PHYSICAL REVIEW A VOLUME 58, NUMBER 6 DECEMBER 1998
Nonergodic behavior of interacting bosons in harmonic traps
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We study the time evolution of a system of interacting bosons in a harmonic trap. In the low-energy regime,
the quantum system is not ergodic and displays rather large fluctuations of the ground-state occupation number.
In the high-energy regime of classical physics we find nonergodic behavior for modest numbers of trapped
particles. We give two conditions that assure the ergodic behavior of the quantum system even below the
condensation temperatuf&1050-294{@8)08612-(

PACS numbg(s): 03.75.Fi, 05.30.Jp, 32.80.Pj

[. INTRODUCTION tained for such traps and since the underlying classical sys-
tem of hard-sphere bosons is chaotic and ergptig.

The understanding of the formation and growth of atomic  Independent of the specific trap potential, the Hamiltonian
Bose-Einstein condensatgk—4] is of considerable interest may be written
and has been investigated experimentally and theoretically R
[5-9]. Bose-Einstein condensates may be formed while the H=Hy+V. D
trapped bosons are in contact with a heat bath and a particle
reservoir(e.g., via evaporative coolifg.0]) or from the evo-  Here
lution of a nonequilibrium state in an isolated system. In a
recent experiment at MIT11], harmonically trapped bosons Ho=2, E;aa; 2
were rapidly cooled below the transition temperature, and the i
subsequent relaxation towards a Bose-Einstein condensate I
was observed and measured. The existing theory uses tllﬁ‘ethe one-body trap Hamiltonian and
Boltzmann equation, which is fundamentally based on the
ergodic StoRzahlansatz. However, this assumption deserves V=X 2 Vjualalaa )
closer scrutiny in the context of bosons in traps. In particular, Lkl
the motion of two particles confined to a harmonic trap is. ) . - - o
integrable for any interaction potential that depends only or$ the two-body interaction. The operatarsanda; annihi-
the distance. Closely related to ergodicity is the questioaté and create one boson in the single-particle trap itate
about the fluctuations of the ground- state occupation numwith energyE;, respectively. They fulfill the usual bosonic
ber in an isolated interacting system. For the noninteractingommutation rules. In what follows, the interaction is chosen
system, these fluctuations have been calculated recently be a contact interaction.

[12,13. Fluctuations of the interacting system are first com- We will study the quantum dynamics ofNxbody system
puted here. of bosons using the occupation number representation. The

The paper is organized as follows. The low-energy quanbasis of states i$a)=[ng,ny, ... ) with =j_gn;=N
tum Hamiltonian and observables of interest are introducednd ala;ng,ny, ... .NY=n;Ing,ny, ... ny). Heren; de-
in the second section. In the third section, we present nunotes the occupation of thigh single-particle statgj). Ob-
merical results of the time evolution of the ground-state ocwiously, the trap Hamiltonian is diagonal in this basis.
cupation number and its fluctuations for bosons in a har- We also note that condensation occursdidimensional
monic and a square well potential, respectively. Theharmonic traps for energids~N*"'%  [15,4], and this is
comparison with a chaotic and ergodic random matrix modethe regime we are most interested in. No Bose-Einstein con-
is presented in Sec. IV. The structure of classical phase spaeensation occurs in square well potentials in two spatial di-
for a system of harmonically trapped hard-sphere particles imensions.
discussed in the fifth section. Finally, the results are summa-

rized in the conclusion. A. Harmonic trap
To be specific, we now consider the case of an isotropic
Il. HAMILTONIAN AND OBSERVABLES harmonic trap in two spatial dimensions. The single particle
In this section we describe the quantum Hamiltonian anostates ardj)=|n;,m;) with energyE;=n;%w and angular

the observables that may indicate nonergodic behavior. womentum m (my=—n;,—n;+2, ... nj—=2n;). We

will consider interacting bosons confined to a harmonic podenote the oscillator wave functions dg(x)=(x|j). The
tential or a square well potential. Magnetic traps, as used iground-state energy is set to zero. In terms of the dimension-
recent experiments, are very well approximated by harmonitess coordinatex=r/dy (wheredy= J%/me sets the length
potentials. However, the square well potential is also of conscale of the trap the contact interactiofB) has matrix ele-
siderable interest, since many theoretical results were obments
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B. Square well trap

