

lated. Since this is a doubtful approximation wHgis com-
arable toR, we follow a fully quantum mechanical treat- A . . .
Fnent ya Here C{M(S) stands for the spherical harmonic proportional
The formulation of our model is indebted to the theory ofto Y,.(S); S is the spin component with respect to the three
deformed nuclei, especially the particle-rotor model; readeréxes in the body-fixed fram& denotes the spin component

who want to know the theory can consult standard textbookseferred to the laboratory system, ane- 2K1/n‘S‘N3. The

on nuclear structure, e.g., Bohr and Mottel$6n. electron spin prefers the direction of fourfold axes of the
Our HamiltonianH is expressed as a sum of three terms:cubic symmetry. When the direction of the spin is along the

fourfold axes, the value oH,,, has a minimum energy

H=H ot Hcoupi Hmags (1)  —&us* And when the direction of the spin is along the

where the terms are defined as follows. The first tetpy ~ €ight axes of ¢1/y3=1/y3=1/\3) represented by the

stands for the rotational energy of the cluster which is ex2ody-fixed Cpordi”f‘te' Atlhe value bfco p turns out to be the
pressed as energy maximumgguS'“. In the quantum Hamiltoniar§'’

are operators and we are interested in their matrix elements.
3 fin The reduced matrix element obtained through the Wigner-

Hrot:izl 27 (2)  Eckart theorem is expressed by
= 1

where ﬁi’s represent operators of three angular momentum . 1\" [(2S+L+1)!
components referred to the body fixed frame, ah$ ex- <S||[5]L||S>=(§) (25— )
press principal moments of inertia. The vibrational modes '
are not taken into account, because the Debye temperature ] N
(for instance, 500K] for iron) is much higher than the FOr_example, forL=1, one obtains the familiar form
source temperature. In other words, the rotational motion is/S(S+1)(25+1). interaction between the rotor and the su-
considered to work mainly as a heat bath in the spin relaxPerelectron spin in Eq4) is given by
ation.

The second terrhl .., €xpresses a coupling potential be-
tween the cluster and the superelectron spin, which origi- Hcoup(S,Q)=2 [S“]anﬁ,’;(Q)AK, (6)
nates from the crystal magnetic anisotropy energy caused by om
molecular or crystal fields. The simplest form of the energy
is the uniaxial magnetic anisotropy which, has already beewhere « takes the values of only 0 and4 and A,
examined in Ref. 11. Here we assume that the clusters have 5/14A,= —u+/32/35. The wave function of the rotor can
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be expanded in terms of th@ functions®® conserved due to the axial symmetry. The total wave func-
tions in the magnetic field are expressed as

Pru(Q)=2 friD (). )
“ [amm(B) =2 Form(B)Voimu), (13

Since the Hamiltonia ¢, is scalar, the total angular mo- )

mentuml = R+ Sis still a good quantum number for the first wherea labels the state in the samg ,M.

two terms of the Hamiltoniansi o+ Hcoup- Accordingly, To compare with the experiment, we calculate the average

we select the base labeled by the total angular momentumagnetization, which we regard as the ensemble average of

and magnetic quantum numbkr. The basis is obtained by (S)). This is the sum of the product of the expectation value

the angular momentum coupling of tﬁbfuncnonD_ffk(Q) of S, and the occupation probability of each state. Now we
and|So) to [IM). Therefore, the total wave function of the proceed ahead with the important assumption that effect of
rotor coupled with the superelectron spin is expressed as the magnetic field is adiabatic when the cluster passes
through a Stern-Gerlach magnet, as the variation of the mag-

V= E (RuSc|IM >D5k(Q)fE|k| So), (8) netic field is slow when the cluster fanters into and goes out

Rko from the Stern-Gerlach magnet. First, the clusters are re-

tained in the source region. In this region, as the cluster

where v represents an index specifying states having theensemble is in thermal equilibrium, the occupation probabil-

samelM. The matrix element of the coupling term betweenity of each quantum state is proportional to the Boltzmann

the bases in Eq®8) is estimated as factor exptE,, /ksT).
(H DI =J(2RT 1)(25+1)(_1)5+Ru| The magnetization of each state in Ef3) is calculated
COUpVRK R’k as

X AL(RKAk|R'K'YW(RSRS;14), (9)

N SZ,a(vl)ﬂ' M(B)=<q)a(vl)ﬂ' M|é2|(Da(V|)w |\/|>1 (14)
where 2S+1A! =A,(S||[S]*|S), and the Racah coeffi- ‘ ‘ ‘
cientW(abcdef) is related to the 5symbol.15 where a(vl) stands for the label of states connected adia-

In our calculation we use the potential strength parametepatically with the statesul) defined in the absence of a

u’=A’,. Now, the wave functiort8) and the energy in the magnetic field. _ N N
source are determined by diagonalizifigy+ H ey Since Under the adiabatic condition, any transition between en-

there remains the (2- 1)-fold degeneracy in energy fod, €'Y levels does not occur even if a magnetic field is applied.
we may omitM from the label for the energg,, . The occupation probability of each quantum state is not al-

The third term in Eq.(1) represents the interaction be- tered during the flight. Then the deflection profile is obtained
tween an external magnetic field and the moments of thY
superelectron spin: p( £
- V|7Tk)

1
e P(s,B,T)= —— S(S=S, i 1)ex
Hmag= —B- u=—BgsS,. (10 ( ) > 858, (vh)ymM)

Z(T) vlmM
We choose the direction of the applied magnetic field as the
axis of quantization £ axis). This interaction breaks rota- where the partition functioZ(T) is given by
tional symmetry for the cluster, but the magnetic quantum
numberM defined above is still conserved due to the choice —Euin,
of quantization axis. From Eqé8) and (10), the matrix ele- Z(T)= IE (21 +l)ex;{ K ) (16)
ments between two states are calculated as e ®

(15

, The magnetization, the ensemble averd§e)ena, IS €X-
(VomIHmad ¥ orirm)=—Bgshv21' +1(—1)! pressed by

X(I'M10QIMYh,,,y0 . (1)

