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The 0*>0* double gamma decay is calculated for the nuclei C12, 016, Ca4o,
Ge”2 and Zr®°, using a model of the states with spherical and deformed components.
Due to the similarity in the structure of the components, double gamma decay is
always greatly hindered. However, for 0!, the calculated transition matrix is too large

by at least a factor of 3; in Ca*® there is agreement with a recently reported
measurement.

INTRODUCTION

A recent measurement of double gamma decay [1] in the transition
Ca4°(0; >0}) makes a review of the theory of nuclear double gamma decay
worthwhile. In the previous theoretical literature [2-6], estimates of transition rates
are either highly inaccurate or otherwise unreliable. An improved estimate is derived
below, making use of the energy-weighted dipole sum rule.

The 0*> 0* transitions between low-lying levels are interesting because there is
still much uncerta.inity- about the structure of excited 0* states. The decay normally
proceeds by pair production or by internal conversion, which depend on the
transition matrix element

Mgo = Z 1 (1)
This matrix element is of the order of a few fm? which is what one would expect
from a single-particle transition. Double gamma decay is proportional to the second
order E | matrix element,

M =Z;z_|l>ﬁl_z (2)

2 p.p 1 P Ei-EO P
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(1990),
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Experimentally it is very weak and the limits are much less than the prediction of a
single-particle model. Parenthetically, it may be noted that atomic 0*+ 0* double
photon decay has been observed [7,8] and can be accounted for quantitatively with
simple atomic theory [9,10].

Before deriving the estimate for double-gamma nuclear decays, it is valuable to
understand physically why the matrix element should be small between low-lying
states. In 4N nuclei, the low-lying states tend to have maximum spacial symmetry.
On grounds of maximizing the potential energy, it seems reasonable that the low
excited states have similar relative wavefunctions for fully symmetric pairs, and
differ mostly in the relative wavefunctions of nonsymmetric pairs. If this is so, the
photon operator appearing in the double gamma decay, Fi.‘rzzi, cannot easily
connect the two states in second order. The first application of the operator must
break a fully symmetric pair, since it produces a T=1 state from a T=0 state. The
second operator can either restore the symmetry of the broken pair, or break a
further symmetric pair, but in neither case would the wavefunction have a
significant overlap with the orthogonal 0*. This argument is especially easy to follow
with the alpha particle model. If two states are constructed from orthogonal
wavefunctions of the coordinates of the alpha particles, they cannot be connected
by asuccession of E1 operators.

THEORY -

The two photon decay rate for a 0*+>0* transition in a T=0 nucleus is given by

1 4 1 e? 7 2
- E.-Eo) M 3
h 1057 (hc)® o) EimEp' My, 3)

This is the formula of Oppenheimer and Schwinger [11], corrected by a factor of

two.

For the nuclear model, we assume that the wavefunctions are mixtures of

deformed and spherical states,

|07> = a|spherical>+b|deformed>

@)
|O*2'> = b|spherical>-a|deformed>
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More detailed specification of the states and the mixing amplitude can be found in
the calculations of Brown and Green [ 12] for O'%, and Gerace and Green [13] for
Ca*?, We shall use the empirical monopole matrix element to fix the admix tures
coefficients, and so eliminate some of. the dependence on the many assumptions that
went into the above-mentioned calculations.

The transition matrix element can be written

M =3 ab(<sphen'cal|zln>2 - <deformed|z|n>? )2
27 n El - En

(5)
+ X (a* - b?) (<spherical {z| n><n|z| deformed>/E;-E
n

The second term in this expression is small, as will be shown below. To evaluate the
first term, we consider only the giant dipole state as an intermediate state. It

certainly seems safe to neglect nearby 1~ states, since they have very small dipole

strength. The matrix element is then

M =~ ab (<5Pheﬁ031|2| spherical dipole>?  <def, |z; def. dipole>2
Ei-E Ei - Eget. dipole

) (6)
spherical dipole

The two terms in this expression very nearly cancel. In fact, with oscillator

wavefunctions they cancel perfectly. To assess. the residual in the difference, we

make use of the Bethe-Levinger dipole sum rule [ 14].

2
T 7 -
mp el n> EimEp) = 5 o5 () o

where X is a constant ~0.4.

We shall apply this to the spherical and deformed components separately.
Theory suggests that the dipole state of a deformed nucleus is split into two or more
components, the energy of a component depending inversely on the length of the

principle axis [15]}. Suppose we describe the intrinsic deformed state by a charge

distribution with

<z?>~R2 (1 +¢/3)

(8)
<x2> = <y?>~ R2(1-¢/6)>
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The para}neter e, defined ih ref, [15], is connected with the usual deformation

parameter by

Q

g~ 2/3 15T-e

Then the dipole matrix element along these axes will satisfy

<def. |z|def. dipole>? ~ ~ R (1 +¢€/3)

1
Bz %)
<def. |x|def. dipole>? ~ El ~ R, (1 +¢€/6)

X

Inserted in Eq. (6), we find for the leading term in the two-photon transition

operator,

M. o= ab2NZ (2 L 3y (10)

2
» MA 3 Edipole

We now consider the monopole matrix element for the same transition, which

in the present model is given by

MEO = ab (<§r2 >sphen’cal -< Epr2>def.) (1 ])

Evaluation of this difference requires detailed knowledge of the structure of the

intrinsic states. The most reliable model is probably the harmonic oscillator -SU(3)
model developed in ref. [12] and [13]. In this model the deformed component is
primarily a 4p-4h state, each particle having one more oscillator quantum than the
hole. We shall also assume that when the particles are promoted to the next
oscillator shell, the core will deform to keep the interior density constant
Multiplying the valence contribution to the monopole matrix element by a factor of
two to account for the core deformation, the following expression for the monopole

matrix element is obtained.

