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Abstract 

Off-shell propagation of nucleons is neglected in one-body transport models of heavy-ion collisions, but could be 
significant in processes that are limited by phase space, such as the threshold production of heavy particles. We estimate 
the relative magnitude of off-shell production to on-shell production of the N’ ( 1535) resonance in heavy ion collisions. In 
the region where the on-shell production is dominated by a two-step mechanism with an intermediate A, we find that the 
contribution of off-shell scattering between projectile and target nucleons is indeed small. Beyond the latter contribution, 
however, correlations in the initial wave function produce off-shell contributions which can exceed those of the on-shell A 

mechanism. 

PACS: 24.1 O.Cn; 25.75.+r 
Keywords: Nuclear reactions; Threshold production; Heavy particle production; Nucleon resonance effect; Correlation effect; Off-shell 
propagation; Many-body interactions 

One-body transport theory is widely applied to in- 
terpret heavy-ion reactions. In the usual application 
of the theory, such as with the Boltzmann-Uehling- 
Uhlenbeck (BUU) equation [ 11, one assumes that 
particles propagate classically between collisions. A 
more complete theory would allow off-shell propaga- 
tion of particles; the validity of BUU and similar the- 
ories depends on these off-shell effects being small. 

Recently the claim has been advanced that near- 
threshold heavy-particle production in nucleus- 
nucleus collisions is mediated by intermediate pro- 
duction of delta resonances [ 2-71. The conclusion 
was based on studies within the BUU theory, and thus 
depends on off-shell propagation being insignificant. 

Our objective in this Letter is to estimate off-shell 
effects for such processes. We will make several dras- 

tic simplifying assumptions, in order to derive simple 
formulas. First, we shall consider the stationary rate 
of production from the initial distribution of nucle- 
ons in the colliding nuclei. We also neglect the Fermi 
momentum of the nucleons, assuming that in zeroth 
order they are in momentum eigenstates at the beam 
and target velocities. The sensitivity to off-shell ef- 
fects should be highest below the energy threshold for 
the heavy particle in a two-body collision. At such en- 
ergies the lowest graph that contributes involves three 
particles, as shown in Fig. 1. In the graph, the parti- 

cle labeled by k3 is a baryon resonance such as the 
N*( 1535). The intermediate particle, labeled by R, 
could be a delta resonance or a nucleon. The kinemat- 
ics is such that a nucleon always propagates off its en- 
ergy shell; the delta may be on shell or not depending 
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Fig. 1. The graph for heavy particle production below the two-body 
threshold. 

on the momenta in the final state. 
The two interactions will be much simplified; at the 

moment we denote the two matrix elements as Mi and 
M2. Then the amplitude to go from an initial state with 
momenta (pI ,p2,p3) to a final state with momenta 
(ki,k2,k3) is 

MlM2 

AE + ir/2 
(1) 

where AE = E(pl) + E(p2) - E(ki) - ER(PI + 

p2 - ki) and E(k) = (m* + k2)‘i2. The f in the 
propagator is the width of the intermediate resonance 
in the medium. The rate for the reaction is given by 
the modulus squared of the amplitude ( 1) summed 
over final states and multiplied by the initial nucleon 
densities, 

W= PIfw3 m@q (2*)3 s d’k, d3k2 d”k3 ,M,,2 

1 

’ (AE)2 + r2/4 
IW2 

x (271-)4S’4’(k,+k2+k3-~~-p2-p3). (2) 

It is convenient to write this in the factorized form, 

w = plp2 s d”k, d4kR 
---l~MI12 
(27r)3 (277)4 

r 

’ ( AE)2 + r2/4 
(2n946’4’(k, + kR -PI - p2) 

1 
x -p3 

r s 

x (2n-)48(4)(k2 + k3 - kR - p3) 

J’ 

d4k d4Wm-m TNR-NN' 
= R 

dk”, r ’ 

where we have replaced the SC4)-function in (2) by a 
convolution of two functions. In the last line we have 
expressed the rate as the product of a rate for produc- 
ing a generally off-shell particle, WNN+NR, times the 
branching ratio for that particle to produce N* before 
disappearing from the system, f N&+v,v* ,/r. Beyond 
this, T-‘d4WNN,~R/dki in (3) represents a contri- 
bution of the NN interactions to the number of off- 
shell particles R per unit phase-space and energy at 
any instant. We will return to this interpretation in the 
conclusion. 