S = | sP(s,B,T)ds. 1
where theM-independent patt,,,.,. is expressed as {Senav f ( ) (17
Magnetic susceptibility plays an important role in analyz-
XW(ISI’'S;R1). (12 ing the experiment in which the magnetic field is so weak

that magnetization linearly depends on the magnetic field.
For simplicity, we set the moment of inertia around the Examining the magnetic susceptibility, we can easily com-

intrinsic axes to take the same value, namégly= 7,= 73 pare the present model, locked-moment model, and super-
=/J. In this case, total wave functions are classified by arparamagnetism. We calculate the magnetic susceptibility for
additional quantum numbef,=0,1,2,3 k mod 4, since the intermediate-coupling model and discuss weak- and
H ot Is diagonal andH ., couples to only the states havikg  strong-coupling limits in following subsections.

guantum numbers different by 4. This point is different from For the present, let us discuss a general expression of
uniaxial anisotropy, in whictk quantum number is strictly magnetic susceptibility. Using the Feynman theorem, we ob-
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tain the expectation value &, as The third term of the numerator is the Coriolis term, which
couples the degrees of freedom of superelectron spin to the
o 4 B 4 one of the rotor. It must be noticed that the Coriolis term is
(S)=- J(Bgy Hinag) = — (Bgy (Hmag-  (18) 1ot taken into account in the locked-moment model in which
the superelectron spin is not included as a dynamical vari-
The magnetic susceptibility is expressed as able. We will be seen how this term contributes to the mag-
netic susceptibility.

_ L(ASQ | SinceH ¢ gives the dominant contribution to the energy
X gg B\ T/ enaiBgs=0 eigenvalue ofH i+ Hcqp in the strong-coupling limit, the
) Coriolis term can be treated by perturbation theory. Without
___9d AE the Coriolis interaction, the unperturbed state is given as a
- I(Bgy)? en a‘JBgfo direct product of the eigenfunction f,,, with respect to
the intrinsic frame and the eigenfunction of the total angular
2 ¥l S )| ;{ = ) momentum and itg componentD y,(2)2 g,/ Soy). The
Z(T) om o E,—E, kgT)’ energy eigenvalues of the Hamiltonian neglecting the Corio-
lis term are expressed as
(19
whereAI.E_en av means the ensemble average of energy shift h_z[l(l +1)+S(S+1)]+U'ER, (21)
and partition function. 27

We will deal with the strong and weak coupling limits of A . ]
the susceptibility(19) in Secs. IlIA and 111 B, respectively. Whereu'Ey stands for the energy eigenvalue of the coupling

The susceptibility in intermediate coupling will be calculated HamiltonianH . This energy spectrum is the rotational
numerically in Sec. Il C. band of bandhead energy’E’,j. For the strong-coupling
limit, bandhead of excited bands is much higher than the one
of the ground band. The occupation probability of the higher
] ] ] ) bands can be negligible. We assume that the susceptibility is
We first discuss the energy eigenvalue and the eigenstaigscribed by the ground band only. This point will be dis-
Of Hyott Heoup iN the strong-coupling limit. Since the good cyssed more closely in Appendix A.
quantum numbers are total angular momentuand its pro- Let us now focus on the ground band of the present model
jection on thez axis, M, we rewrite the Hamiltonian of the i the strong-coupling limit. Figure 1 illustrates the energy
present model in terms of the total angular momentum  gjgenvalues 0fH o, evaluated numerically in the space
S ayp o |So): EQ. The eigenstate dfi ., must belong to a certain
1°+5'“-2I-S H g) (20 irreducible representation of the point groOp The irreduc-
2J coupl S') ible representation®\;,E,T; for S=4n, A,,E, T, for S

A. Susceptibility for strong coupling
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=4n+2, andT,,T, for odd S appear in the lowest-energy 1, for 6=0,

region. Considering the dimension of these representations, A -

namely, 1, 1, 2, 3, and 3 fok;, A,, E, T;, andT,, respec- (SSR'(0)|S9=1{ *(1/2)° for 6= 5 (29
tively, we find that the bunch of levels always contains six

states. The sixfold and eightfold approximately degenerate 0, for 6=m.

states appear at the lowest and highest energies, rESpECtiYG‘Pﬁe Coriolis matrix element does not vanish only between

This fact implies that the direction of superelectron spin ISparaIIeI directions. Therefore, the secular equation for the

localized to the sixteight directions corresponding to the Coriolis term is approximately solved. The wave function
potential minima (maxima in the lowest (the highest PP 1ately '

bunching states for largé Therefore, these states are ap-'esults in an eigenstate of:

proximated by
NS . 21+1 |

. . The first-order energy shift is obtained as
whereR' stands for the operator corresponding to the rota- gy

tion from the third axis to theth direction of the potential
minima.
For the present, we shall take into account the Coriolis We calculate the susceptibility for the strong-coupling

term in first-order perturbation theory. According to the first- ;. .; supposing the wave function of the ground band to be
order perturbation theory of degenerate states, we Sho”@g. (26). A detailed account of the derivation of the suscep-

solve the secular equation in order to determine the e”ergthility will be described in Appendix A. We obtain
shift and perturbed states. In this case, each level in the ro- '

(I'MK'j|21- SIMKi)=2/2KSd¢ 8,81 (27)

tational band is 6(R+1)?-fold degenerate: The quantum 2 4252 2 4 2 4252

numbersM,K have the values- <M K<l and the ground  x=5 +—=|1— B'S*+ =(B'S?)*+ - | <z ——,
S . 9 kgT 5 35 9 kgT

state of superelectron spin is sixfold degenerate. The dimen- 28)

sion of the secular equation is reduced by a factor df (2

+1) becaus is a good quantum number. As we discussedwhere’ =#2/27kgT. The leading order corresponds to sus-
before, the direction of superelectron spin corresponds to theeptibility for the locked-moment model. The higher orders
one of the potential minima for the ground state. Choosingnean correlations through the Coriolis term, in other words,
the direction of quantization axis as one of the potentiala recoil effect due to the angular momentum of the super-
minima, we can express the Coriolis term as electron spin or Einstein—de Haas effect. We find from Eq.