Vi = j d?X ¢ (X) &7 (X) (X) by (X)

In case of a square well potential of widll, the creation

ST operatoréjT creates a boson in the single-particle stgte
m+m; [* =|n. . i L= 2 2
__m JJ dXXﬁZM(n-Jrl)/Z mr2(X) —|n21x,nly2> with energy E;=Eq(ni,+nj,). Here, Eq
2 0 I T =h*/2md; sets the energy scale;, andn;, are the quantum

<M M numbers in thex andy directions, and the wave functions are
nj+1/2,\mj\/2(x) (172, mydr2(X) oi(x,y)=2 sin(njxm_() sin_(n]-yq-ry), where distances fex,y

4) =<1 are measured in units df,. States may be characterized
by their behavior under reflection at the axes 1/2, y

HereM , .(x) denotes the Whittaker functidi6] and thes ~ =1/2. (We do not specify the behavior under reflection
function ensures conservation of angular momentum. Th&<Y.) The coupling is given by =4mEqal/d, in terms of
coupling is given byA =4nhwald,, wherea is thes-wave  thes-wave scattering length. In what follows we consider
scattering length. Obviously, the total enefgyand the total ~ those states which have the same symmetry as the ground
angu|ar momenturnvl are conserved quantitiesl Furthermore’state. The Hamiltonian matrix is built up as for the harmonic
the motion of the center of mass decouples from the singletrap. At zero coupling\, the spectrum is highly degenerate
partic|e motion y|e|d|ng a ladder of states Spacedibyfor and thus exhibits shell structure. With increasing coupling,
each spatial dimensiofil7]. Pitaevskii and Rosch have most of the degeneracies are lifted, the entire spectrum is
shown that Hamiltoniaril) possesses an additional SO(2,1) shifted towards higher energies, and the shells overlap very
symmetry[18]. This leads to another conserved quanfity ~SOON. This behavior is different from the harmonic trap
that can be associated with breathing modes. For fixed quatithere the shell structure persists even for relatively large
tum numbersvl andB the spectrum of Hamiltoniafil) con- values of the coupling.

sists of an infinite ladder with spacingi@. The contact

interaction(3),(4) is valid in a dilute system at low energies C. Observables

Vhwl/E>aldy, i.e., the scattering length is small compared  Nonergodic behavior manifests itself in the difference be-

to the wavelength. o tween the time average of a dynamical observable and its
" O”g_ may ,th'”ll‘ Ofbtlh? abtove mo.?;‘al is a real(ljzau;)dn of 8nsemble average. The most interesting observable is the
reedimensional oblate trap withw<w, and a ) A atn .
<aymw,/fi<1. Under these Fc):onditions tzhe Hamilto(r)ﬂan ground state occupation n_umbt_a[,,: a‘T) ao'.Th'S obser\_/able
z ' ' has been measured, and its microcanonical fluctuations have

(1) provides a reliable approximation for a dilute gas of at- : -
oms confined in an oblate magnetic trap at sufficiently Iowbeen computed recently for the noninteracting sys{éj.

excitation energy. The trap used by the JILA group is closesgigee;;T;:;’g&??sfor its expectation value with the trap

to such a trap.
We use in the numerical calculation a basis spanned by (@ey— /Ity A T

the eigenstatesa,E,M) of the trap Hamiltonian(1) with N6"(0=(eUHO e U(D)]e). ®

total energyE<En, and angular momenturM. (a ac-  Here

counts for the different states with quantum numbeys.

Their number i)(E,M); in what follows we may suppress O(t)=exd —iAt/A] (6)

the dependence da,M.) Within this basis, the matrix of the

interaction (3) is set up as follows. After fixing the total is the time evolution operator. In practice, we evaluate Eq.

angular momentunM and the maximal energ¥.« we  (5) by applyingU(At) with a suitable chosedt onto the

choose one(arbitrary N-boson state|a,E,M) with E initial state|a) by using its Taylor expansiof20]. This pro-