12
MEO = ab 4/V ( )

Here v is the oscillator size parameter which appears in the oscillator wavefunctions

as /T To relate this to the two-photon transition matrix element, we also need
. . 2

the deformation of the intrinsic state. This is determined from the expectation of r

along the three principle axes of the intrinsic wavefunction,
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<22 e, _ RI(1+e/3)? _ RUELDY )2 (13)
<x2,y?>4er R2(1-€/6)? n/3-u/2

In the last equation, the ratio is evaluated in the SU(3) model, with a core
deformation given by Arima and Yoshida [21]. Here (A,u) are the SU(3) quantum
numbers of the deformed state, and nis t}}e total number of oscillator quanta in the
spherical state. In the table below, we use Eqgs. (10), (12), and (13) to extract double
gamma matrix elements from the experimental monopole rates. For one nucleus in
the table, Zr°°, we have modified the model, since the 0* states differ only by a
proton pair [.20]. For the spherical state, the fp shell is assumed to be closed. In the
deformed state, two protons are promoted from the p%_ orbit to the g,,, orbit.

The calculation of the monopole matrix element required knowledge of the
core polarization, which is not well understood. We therefore mention two other

models for the mean square radius of a state. The liquid drop model assumes that

the nucleus is an incompressible spheroid. Then the mean square radius is related to

the deformation by

<1*> ~ 3/5 R? +77§ R? ¢2 (14)

with R the nuclear radius. This model has been used in the discussion of isotope
shifts [24] and Coulomb energies [25] in the rare earth region.

In the light nuclei, however, much too large a deformation is required to
explain the monopole matrix element. The reason for the failure of the model is that
the actual deformed state has large density fluctuations in relatively small regions
near the surface. The liquid drop model has a small density fluctuation spread out
over all the surface, so it produces a change in <r2> only of ordere? .

Another model for the density distribution of the deformed state can be
constructed by removing an alpha particle from just below the surface of a spherical
density distribution and placing it just above the surface on a different part of the
nucleus. To maintain the density as nearly uniform as possible, the radius vector of
the alpha particle must be increased by ~2 fm. This construction gives a monopole
matrix element in agreement with the microscopic model for O!¢, as indeed should

be expected from the known success of the alpha particle model here [22].
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However, for heavier nuclei, this construction yields a monopole matrix element
about twice the SU(3) value.

We now turn to the second term in eq. (5), the second-order matrix element
between spherical and deformed components. To estimate this we need the full shell
model description of the states, including two-particle two-hole components of the
wavefunction. Since the two-photon operator can only change the shell occupation
number by two, the spherical component will not connect directly with the 4p-4h
component. Furthermore, it turns out that the matrix element is hindered by the
selection rule in the asymptotic quantum numbers of the deformed orbits. Rather
than try to determine from calculated wavefunctions the degree of hindrance, we
look at the systematics of low transitions in nearby nuclei. For example, for the
147> 1% transition in F!?, the matrix element <z> is only 3 x 107 fm. In Ar®?, the
El decay of 3/2%1.56)>3/27(1.26) has a matrix element 10 fm. We then estimate

the two-photon matrix element as

M, ~ 10° x1/3x% ~ 2x 10

The first factor is a squared E1 matrix element. The second factor is a reasonable
energy denominator for a 1p-1h or 3p-3h deformed state, and the third factor is the
wavefunction overlap <OpOh|2p2h>+2p2h| 4p4h>, with wavefunctions of ref.
[12,13]. The result is much smaller than the contribution diagonal in particle-hole
number, so it is neglected.
RESULTS

As may be seen from the table, the predicted two-photon matrix element
decreases sharply in heavier nuclei. This is a consequence of the smaller
deformations in the heavier nuclei. The Ca*® number agrees with the reported
measurement of a branch of 4x10™ in this nucleus. However, the same model
predicts a rate 10 times the measured limit in O!6., The more detailed
three-component models will yield a two-photon matrix element about half as big,
since the 2p-2h state has only half the deformation. Improvement of the model with
triaxial deformations has negligible effect. Thus we conclude that, while the
smallness of the two-gamma matrix element is understood in a qualitative way, itis

still not possible to make a quantitative calculation.