(28) that this effect always suppresses the magnetic suscep-
e Na L tioa tibility compared with the one of the locked moment. This

T o_Jid i o [
1:S=1355+ (LS +ILS,), 23 fact is apparently seen in numerical calculations in Sec. Il C.
where o ]
B. Susceptibility for weak coupling
IL=RITRT, 1L =RIT.R, In this subsection we calculate the susceptibility for the

weak-coupling and high-temperature limits. First, we discuss
_ _ the energy eigenvalue and the eigenfunctiorHgfi+ Hcqyp
S,=R'§RT, S, =RS.R". in the weak-coupling limit. In the absence of coupling, the
energy eigenvalues form a single rotational band witR (2
The second term of Eq23) does not contribute to the Co- + 1)?-fold degeneracy. The coupling is treated as first-order
riolis matrix element between parallel, antiparallel, or or-perturbation theory; the energy shift and wave function are
thogonal directions. In fact, we can estimate the matrix eledetermined by solving the secular equation in a set of degen-

ment of raising and lowering operators of superelectron spinerate states. Since the degenerate levels in the rotational band
split up under the influence of the weak coupling, the energy

0, for 6=0 eigenvalues are expressed as
.. ™ #’R(R+1
(SYS.R'(0)[S9=1 *i\2S(112%"%, for 6=, % Enr) (29
0, for 6=,

where\ (R) specifies the state connected adiabatically with
R, andAE,, gy stands for the energy shift in the eigenvalue

- ) . _of the weak anisotropic coupling. The perturbed wave func-
whereR’(6) is the rotation through anglé about the axis tjon is expressed as

perpendicular to the three-axis. In addition, the first term of
Eq. (23) does not contribute to the matrix element between . \R)
orthogonal and antiparallel directions, because the matrix el- Tywim= 2 (RuSalIM)DR(Q)ci®|Se), (30

~ k
ements ofS; for orthogonal and antiparallel directions are o
evaluated as (1/2)and 0, respectively: where the coefficiemﬁ(R) is determined by the diagonaliza-

(24)
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tion of Hgoyp in the degenerate levels in eaBh the sameR in the weak-coupling limit. Thus, we neglect the

We calculate, by employing the E@19), the magnetic mixing of states in differenR in the limit. The matrix ele-
susceptibility for weak coupling in the form of a second- ment of Zeeman interaction between the weak-coupling
order correction to the energy. The energy denominator bekases, Eq(30), can be calculated using the orthogonality
tween the levels in differerR is much larger than the one in conditionS,ck®*ck' ®=45,,, as

(W mm S v mym) = A28, 21 +1(— 1) (1I'M10[IM ) /S(S+1)(2S+1)(— 1)R ST IW(ISI'S;R1).  (31)
The substitution of Eq929) and (31) into Eq. (19) yields

2 2 2
2 [\ Ry | S P (ry1 m)| e(ER+AEI’)\(R))/kBT), £ __h R(R‘Fl). (32

X=7 71 )
Z(T) R (A(R)MI#I’ AE\r~AENR) 7

Since AE; (g is small due to the weak coupling, we can approxineté® ' \®’*sT to 1— AE,/, ) /ksT. Rearranging the
summention, we have a form of the susceptibility being independent of dynamics,

& 2
= 2 D D Y\ M| S rr Ry m) o~ Er/kaT, 33
Z(T) R ARMI>1' kT

Putting Eq.(31) into Eq. (33), and expanding foR, we obtain the magnetic susceptibility

= 4S(S+1)(25+1)R? #?R(R+1)
> h? +ooexd -
R=0 9 ZﬂBT (34)
. i [(2R+1)%(2S+1)] p( AR(R+D)
exp ——Fs=—
R=0 ( 2JkgT
|
At the high-temperature limit, one can evaluate E8@), Therefore, considering the axial deformation, we find that
treatingR as a continuous variable and replacing the sum byhe susceptibilities for the weak- and strong-coupling limits
an integral: are different. The two limits happen to be the same value
when the value of7|’s are equal.
2/2S(S+1)
X="QorT - (35 : .
9kgT C. Intermediate coupling

) o ) - We calculate the magnetic susceptibility for intermediate
Itis observed in this subsection that the susceptibility of thezoupling in this subsection. In numerical calculations of the
weak-coupling limit coincides with the one of the locked geflection profile and the magnetization, a main task is di-
moment. One should note that this does not mean that thggonalization of Hamiltonian matrices of large dimensions.
superelectron spin is locked in the weak-coupling limit. The|n the source area, the partial Hamiltoniel,4 is zero, and
susceptibility is independent of the dynamics in the weaktherefore the total angular momentum is conserved. The
coupling limit, whereas in the strong-coupling limit the sus- ygst major population of angular momentum lig(T)
eptibility originates from the locked-moment dynamics. In _ \/Wfor the rotational band with (2+ 1)2-fold de-
fact, taking into account the axial deformation, we find thatgeneracy. The dimension of matrices to be diagonarized is
the susceptibilities of the weak and strong-coupling “mitsapproximatelySXIeﬁ(T). A typical size is of the order of

are different. The matrix element & is independent of the  10°. In the magnetic field where states havitig different
deformation, because E¢B1) is independent ok. The en-  are mixed, the number of dimensions is magnified! 18
ergy level is dependent on the axial deformation. IN@8)  and becomes eventually of the order of 1@ may not be
the energy dependence in the Boltzmann factor in the nufeasible in numerical calculations. Let us use a similarity
merator is canceled by the partition funciton in the denomi+ransformation in order to scale down the angular momenta.

nator for the high-temperature limit. Thus, the susceptibility|n Eq. (9), the matrix element is approximated as
in the weak-coupling limit is independent of the axial defor-

mation. In the strong-coupling limit, the energy level for the

ground band is dependent on the deformation apart from the |, A V(2R+1)(2R'+1) g4 g