<Ema- We then act with the interactiof8) onto |a) and  cedure allows one to treat rather large matrices. The unitarity

onto all the states created by this procedure until the spacs; O(t) was numerically ensured by an error of the norm

with energiest=Enmax _and fixgd _angular momentud is %aLAJT(t)HAJ(t)a) that was smaller than 1%. The results are
exhausted. The resulting matrix is sparse. As one checks o N :
C]c_ompared to the equilibrium value

the numerics we note that the obtained spectra display la
ders with spacings 720 or Ziw result from the breathing Q
mode[18] or the center of mass motidi7], respectively. 0= 2 <a|ﬁo|a>_ 7)
Results obtained after the exact diagonalization of Hamil- =1
tonian (1) were found to be in good agreement with mean-
field theory even for rather small systefi®]. In the case of the harmonic trap potential, this equilibrium
At fixed angular momentum, the spectrum of the t(@p  Vvalue is the ensemble average over®(E,M) states within
consists of equidistant shells of highly degenerate states witine€ energy shell. Note that the states within this ensemble
energyE=2K#Aw. The spacing between the shells 5@ have different values of the conserved quanBtgssociated
[since ever(odd) E,., requires everfodd M]. We label the with the breathing mode. In the case of the square well po-
different shells by their energy quantum numberincreas- tential the ensemble comprises all states within an energy
ing the coupling shifts the entire spectrum towards higher layer SE~57%:%/2mdj aroundE that have the same sym-
energies and lifts the degeneracies partially. However, thénetry as the ground statéE is reasonably smaller than the
spectrum still exhibits shell structure for not too large cou-ground-state energyNem?4%/2mdj even for modest num-
plings and number of particles. bers of particles. Note that these ensembles differ from the

XM n+1)2, myr2(X).
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FIG. 1. Time evolution(thin lineg of the ground-state occupation numk&j for different initial states of theK=4) shell that are

initially away from the equilibrium valuéhorizontal line of crosse@sResults are obtained for a systemMf 10 harmonically trapped
bosons that interact visswave scattering. The coupling }s=0.15 w.

microcanonical ensembles that are determined by energyalue n_0 defined in Eq.(7). As shown in Fig. 1, for

only and do not dgpend on at_jditional quantum number;r.]ga)(o)<no [ng“)(0)>n0] the ground-state occupation
However, nonergodic behavior in a sector defined by addinymber risegfalls] on a time scale involving many periods
tional quantum numbers implies nonergodic behavior in theyng saturates on a highgower] level. However, the satura-

entire energy shell.

tion is lower[higher than the equilibrium occupation num-

A second and more quantitative indicator for nonergodicyer and is obviously different for different initial states. This
behavior is given by the fluctuations of the ground-state ocipgjcates that the quantum system is not ergodic.

cupation number. These are defined by

2
, (8

1 N 1 N
0= 53 (VI 53 (vl

Figure 1 also shows that small amplitude oscillations of
period T/2 are superposed on the time evolution. These os-
cillations result from the breathing mode. Their amplitude is
small because the interaction yields only a small admixture
of states belonging to different energy shells. The existence

where| W (E,M)) are the eigenstates of the interacting sys-of large amplitude oscillations with periods>T seems to

tem. Note that the fluctuation®) depend on.

indicate that only a relatively small number of states within

For an ergodic system, these fluctuations should be venhe considered K=4) shell contribute significantly to the
small since an expectation value should not depend on thgme evolution. This picture is confirmed by the study of the

particularly chosen state within an energy shelllo$tates. It

is useful to compare the fluctuations for the interacting sys-

tem with the fluctuations for the noninteracting system,

_ 1 R _
5”3(0)5”3_%2:52 ({alngla)y—ng)?. 9

To compute the fluctuation@), we diagonalize the Hamil-
tonian (1) in the basiga) and obtain the eigenstatg¥).

IIl. NUMERICAL RESULTS

We describe the numerical results obtained for the har-

monic trap and the square well potential.