S S N S — S| o B e d ]

T e RS

i b T

i ot

s Y N

[© SSERSHEREE gh b

Nucleus Exper
M

EC
c'2 5.5
o!s 3.8
Ca 0 2.6
Ge7? 2.8
Zr®0 1.6
The author

several discussions

ok

Supported in pa
E. W.Beardswor
B. Margolis, Nuc
J. Yoccoz, J. Phe
J. Eichler and G.
D. Grechukhin, |
G. Bertsch, Phys
M. Lipeles, R. Ni
R. Marrus and F
(1970).

9. J. Shapiroand G
10. G.W. Drake, G.,
11, J. Oppenheimer :
12. G. E. Brownand
13. W.J. Gerace and
14, J. S. Levinger anc
15. M. Danos, Nucl.

16. H. Crannell and 1
17. ' S. Devons, G. Go
18. R. Kloepper, R. [



Double Gamma Decay in Light Nuclei 243
iatrix element
I Nucleus Experimental " Theoretical Experimental
1atrix elemenf | MEO(fmz) A\, 1) € ab sz Mz-y
d the full shel] | (fm? /MeV)
Jonents, olithie 12 550161 (12,00 195 047 2x102
ell occupation 3 Q16 3.8117] 8,4) 1.50 0.32 1x1072 <3x 1073 [23]
vith the 4p4h |  Ca %0 2.6 [18] (12,6) 066 0.18 5x10° 6 x10° [1]
-3

ndered by the Ge7? 2.8[19] (16,8) 054 10.18 9 x l()_4 ;

Zr9° 1.6[18 8,0 0.15 0.09 4 x 10 <6x 10722
orbits. Rather : f ‘ [18] x (8,0) X X [22]
hindrance, we |
ample, forgtic ACKNOWLEDGEMENT

n. In Ar®?, the

The author thanks E. Beardsworth for prompting this investigation and for
: then estimate

several discussions.

3 REFERENCES
Supported in part by the National Science Foundation.

3k

1. E. W.Beardsworth, et al., Bull. Am. Phys. Soc. 17, 91 (1971), and thesis, Rutgers University.
is a reasonabls ;2. B.Margolis, Nucl. Phys. 28, 524 (1961).
p 3. J. Yoccoz, J. Phys. Rad. 22, 685 (1961). .
rd factoris the S B 4 ). Eichler and G. Jacob, Zeitschrift £ Physik 157 286 (1959).
ictions of ref. 5. D. Grechukhin, Nucl. Phys. 62, 273 (1965).
in particle-hole 6.  G. Bertsch, Phys. Letters 21,70 (1966).
7. M. Lipeles, R. Novik, and N. Tolk, Phys. Rev. Letters 15, 690 (1965).
8. R. Marrus and R. Schmieder, Phys. Rev. A5, 1160 (1972); and Phys. Rev. Letters 25, 1692
(1970). .
natrix element . 9. J. Shapiroand G. Breit, Phys. Rev. 113, 179 (1959).

f the smaller 5 10. G.W. Drake, G. A. Victor, A. Dalgarno, Phys. Rev. 180, 25 (1969).
h the reported ! 11. J. Oppenheimer and J. Schwinger, Phys. Rev. 96, 1066 (1939).

- 12, G. E.Brownand A. M. Green, Nucl. Phys. 75, 401 (1966).

| 13. W.J. Geraceand A. M. Green, Nucl. Phys. A93, 110 (1967).

more detailed 14. J.S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950).

15, M. Danos, Nucl. Phys. 95, 23 (1958).

the model with . 16. H. Crannell and T. Griffy, Phys. Rev. 1368, 1580 (1964).

. 17. 3. Devons, G. Goldring and G. R. Lindsey, Proc. Phys. Soc. (London) 67, 134 (1954).
hat, while the ] -
18. R. Kloepper, R. Day and D. Lind, Phys. Rev. 114, 240 (1959).

1e same model

out half as big,

tative way, it is



=

s

T

i

244 George F. Bertsch

19. D. Alburger, Phys. Rev. 109 (1958) 1222,

PROPOSED S1

20. B. Bayman, A. Reiner and R. Sheline, Phys. Rev. 115 (1959) 1627.
21. A. Arimaand S. Yoshida, Nucl. Phys. 12 (1959) 139.
22. G. Bertsch and W. Bertozzi, Nucl. Phys. A165 (1971) 199.
23. D. Alburger and P. Parker, Phys. Rev. 1358 (1964) 294. University
24. L.S.Wuand L. Wilets, Ann. Rev. Nucl. Sci. 19 (1969) 527.
25. J. Nolen and J. Schiffer, Ann. Rev. Nucl. Sci. 19 (1969) 471. T

) Argonn

By comparison
large alpha-particle i
. Suggests that the d
ﬁ classification (A) = (

P A ——

Wormald and Wri
EG(P,’)’)”F, and !B
_.136-MeV 3/27 state

it and second excite
Yught. The & width:
@y to the ground st
LCited states. Such f:
&-136-MeV state of !
?ch large o widths to t.

TABLE

Decay

T

T

i
L Ne(5.785)> 160(g.
'F(10.136)> 15N(5.3

5(10.136)> 15N(5.2

T Refs. [3,4].
Ref. [1].