. . a . coupl)RK,R’K’_ K = K,u( 01) MO( 92),
Coriolis term. The matrix element &, for axial deformed 2R+1
clusters coincides with the spherical one, and depends on the (36)

deformation. Thus, the magnetic susceptibility of the strong
coupling is dependent on the axial deformation. with
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o R+ RI 0.26
R= and u=R'—R, (37 >y
2 E 025 1%
and two angle®, and 6, are defined, respectively, as .ﬁ Y k=20
0.24 £
o, H
— [ "‘++
K i — K+K’ o * kS
cosf;= \/= with K=——7— 5 02 "y,
R 2 @ %n‘h Locked moment
5 022 e
and 4(]_)‘ Loc}edmomcntwithCorioli;;;Hn;]H** Wb b o e W TR
— ) — % 0.21
0, (R=S+1)(S—R+1) =
coso = \/ = : (38) 02
4RS "o 1 2 3 4 5 6 7 8 9
. . . Coupling St th u'lkeT
These angles are invariant under a scale transformation de- oub-ing Strength 4t
fined as FIG. 2. The magnetic susceptibility calculated by perturbation
_ theory. The ordinate is the coefficient of the magnetic susceptibility
r,r'r R,R'R x' (described in the text The abscissa is the ratio of the coupling
— — strength to temperature.
kk'k | =7 KKK |. (39 9 P
S,i,m SI,M Heouplin Sc= 10 (Fig. 1). Three energy levels having onefold,

threefold, and twofold degeneracies from lower energy to
higher make a bunch around the ground state. The energy
differences of these states are about 0.01. In contrast to this,

In a similar manner, the matrix elements given in Ebjl)
are expressed approximately as

(V. |M|Hma3\py,l,w ") we find from Fig. 1 that the energy difference between the
« « bunch of the ground state and the first excited bunch is about
J(2I+1)(21"+1) 1.0. The energy spacings between six states around the
=BgsyS(S+1) — ground state are much smaller than the energy spacing be-

2l tween the ground bunch and the first excited bunch. There-

. - L fore, we can regard the ground state as approximately sixfold
X, fREfre (=)' 7'dg, . (63)d",.o(64), (400  degenerate state.
RK A truncation of the angular momentum is necessary to

with make numerical diagonalization feasible. We selegi,
=80 in the calculation. The occupation probability steeply
M 04 (I-S+R)(S—1+R) declines as the energy becomes large. For the rotational
COsb3= I__ C057: a5 . band, one can neglect states of high angular momentum in

the calculation of the partition function. Actually, for the
(42) single rotational band with (2 1)2-fold degeneracy, levels
The two additional angleg; and 6, are also invariant under of which the angular momentum is larger thdy(T)
the scale transformation. Eventually these four angles ares \6.27kgT/%? contribute only less than 10% of the parti-
invariant under the transformation in E9). The fourd  tion function. Therefore the numerical calculation of the par-
functions are all smooth functions of the four angles. tition function is reliable only ifl (T)<Ipax. FOr | ma= 80,
To makeS? invariant under the similarity transformation, the result of the calculation is reliable in its ranggT
Eq. (39), the Planck constant is changed accordingtdn ~ <20.6. We choose 20 for the temperature.
other words, we can scale down the angular momentum We display the coefficient’ of the magnetic susceptibil-
guantum number by adjusting the Planck constant as ity obtained by numerical calculation in Fig. 2. The coeffi-
cient y’ is defined as

h'=—, s=75S (42 5252
X=X (43
The temperaturdgT, the couplingu’, and magnetic field B
parameteigB#S, which have dimension of energy, are in- We exactly diagonalizedH o+ H oy, Which includes the
variant under the similarity transformation. In the following, full Coriolis coupling. Then, the Zeeman couplitity,q is
the units of these energy parameters are selectéd$t$27 treated as perturbation theory. The first point to be discussed
which is also invariant under the similarity transformation. is whether our calculation reaches the two distinct limits dis-
We are now ready to calculate numerically the suscepticussed above. The susceptibility in Fig. 2 decreases and con-
bility in the intermediate-coupling scheme. It is alreadyverges on 2/9, as the coupling becomes smaller than the tem-
known by the analysis in Sec. Il A that the ground state ofperature. Therefore the result of the calculation is consistent
Hcoupl has to be approximately sixfold degenerate states iith the analysis for the weak coupling discussed in Sec.
the strong-coupling limit. It seems reasonable that the groundi B.
state is approximately sixfold degenerate fy=10. The The second point is the strong-coupling limit. As we will
reason for this is based on the numerical diagonalization ofliscuss in Appendix A, EqAl) is the conditions of tem-
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perature and coupling to attain the susceptibility of the 2

locked moment. The application of EgAl) for S.=10 18 -

yields the condition of strong coupling: 16 B;l
8:BRS=0.5 ’

!

KeT

’=10.9

(44)

As discussed in Sec. Il A, the coefficient of susceptlblllty
for the strong coupling is not the locked-moment value 2/9
but smaller than it due to the recoil effect. Actually, in Fig. 2,
the results of the strong coupling are also smaller than 2/¢™ .
(dashed ling and close to the value of E(R8) (dotted ling.
A possible reason for some deviation from the dotted line is -1.2
that the quantum fluctuation of the direction of the superspin
among different minima of the coupling potential decreases
the susceptibility.

A peak atu’'/kgT=0.55 is found in Fig. 2. At the peak,
the energy splitting of the anisotropic interaction is compa--
rable to the energy splitting by the Coriolis term
(h212.7)4S1«(T). The width of the energy splitting of the
anisotropic interaction corresponds to the energy dn‘ferencw 1
between potential maxima and minima, i.&u’. In practice
the width becomes smaller due to the quantum fluctuation ot
the direction of superspin and is found 2for S=10 from
Fig. 1. Then the peak is expected to be

2u ﬁ24| s@u, 2\/ﬁS ! =0.45. (45 BF
27 eff 27 kgT (49

In fact, this condition is consistent with the observed position 3
of the peak. 28 W7ol

As mentioned in the introduction, one often assumes su- £.B7iS=10
perparamagnetism, in which the susceptibility %i82S(S
+1)/kgT, for the clusters to analyze the experiments. We
find from Fig. 2 that the superparamagnetic limit is not
reached in any range of coupling strength.