A. Harmonic trap
We chooser=0.1%w, N=10 andE, =12 w. This

ground-state fluctuations.
Table | shows the fluctuation®) for different values of
the couplingh and N=10 bosons. Again, we have chosen

TABLE I. Fluctuations of the ground-state occupation number
\/5n02()\) for different shells(labeled byK) and different values of
the coupling\. Systems ofN=10 bosons are considered. For
=0, the states of th&th shell have the energg=2K#Aw. The
shells compriseQ)(E=2K#A w,M=0)=9,31,109,339 states fdf
=2,3,4,5, respectively. The last row shows results expected for an
ergodic system.

space has a dimension of 1530 and according to the criterion ) —q 17

given in Refs.[15] should exhibit condensation. Figure 1

showsng‘*)(t) for a few states of theK=4) shell that have

K=2 K=3 K=4 K=5
A=0.0hw 0.83 111 1.32 151
A=0.0251w 0.56 0.55 0.59 0.64
A=0.0%w 0.54 0.55 0.60 0.64
A=0.07Fw 0.54 0.55 0.60 0.65

0.53 0.55 0.59 0.64
A=0.1%w 0.53 0.55 0.59 0.63
AN=02w 0.52 0.55 0.58 0.64

0.35 0.27 0.18 0.12

initially 2 <n{®(t=0)<N-1. These states have occupation goE

numbers that are initially different from the equilibrium
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Emax= 12hw. With increasing\ the spectrum is shifted to- TABLE Il. Fluctuations of the ground-state occupation number
wards higher energies but the shell structure persists. FO,Z(SnOZ()\) normalized by the fluctuations of the noninteracting sys-
nonzero\ the fluctuations are suppressed in comparison tdem Vong(0) for different shelldlabeled byK) and different num-
the noninteracting case, and are practically independext of bersN_of bosons. The coupling is fixed to=0.025iw. The shells
for 0<A<0.2. The last row of Table I presents the fluctua-S°mPrise Q(E=2KAo,M=0)=9,31,109,339 states fork
tions one would expect in a ergodic system. These findings 2>+ respectively.
confirm the results obtained from the time evolution. They

show that the quantum system is not ergodic in the regime of K=2 K=3 K=4 K=5
low energies and modest number of bosons. N=12 0.71 0.56 0.51 0.46

We also consider th&l dependence of the fluctuations. N=15 0.77 0.65 0.58 0.54
Fixing A=0.02% » and E,;,=12h w, Table Il shows the N=20 0.83 0.73 0.68 0.63
ratio \/5n02()\)/6n02(0) for different numbers of particles. N=25 0.86 0.78 0.73 0.69
One observes that the fluctuations increase with incred¢ing N=40 0.91 0.85

and approach the fluctuations of the noninteracting system
This can be understood as follows. SinBg has been interacting system. Thus the quantum system is not ergodic
2’;:25".:]hener:ﬁggsag?:gggnze;n%ofﬁ nslfh(;ege.asmgc\(l)vrlfh "MNat low energies. We recall that a classical system of hard-
res olngs tg the low-temperature re uime Whe?:ﬁrilost boso sphere particles confined to a square well is chaotic and er-

. pin th ndensat 'IE)h inter l? ns ind mostl §d|c[14]. This classical bghawor is e>_(pect¢d to pe followed
are € condensate. 1he interactions induce mostly SCafy, the quantum system in the semiclassical lif@t,22]

tering within the condensate, and this corresponds to the dizhen the wavelength is sufficiently small compared to other
agonal part of the interaction matri8), which does not |ength scales including the scattering length. However, our
yield any change in the eigenfunctions. contact interaction demands the opposite limit of long wave-

As shown in Sec. V the classical system becomes chaotigengths. One also recognizes in Fig. 2 that the fluctuations
for N®%(a/dy) Viw/E>1. Thus, the classical system is cha- decrease with increasing. One may only speculate as to
otic for the valuesN=40, A =0.025.wv andE=6Aw used in  whether this behavior is tied to the ergodicity of the classical
Table Il. Nevertheless, this property of the classical system isystem.

not reflected by the quantum system. Note that nonergodic behavior of a classically chaotic sys-
tem is not unexpected in the low-energy quantum regime.
B. Square well potential The same observation has been made, e.g. for a system of