The last point is the temperature dependence of the mag 12
netization. It is reasonable to consider that the susceptibilitys ¢
decreases as the temperature increases because of therrg os Locked moment
fluctuations of the direction of superspin. In Ref. 1, it was & 04
reported that the tempereture dependence of the magnetizi
tion is reversed. However, in our calculations, such a behav: 42 09 08
ior did not appear in any range of coupling.

Probablllty density

BT=2

oBRS=2

den81ty

Lock
1.2 Locked-moment

'=4.36x107"
918

Probabili

ability density
n

FIG. 3. The profile for three coupling strength’=2.24
IV. PROFILES AND MAGNETIZATION X104, u’'=4.47x10"%, andu’=11.2 of magnetic fieldgBAS
=0.5,2,10. The temperature is setkgl =2 for gB#2S=0.5,2 and

As mentioned in the previous section, truncation of the
0 kgT=1 for gBAS=10.

angular momentum is necessary to make the numerical cal®
culations feasible. We takk,,,= 26, and the magnitude of
superelectron spirs.,= 10. The result of the calculation is body causes the deflection behavior. We will have a closer
reliable if kgT<2 for |,,,x=26. Since high temperature is examination of this statement in terms of our quantal model.
one of the conditions to achieve a locked moment, we should In order to make our discussion transparent, we start with
select the temperature as high as possible. Then we chootiee weak-coupling limit. The profile of the weak coupling in
kgT=2. Fig. 3 is a flat but slightly sloping distribution in the weak
First, we pay attention to the magnetic field dependencenagnetic field. Figure 4 showing the energy levels of the
of the deflection profile. Figure 3 shows the deflection profileweak coupling,u’=4.47x10"3 for S;=2, M=0, m=0,
for three values of the magnetic field streng$fiB4iS  and R=3 or 4, helps us to understand the distribution in
=0.5,2,10, respectively. Our calculation exhibits that the poterms of the energy level. In the absence of coupling, the
sition of the peak always deflects to the strong-field side, asnergy levels of the present model form a single rotational
observed in many experiments. By solving the classicaband. These levels split up under the influence of the weak
equation of motion, Ballonet al. have demonstrated in Ref. coupling; energy levels form a bunch of states around each
13 that the coupling between the superspin and the clustemperturbed state in the rotational band. As the applied mag-
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FIG. 5. An example of the peculiar behavior of magnetization
M for S,=2.
" in which either the decoupling or the pseudocrossing ocurrs.
Accordingly, the peculiar behavior of magnetization ob-
0 2 . s s 10 served in the weak-coupling limit disappars.

Magnetic Field g SB

. . =11.2 is in the strong-coupling region. However, the profile
FIG. 4. Energy levels of the weak coupling’=4.47<10"%)  n this case in Fig. 3 is not identical with the locked-moment

as a function of magnetic field f@.=2, M=0, andR=3 or 4.

netic field becomes stronger than the coupling, these level:
split up again under the influence of the applied magntiecx
field, and are rearranged more likely to be the eigenfunction®

of S,. In other words, the superspin precesses about the di§
rection of the magnetic field independently of the cluster
(decoupling for gBAS>u’. Occupation probabilities of 3
levels in the sam& become almost equal due to the weak o
coupling. Then, the magnetization remains small and thex
profile becomes a flat distribution. When the energy differ-—
ence resulting from the Zeeman splitting is equal to a typical
energy spacing of the rotational levelsyB# S=%Rq/.7,
a pseudocrossing between different rotational levels occurs
In other words, the pseudocrossing takes place where th
Larmor precession frequenay; is comparable to the cluster
rotation frequencyw,,: @ =w,y. That is to say, the
pseudocrossing leads to an exchange of the occupation prol=
abilities between those levels. This process increases th S
magnetization, and develops a peak in the profiléS}/S E
=1 like the Boltzmann distribution. 2
The above discussion leads us to divide the mechanism.g
of magnetization into two types, that is, the magnetizations 3
by the processes of decoupling and by the pseudocrossings
These two types of magnetization are apparantly seen in Figﬂ
5 in which we show the magnetic field dependence of the
magnetization in the weak-coupling limit. The magnetization
linearly increases as the magnetic field in the process to de
coupling, then remains steady by the decoupling of super-

The calculated susceptibilityFig. 2) indicates thatu’
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Locked

[ Superparamagnetic
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720,109 -

w=109 ~a

moment —=—

2 3 4
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Magnetic Field gBAS

spin, and finally increases suddenly through the pseudocross- FIG. 6. The first-order cumulant of each profile as a function of
ing. In the intermediate- and strong-coupling limits, we the magnetic field;B%S. The temperaturkgT is fixed at 1 and 2
cannot distinguish the regions of the magnetic field strengtlfor (a) and(b), respectively.
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© 02 ° o008
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o o
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0.06
0 = 4
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9
Magnetic Field gBAS Coupling strength u'/kT
0.6 . : : r : ; FIG. 8. The second-order cumulant of the profile as a function
‘ u’=2';,1§311%“9‘ —— of the ratio of coupling strength’ and temperaturkgT. The tem-
o 05 keT=2 } perature is fixed at 20.
g
‘s 04
=] sz . . . .
o el e But this region is out of the calculated range of Fig. 6.
g 08 O A The second-order cumulant is calculated by means of two
kol . . . . .
5 os methods. One is the direct diagonalization lf and the
< other is the perturbation for the magnetic field. Figure 7 il-
& o1 lustrates the second-order cumulant, as a function of mag-
netic field, obtaind by direct diagonalization. The second-
0 order cumulant is sensitive to the coupling. The cumulant

0 1 2 3 4 5 <] 7 8 9 10

Magnetic Field gBhS declines as either the coupling or the magnetic field becomes

stronger. In other words, the magnetic field and the coupling
FIG. 7. The second-order cumulant of each profile as a functionmake the shape of the profile narrower. The second-order
of the magnetic field);B#S. The temperaturkgT is fixed at 1 and  cumulant of the locked-moment profile in the absence of a
2 for (a) and (b), respectively. magnetic field and the flat profile observed in the decoupling
region are estimated gsandS(S+ 1)/3S?, respectively. Ac-
prOfile. We attribute this to the Coriolis term, which is im- tua”y’ in F|g 7, the Strong Coup"ng’ =10.9 and the weak

portant at the temperature of the ensemkjd,=2. A higher  ¢oypling u'=2.18<10°4 in the weak magnetic field are
temperature was possible in the calculation in Ref. 11 beg|gge tol and S(S+1)/3%2, respectively.
cause a simpler anisotropy term there permitted smaller di- ’ '

mension Hamiltonian matrices. of a magnetic field evaluated by perturbation of the magnetic

ntermelate coupling. We select 6 cumuiants (b charactefc: ThE MaXimum of anguiar momentUg,and the tem-
pling. eraturekgT are taken at 80 and 20, respectively. The maxi-

ize the profiles. The first- and second-order cumulants meall . . o
um of the angular momentum in this calculation is much

the average and the variance of the profile, respectively. han th i the di di lizati h q
cumulant higher than second order vanishes for the Gaussidf9er than the one in the direct diagonalization. The second-

probability distribution. In our calculation the third- and Order cumulant of the profile approaches the strong-coupling

fourth-order cumulants are less than 10% and 1% of seconfiMit 1/9 in the couplingu’ = 3.5. It decreases almost linearly

order, respectively. Thus, the profiles in the intermediatein the region of the coupling beyond 20 because of the tun-

Coup”ng limit can be approximated by the Gaussian prof"e_ne”ng between different directions of the potential minima.
We now discuss the firstFig. 6) and second{Fig. 7) For the weak-coupling limit, the ensemble average of the

order cumulant in more detail. The general trend of the firstprofile converges on 0.122 as seen in Fig. 8. We can estimate

order cumulant looks like more or less one of either thethe second-order cumulant of the weak-coupling limit. The

superparamagnetic or locked moments. The magnetization afiagnetization of each level in this limit is calculated from

intermediate coupling is smaller than the one of the lockedhe diagonal part of Eq.31):

moment because of the recoil effect. We may note, in pass-

ing, that the anomalous behavior in the weak-coupling limit,

discussed earlier, should appear when the energy splitting by

the magnetic field is comparable to the typical energy differ- (fSZ) =hy20+1(—1)(IM10IM)yS(S+1)(2S+1)
ence of rotational levels, that is, R_Si1
X (—1)R"STIW(ISISRY). (47)

Figure 8 shows the second-order cumulant in the absence

29B#S 2Rt T L LI
9s 27 <0s ~S 27 T The second-order cumulant for weak coupling is estimated to

(46)  be
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0.18 T T T T
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~ 008 D
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“ 0.02 s ;eor;l;:nﬂgr&elp; g —
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B - 0.04
TreatingR as a continuous variable and replacing the sums2 882
by an integral yields -0.1
0.12
h? T 2 3 4 5 & 7 8 9 10
<Sz>gumulanﬁ ES(S"' 1). (49 Magnetic Field gBhS
Actually, in Fig. 8, the second-order cumulant of the profile 812 ' R o]
is close toS(S,+1)/952=0.122. 014 ksT=2 w0109 ]
Let us look at Fig. 7 again and discuss the behavior o12r N w=0436 e
around the flat profile which is seen in the weak-coupling=  oos W=1Ts e _
region of the figure. The flat distribution is achieved, as dis- 3 ggi ro =698 e
cussed before, in the decoupling region. The magnetic fielc,, o2 S Lockedmomi;;t —— i
is much stronger than the coupling, though it is not so strong§ 0 gy e
as to give rise to pseudocrossing between states of differers 3.2 [*X;
R. Hence, we need two assumptions for calculating the mag@  -o.06 |-
netic field or coupling dependence @8,)? by perturbation OOO? i i
of the coupling. The first one is that the magnetic field is 012 e S
much larger than the coupling, O T T . 4 s s 7 s s 10
5 , (50 Magnetic Field gBAS
gBAS>U’, 50

. . FIG. 9. The third-order cumulant of each profile as a function of
to assume the decoupling of the superspin from the clustefe magnetic field).B#S. The temperaturksT is fixed at 1 and 2
The second assumption is that the magnetic field is weakepy () and (b), respectively.

than the energy difference between the states of diffdRent

52 profiles are more likely to be symmetric but still not quite. In
gBAS<-—2R., (51 other words, the third-order cumulant decreases but is not
2J equal to zero.

which assures us that pseudocrossing does not occur at least
for levels having typical angular momentum. A detailed ac- V. CONCLUSIONS AND DISCUSSION

count of the calculation is presented in Appendix B. Here we ) ) _ ) )
give just the result, Eq(B15): Using an intermediate-coupling model, we have studied

the magnetization of ferromagnetic clusters in a Stern-

Gerlach magnet. In this model the superelectron spin is free
but couples to the cluster ions through an anisotropic poten-
tial. This model is expected to describe the intermediate be-
4 ﬁZ( — 190+ 39S(S+ 1)) havior between the superparamegnetic and the locked mo-

a2 _Liacog, 84 (Y 2
(Senar=3°S(S+1) 1215 By,

* 135 693 ment. In evaluating the profiles or the magnetization, we

assume that the variation of the magnetic field in entering the

4 £25(S4 1 at 52 magnet is slow in time, i.e., adiabatic. Hence, any transition
3645 S ) keT) (52 petween guantum states is suppressed; the occupation prob-

ability of each quantum state is determined in the source area
When one analyzes the experiment in more detail, thavhere the magnetic field is absent.