_ ) _ one particle confined to the stadium billiaf23] or for an-
We next consider a square well potential, keeping theharmonic many-oscillator systeri4].
same number of boson®E 10) as before. Figure 2 shows

the fluctuations of the ground-state occupation number as a IV. RANDOM INTERACTIONS

f“'f‘C“.O” of energy for different values of the coup.lmg We would now like to contrast the results presented in the
With increasing values of the results have been shifted t0 |55t section with a quantum Hamiltonian that does display
lower energies, such that the average ground-state occupgrgodic behavior. To this purpose, we restrict ourselves to
tion number becomegalmos} independent oh. Figure 2 the states within one energy shell and model the interaction
shows that the fluctuations are relatively large even for thgyy a ((E,M)-dimensional random matrix that is drawn

24 T T T T T T T T

22

2

18
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FIG. 2. Fluctuations of the ground-state occupation num&ﬁm for a system ofN=10 bosons confined to a square well and

different values of the coupling.. (\/Eq=0, 55, &, 5+ . 5 5+ &, 15 from top to bottom. The energy is given in units of,

= 72h22md3.
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FIG. 3. Time evolution(thin lineg of the ground-state occupation numk&j for different initial states of theK=4) shell that are
initially away from the equilibrium valu@,~6. Results are obtained for a systemNof 10 harmonically trapped bosons that interact via
random interactions.

from the Gaussian orthogonal ensemBBOE). Within one . 1 ) —

shell, the results depend only trivially anand the variance (N )= fﬁl dc Py(c) ng '=ng (12)

of the random matrix elements. Our random matrix model is

mopvated by thg observanpn that, Wlthm thg semlclassmaéS expected. Using, we obtain for the variance

regime, fluctuation properties concerning eigenvalues an

wave functions of classically chaotic systems are universal

and coincide with those of the Gaussian random matrix en- on3(GOB)=((n{" —(n{"))2) =

sembleq25,21]. Thus, one would expect that a random in-

teraction would yield ergodic behavior. The appropriate time 2 i i ) i

evolution of the ground-state occupation humber is shown if'n€re 8ng(0) is the variance of the noninteracting system

Fig. 3. As expected, the equilibrium is practically reached bydiven in EqG.(9). This shows that random interactions lead to

every initial state, and the fluctuations are relatively small. & remendous suppression in comparison to the noninteract-
Using random matrix theory, we may also obtain analyti-N9 case and vanish in the. I|.m|t of infinitely many levels.

cal results for fluctuation of the ground-state occupatiorlNOteé that an expression similar to E(L3) holds for any

number. Le{W)=3 ,c,|«) be an eigenvector of the random one-body observable that commutes with the unperturbed

matrix Hamiltonian. Within the GOE the coefficients are Hamiltonian. Table Ill compares the fluctuations of the

uniformly distributed over a-dimensional sphere of unit 9round-state occupation number of the noninteracting system
radius. The normalized joint probability distribution fér with the numerical results obtained with a random Hamil-

2

coefficients is given by26] tonian gnd with the an_alytical_ resu(l3). Obviously, the

fluctuations of the noninteracting system are much larger
r'(Q/2) than those of the random Hamiltonian. One also recognizes
P(Cq, - C)= Tr*k’zr— that the agreement between the analytical result and the nu-

(2=k)f2) merical simulation improves with increasing dimension of
k (Q-k—2)12 the random matrix. These results show that the interaction

x| 1— 2 Ci) (10 mediated bys-wave scattering is very different from a chaos

a=1 simulating random many-body interaction.

To compute expectation values, the average over the energy TABLE IIl. Fluctuations of the ground-state occupation number
shell is now replaced by the GOE average, and we denote the different shells labeled bi¢. Results are shown for the harmonic
latter by bracketg-). This is justified forQ>1 since the oscillator (HO), the harmonic oscillator with random interaction
GOE becomes ergodic in the limit of infinitely many levels; (RM), and the analytical resultl3) derived from random matrix
i.e., each of its members displays the same fluctuation progheory (GOE). The shells compris€)=109,339,1039 states fd¢
erties as the ensembl@2]. The ground-state occupation =4,5,6, respectively.

number of the eigenstat&’) is

K=4 K=5 K=6
n§=(W|hg| W)= c2nl, (11) HO 1.32 151 1.64
« RM 0.20 0.112 0.072
GOE 0.18 0.116 0.072

and its GOE average is
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V. CLASSICAL PHASE SPACE valid for any two-body interaction that depends only on the