higher-order cumulants may bring about important informa- We examined the magnetic susceptibility of the present
tion. For example, the third-order cumulaifig. 9) charac-  model applying perturbation theory. Especially, the magnetic
terizes the asymmetry of the profile. In the whole range ofsusceptibility in the strong- and weak-coupling limits is dis-
magnetic field, the third-order cumulant is smaller than thecussed analytically. We expected the intermediate-coupling
second-order cumulant and is smaller as the coupling benodel to approach the locked-moment behavior in the
comes stronger. The profiles are always symmetric with restrong-coupling limit. However, there is a crucial difference
spect to(S,) =0 in the absence of a magnetic field. When thebetween the strong-coupling limit of the present model and
magnetic field is applied, the asymmetry grows on accounthe locked-moment model. In the present model the super-
of time reversal symmetry breaking. The third-order cumu-electron spin degree of freedom is treated explicitly and the
lant has a peak @B S/kgT=2. In a strong magnetic field, Coriolis term arises due to the conservation of total angular
the profiles have a narrow peak(&,)/S=1 like Fig. 3. The momentum, while in the locked-moment model the Coriolis
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term is neglected. Consequently, the magnetic susceptibility 2

is always smaller than the locked moment. The susceptibility 15 : . : . tExéeriml_ent
in the present model obtained by perturbation theory is not>' 14 O ooked moment

the superparamagnetic value in any range of the coupling. 'g

We find that the irregular magnetic field response noticed @
in Ref. 11 also exists in the weak-coupling region of the I
present model. The magnetization linearly increases beforey, 1 FA A N
the decoupling and saturates after the decoupling. Then, onc; o8 S
the pseudocrossing between levels in diffef@miccurs, the 8 os

1.4

1.2

magnetization increases again. Before the decoupling, th(§ 04 PN
susceptibility arises as a perturbation of the magnetic field.a 02

But after the decoupling, or once the pseudocrossing take: ' e Ao
place, the susceptibility becomes nonperturbative. Instead 0 08 o6 o8 o o3 o6 o5 12
we need to diagonalize the total Hamiltonian, which is diffi- <_SS_>

cult for today’s computers for high temperatures and large
cutoff angular momentum. Reference 11, including one of FIG. 10. The profile of experiment and two theoretical models
the authorgG.B.), discussed the susceptibility after the de-with the same parameter. We spB% S/kgT=0.593 for both the-
coupling using uniaxial coupling. They found that the sus-oretical models and&zT=2 for the intermediate-coupling model.
ceptibility reaches the superparamagnetic value. Therefore, ifthe ratio of coupling to temperature,/kgT is set to 0.851.
we were to calculate the susceptibility after the decoupling,
the susceptibility would be superparamagnetic.

While an anomalous temperature dependence is reporte . .
in Ref. 1, the calculated susfeptibility is glways positive.pWe enter of Nuclear PhysigsThe authors wish to thank M.

could not reproduce the anomalous temperature dependené%a‘mada and Dr. A. Ansari for their _helpfulladvice. We g_r.ate—
The “superparamagnetic peak” which is seen in the pro- ully acknowledge helpful discussions with Dr. N. Tajima

file obtained by the locked-moment model is not seen in th&SPecially on the various coupling schemes. One of the au-
present calculation even in the strong-coupling limit. As dis-thors (N.H.) would like to thank A. Bulgac for letting him
cussed in Sec. 111 C, the strong-coupling limit of our model is Participate in the program “Atomic Clusters{INT-98-2).
different from the locked-moment model because of the CoJ his work is financially supported in part by a Grant-in-Aid
riolis term. It suggests that the effect of the Coriolis termfor Finance Researc)9640338.
destroys the superparamagnetic peak. If we were able to cal-
culate at such a high temperature that the Coriolis term can
be negligible, the peak would appear in the deflection profile. APPENDIX A: THE DERIVATION OF SUSCEPTIBILITY

Finally, we discuss how to analyze the Stern-Gerlach de- FOR THE STRONG-COUPLING LIMIT
flection funption by our theory. We Calculate.d the cumu]ant In this appendix, we show the derivation of the suscepti-
of the profiles up to third order to characterize the proflles.biIi

. ! ty for the locked-moment limi{Eq. (28)]. In Sec. Il A,
We found from Fig. 6 that the first- and second-order cumuy,, supposed that the susceptibility was described by the
lants are dominant. In particular, the evaluation of the sus

Lo ~>ground band only. The assumption is valid if the bandhead of
ceptibility and second-order cumulant by the perturbatio xcited bands is much higher than the energy of the cutoff
technique gave us the analytical expression of the seconrq?ével that is
order cumulant and magnetic susceptibility for high tempera-~" " '
ture and strong or weak coupling. One can extract the mag-
netic moment and the coupling strength by fitting the ob- B2 (T))2
served magnetic susceptibility and the second-order u’(E’Q—E’i‘)>C—,
cumulant into the calculated second-order cumulant and the 2J
magnetic susceptibility.

For example, we analyzed the experiment fopGtThe  \hare N=7 because the ground band consists of sixfold
experimental temperature is set T6=5 [K] according to degenerate levels.
Ref. 6. Fitting the magnetic susceptibility and second-order The wave function and the energy shift of Coriolis term
cumulant, we extract 1.42 /atom and 0.183K/atom] for  ¢o the ground band were already discussed and turn out to

the magnetic momengs#S and the couplingu’, respec- e Eq.(26) and Eq.(27), respectively. The energy level of
tively. The ratio of temperature and magnetic field becomegpe ground band results in

0sBAS/kgT=0.593. In Fig. 10, we show the fitted profile
and the profile of the locked moment. For both theoretical

hemical Research, Japaand SX4 at RCNP(Research

(A1)

profiles, the ratios of temperature and the magnetic field are 52
same. The temperature for the present model is sé&gTo Emki= Zj[l(l +1)+S(S+1)]
=2. The profile of the present model makes a better agree-
ment with experiment than the one of the locked moment. h2
+2—jl\/||<+u’EiA (i<6). (A2)
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: (A3)

2 (1 MKi7 8 IMKi)|? p( Euwi
X= xp —

- Z(M) .%‘« Vi a[l(1+1)—17(1"+1)— (MK —MK')]—u' (EA-EA) keT

wherea=#2/27. The second term of the energy denominaEﬁ‘,— EiA, , vanishes because of the sixfold degeneracy of the
ground band. The matrix element 8f is evaluated by the wave function of the ground band, (26),