It would be interesting to investigate the ergodic proper-d'Stance and vanishes for distances larger than the scattering

ties also at higher energies. Unfortunately, a treatment of thl,_’ength. ) . . .
full many-body system is very difficult outside the low- Let us first consider the two-body system with coordinates
energy quantum regime. However, it is useful to study theand momenta; and p; (i=1,2), respectively. Introducing

classical many-body system in more detail. Within the semicoordinates and momentadi=(F1iF2)/\/§, 5i:(51

classical regime, where the wavelength is small compared tq = 1 /3 shows that the svstem is equivalent to a svstem of
any length scale including the scattering lengthe., p2)/ 2 Y q Yy

; two nonidentical and noninteracting particles in a harmonic
(a/dp) VE/hw>1 [27]], the quantum system is expected to il h h icle with dinats Y
reflect the properties of the underlying classical systen?sc' a.ltor where t .e particle wit coor |na.tqs sges .a
[21,22. Sinai has shown that the classical system of hargSPherical symmetric hard-core potential with radijiza in
sphere particles in a square well potential is ergodic an@ddition to the confining harmonic potential. In the new co-
chaotic[14]. We therefore consider the classical dynamics ofordinate system, single-particle energies and single-particle
a dilute system of hard-sphere particles of radiumnfined ~angular momenta are conserved, which renders the system
to a two-dimensional isotropic harmonic oscillator. At low integrable. Obviously, scattering occurs only if the angular
energies, the corresponding quantum system is governed blomentum of the particle with coordinatgs is sufficiently
the Hamiltonian(1). Of course, in the low-energy limiany  |ow, i.e., 12 <4%%(a/do)][E/fw—(a/dg)?]. Let us assume
short-range two-body interaction wits-wave scattering that the initial conditions of the two-body system are uni-
lengtha would yield the quantum Hamiltoniafl), and there ¢,y distributed over the shell of enerdg. The probabil-
is no reason to choose a hard-sphere interaction. Howevqu of scattering is basically given by integrating
hard potentials induce more chaos than softer ones, and th@(MLZ(a/d V2[E/fiw—(aldg)2]—12) over the energy shell
are easier to treat. This justifies and motivates our specific 0 @ 0 - oy
choice. Nevertheless, most of the results derived below ar' phase space. One obtains

1, 1<¢<2,
P@(g=1 245 9 . 8 3 N 1/5 _ (14)
(E-1)Y2 &1 (¢-1)%2 (¢-1)2 (¢-1)% &

where é=(dy/a)?E/(hw) is a dimensionless parameter. pected we found positive Lyapunov exponents. Thus, scat-
Note thaté>1 in the traps used in recent experiments. Ob-tering between more than two particles yields chaotic
viously, the scattering probability is very small for two-body dynamics in the corresponding fraction of phase space. As a
systems, and this is a consequence of the well-known faaule of thumb, Eq(15) shows that the classical system be-
that the periods do not depend on the energy in harmonicomes chaotic foN>%(a/dg) V& w/E>1.
potentials. For theN-body system we may use E¢l4) to Let us also discuss the case of a three-dimensional cylin-
compute the probability of having at least one scattering. Welrical symmetric trap with axial symmetry. In the absence of
give an estimate. On average, any two particles have a fragateractions the motion in the direction decouples from the
tion 2N of the total energy. There afé(N—1)/2 different  motion in the radial plane. Since a scattering in three dimen-
pairs of particles that may collide. Thus, sions also is a scattering of the particles in the radial plane,
the results(14),(15) derived in this section also hold for
) three-dimensional axially symmetric traps provided the total
P(2¢/N). (15 energy is replaced by thiadial energy. Our results are con-
sistent with the recent theoretical observation that the quasi-
A more accurate calculation of the leading temS/Zg—l/Z particle m_otion_ of collective and single-particle excitations
in Eq. (15) confirms that the estimate is a good approxima-Cf Bose-Einstein condensates is only weakly chaldfy.
tion. Note that Eqs(15) and (14) are valid for any short-
range two-body interaction that vanishes for distances larger
thana. The absence of any scattering for some fraction of
the energy shell is a consequence of the energy independenceWe have studied the ergodic properties of trapped bosons
of the periods in the isotropic harmonic potential. Thus, thethat interact vias-wave scattering. In the low-energy quan-
interacting classical system is not ergodic if the number otum regime we find nonergodic behavior for both the har-
particles is not too large. monic trap and the square well potential. The nonergodic
Let us also consider those regions of phase space thaehavior may be seen in the difference between time aver-
involve scattering among more than two particles. Startingages and ensemble averages and in rather large fluctuations
trajectories in such regions, we computed the Lyapunov exef the ground-state occupation number. For modest numbers
ponent[28] for systems with 2 N<25 particles. As ex- of harmonically trapped bosons the fluctuations are smaller

poo . NNZ1)

VI. CONCLUSION
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than for the noninteracting system and almost independent of We have considered the fluctuation of the ground-state
exact magnitude of the-wave scattering length. For larger occupation number as one observable that is sensitive to non-
numbers of harmonically trapped bosons the fluctuations ogérgodic behavior. Chaotic systems exhibit level repulsion
the interacting system approach the fluctuations of the nonwithin sectors of definite symmetry and may be distin-
interacting system in the low-temperature limit. This ShOWSguished from integrable ones by their level statisf2s,27].
that even the many-body system is not ergodic at sufficientlyyye to its SO(2,1) symmetry the two-dimensional harmonic
low temperatures. ) trap with contact interaction is quite special. Sectors of defi-
The analysis of the classical phase space structure showge symmetry(fixed angular momenturM and fixed value
that, unlike square well potentials, harmonic potentials dq, B) are ladders of levels with spacing:® [18] and are
not necessarily lead to S(izhaotic behavior of trapped interacty, o teq to display the same level statistics as a harmonic
ing particles. Only foN><(a/do) yAw/E>1 is a consider-  gijator, The SO(2,1) symmetry prevents a mixing of the
able fraction of classical phase space chaotic. This iggye|s within one oscillator shell. Breaking this symmetry by
achieved with the presently used trap&i®-40 particles are 5 gmga)| perturbation would introduce some mixing of the
trapped at tem&e{/%tures of the order of the condensation temsyes within each oscillator shell. However, one would not
perature E~N"""" ). The quantum system is expected gypect that ergodicity might be restored in this way since the
to follow the classical system in the semiclassical regime,pseryved nonergodic behavior in the harmonic and the
where the wavelength is small compared to the scatteringquare well traps rather seems to be a wave phenomenon of
length. This is the case fora(dg) VE/Aw>1, andN>3  ine |ow-energy quantum regime.
x10* or N>10* atoms have to be trapped th=3 or d It is also interesting to discuss the growth of the conden-
=2 dimensions, respectively. ) sate in harmonic traps. As long as the shells do not overlap
~ The parameter that compares the strength of the interagmg first-order perturbation theory inis valid, the quantum
tion with the kinetic energy iNa/d, [4]. For the experi-  mechanical time scale set by the interaction is given by the
ments with rubidium at JILA1], lithium at Rice University product 1\ . This may be compared to an approach using
[2], and sodium at MIT[3], one hasNa/dy<1,Na/do>1,  the Boltzmann equation, where the time scale is proportional
andNa/do>1, respectively. Our computations are restrictedig 1/\2 (when transition rates are obtained from Fermi's
to the weakly interacting regimia/do<<1, and as one con- golden rulg. Thus, for sufficiently small values of, the use
sequence we do observe shell structure. It is not obvious thgj the Boltzmann equation in combination with transition
this restriction is also responsible for the nonergodic behavrates resulting from Fermi's golden rule is inappropriate. It
ior observed in this work. The results of Sec. IV show thatyje|ds times for the condensate formation that are too large.

any small random interaction may render the system ergodighs finding is a consequence of the high degeneracy of the
since the noninteracting system is highly degeneratenarmonic trap spectrum.

Whether the quantum system is ergodic also in the low-
energy quantum regime fé¥a/d,>1 remains an open ques-
tion. Given the fluctuationgl3) for the system with random
interactions on the one hand, and the res[dg] for the
noninteracting system on the other, experiments should be We acknowledge discussions with Paulo Bedaque and
able to reveal how ergodic systems of trapped atoms realljurel Bulgac. This work was supported by the Department
are. of Energy under Contract No. DE-FG-06-90ER-40561.
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