. 21+1
|(I’MK’i’|SZ|IMKi>|2=6KK,5H,h282m|(IM10|I’M)|2|(IK10|I’K>|2. (A4)

One should note that the matrix element is same as the one of the locked-moment Swinitituting Eq(A4) into Eq.(A3),
we get

21+1
s? [(IM10]1"M)|2[(1IK101"K)|? ) A
1 A 21'+1 p( af?[I(1+1)+S(S+1)+2KS]+UuE

Z(T) i 7 7 I(+1)—1"(1"+1) kT

. (Ab)

This is_different from the susceptibility for the locked — (h_ JR47— A (RK4|RK )(Ru40|Ruw)(Sc40|Sc).
moment only in the Coriolis term. Since the average angular Pk, (B1)

momentum is about=600, one can safely evaluate Eq.
(A5), treatingl K as a continuous variable and replacing theAccording to the perturbation theory for degenerate case, the

sum by an integral. Thus we get unperturbed bas&’ (), is obtained as the eigenstates of
Heoup) o :
29 e F¥s (Mool
=—|1- f ef tdt
3 S Jo 2R+1
v =\ ———cDR(Q)®|Se), M=p+o
27 (12" RMav™ N gz K uk LA

2302 e AT (B2)

2 4232 We further take into account the coupling up to the
) second-order perturbation. If we apply second-order pertur-

2 4
Y YX < rQ2\2 4 ..
(1 5BS-|—35(,BS)-|—

9 kel bation naively, the wave functiofB2) is mixed with the
2 h2s? state of differento and one in differenR. But we can ne-
<§ kB_T’ (AB) glect the mixing with states in differerR because of Eq.
(52) in which the energy differences between states of dif-
where B’ =#2/27kgT. ferentR are much larger than the magnetic field. The per-

turbed wave function?2), ., can be evaluated as

APPENDIX B: THE SECOND-ORDER CUMULANT
(0) 0 2
FOR THE DECOUPLING REGIME { L ué |<\1}RM0,V,|HC|\II(R,\)AW>| ©

RMov

(2) = z

- Y RMov ™ -
The ensemble average of the second-order cumulant is 2 T (c—0a')?

determined by(S,)? of each level in the magnetic field and (0) ©)
the energy in the absence of a magnetic field. We first cal- (¥ emor v Hel YRt (0)
culate the wave function in the decoupling region using the ey RMo' v
perturbation for the coupling.
According to Eq.(50), the coupling is much weaker than
the magneti?: field(.q If the coupling w?are to vanish, the super- +ug 2 (const¥ey, ., (B3)
spin is completely decoupled from the cluster and precesses e
about the direction of the magnetic field independently of thgynere Ug=U'/Bgsh and He=Hoyo/U’. Using the per-
rotor. Thus, the wave function of superspin becorjfs), P
and one of the clusters is a linear combinationm'f;k(ﬂ)
for intrinsic quantum numbek. The total wave function is
constructed as a direct product of them. .
The actual wave function is not decoupled but perturbed ﬁ
by the weak coupling. The matrix element of the coupling 2
Hamiltonian of degenerate spach()upDE’;f’ can be calcu-
lated as where

o#o' (U_UI)

turbed wave function, Eq(B3), we calculate(S,)? up to
second order for the coupling:

=02+ U3C,, (B4)
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0
|<’\I,(R|\)/IU’V’|HC|\I,(RO'\)/|UV>|2

A, ,
Cr,=20 2, e = 4?<Rk4K|Rk>.

oto’ (0-,—0-) k=0,t

The energy in the absence of a magnetic field is alsqye can neglect the second-order energy shift, since the

treated as a second-order perturbation of the coupling. Thgecond-order energy shift comes from the mixing with the
first-order energy shim’e(le) is evaluated as the expectation states in differeni®.

value ofHyp for the unperturbed state: We calculate the ensemble average(8f)? using Eq.

(L_ (B4) and Eg.(B5). The Boltzmann factor is expanded for
€ir = (Rud0Ru)(Sr40/Sr)A . (B5) ur=u'/kgT. Neglecting terms higher than second order for
whereA g represents the eigenvalue of ur andug, we obtain

1
(5,2 REM o?—ura?elP+ r uéCz-i-Eu%a'zeslegz-i- -+ |exp(— BER)
ﬁzn av: 1 (BG)
py {1—uTe‘VlF2+§u$eiQ2+ - 1exp(— BER)

The sum ofe{l) which is the eigenvalue oHcoup) E’,ﬁf’ vanishes, sinceH{coyp) E’;f’ is a traceless matrix. Expansion of EB6)
up to second order af; andug yields

(8)ha_S(07) S , 1Sl ) SRS
2 s s s T sy T (87)

whereS(x) is defined as
S()= 2, xexp(~BEg). (B8)
Let us estimate th§(x)’s appearing in Eq(B7):

3(1):; (2S+1)(2R+1)2 exp — BER), (B9)

S(a?)=, ES(s+ 1)(2S+1)(2R+1)2 exp( — BER) (B10)
3 R

Before calculating the othe®(x)’s, we evaluates,|A ,g|?:

8(2R+1
> ARE=THR )= X A2|<Rk+K|4KRk>|2:(—). (B11)
v k=0,x4 « 15
Substituting Eq(B11), we make a calculation of the oth&(x)’s:
8(2R+1) 2R+1 25+1
(1)2y — _
S(ER)=2 —75 9 g P~ BER), (B12)
8(2R+1) 2R+1 (1+2S)[ —190+39S(S+1)]
2_(1)2y _ _
S(o?eR) =2 —5— g 593 exp — BER), (B13)
8(2R+1) 2R+1 —8(2S+1)
S(C)=2 —5— 5 o ©XH—BER). (B14)

Finally, putting Eqs(B9), (B10), (B12), (B13), and(B14) into Eq.(B7), we obtain the ensemble average 8f)? as a function
of the coupling strength:

2
+ 135 heS(S+1)

693 3645

- 1ﬁ2 o1 64 (u'\? [ 4 [-190+395(S+1) u’ \? B1s
<Sz>enav_§ S(S+1) 12158—95 kB_T . ( )
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