When a delta is produced in the intermediate state 
of the reaction and propagates on shell, the integral for 
the rate is dominated by the region of the integrand 
with AE N f due to the factor ( (AE)2 + r2/4)-‘. 
Assuming that all other factors in the integrand are 
constant over this range, the integral over ki can be 
evaluated using 

J’ dk”, r 

27~ (kO, - &(k,))2 + r2/4 = *’ 

The result is 

wd = PIP2 .I d’k, d3kd 
--1~112 (zT)3 (zn)3 

(21r)46’4)(k, + kd -pi - p2) 

s 

d’k2 d3k3 
-----_(~212 
(2,rr)3 (2,rr)3 

(2~)~+~‘(k~ + p3 - k2 - k3) 

s daNA 
dWNN-+NArNA+NN* 

daNA rA 

(4) 

(5) 

Here WNN_N~ is the physical rate for producing on- 
shell deltas in the medium. 

When the off-shell propagation dominates, we can 
neglect f in the denominator in Eq. (2). The integra- 
tion over momenta in Eq. (2) is conveniently done 
by going first to the c.m. frame of particles 2’ and 3’ 
in the final state, which allows an angular integration 
to be done trivially. The integral that remains to be 
evaluated for the off-shell rate is then 

4lr 
woff = PIP2P3 c2,rrp 

km, 

X s s dkl dfh, k:kwlrz ‘T,;;;‘. (6) 
0 
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reduced mass associated with k2, kl is the momentum 
in three-body c.m. frame, and the limit k,,, is deter- 
mined by the threshold where k2 = 0. 

The interesting quantity for our purposes is the ratio 
of the rates by the two mechanisms. We reduce Eq. 
(5) in the similar way we derived Eq. (6)) obtaining 

wA PlP2P3 b?r cm-- 
rA (2r)4 

d~k,kryk,k21Uk*IM1M212. 

(7) 

Here ki is in the NA c.m. frame. Assuming now that 
the variation of elements MI ,2 is small on the scale of 
the integrations, the ratio of the two rates becomes 

The r.h.s. of Rq. (8) depends only on r and kinematic 
quantities; the dependence on matrix elements is can- 
celed out by our assumption that they are the same for 
nucleons as for deltas. 

We are now ready to evaluate numerically the rel- 
ative contribution of the two mechanisms. We choose 
an initial beam momentum of pb = 1.9 GeV/c, which 
is below the two-body threshold at 2.1 GeV/c, but 
above both three-body thresholds. We take the mass 
and width of the delta to be l?lA = 1.23 GeV and rA = 
0.12 GeV. First, let us consider first the situation where 
particle 1 is from the beam and the other two are in 
the target, i.e. (p~,p~,pj) = (pb,O,O). For the delta 
mechanism, the first scattering (between 1 and 2) pro- 
duces a delta whose momentum in the NA c.m. system 
is kA = 0.5 GeVlc. There is enough energy to produce 
an N* ( 1535) only if the delta goes forward; the solid 
angle integratiOII in Eq. (7) extends Only over fi2;1 5 
0.2 x 47~. The approximate magnitudes of the other 
quantities in this angular range are k2 = 0.2 GeV/c 
and p N mN/2. For the off-shell mechanism, there is 
no kinematic restriction on the intermediate state and 
the full range of solid angle contributes. The range 
of the kl integration is determined by the available 
energy to produce the N* ( 1535); for our conditions 
k max NN 0.4 GeV/c in the three-body c.m. frame. The 
remaining quantity to include is AE x -0.5 GeV/c. 
One can estimate the integrals with these numbers to 
get a ratio W&WA z 15%. 

From this result the on-shell theory looks reasonably 
accurate, but we still have to examine other combina- 
tions of projectile and target particle in the basic graph 
in Fig. 1, It is sufficiently general to consider one par- 
ticle from the projectile and two from the target, but 
we need also to consider the case where 1 and 2 are in 
the same nucleus, i.e. (pi, p2,p3) = (O,O,pb). Now 
the first interaction represents an initial-state correla- 
tion. It obviously cannot make an on-shell delta, but it 
can give a nucleon the momentum needed to produce 
a heavy particle in the second interaction. The energy 
denominator is small in the kinematic region where 
kl is maximal and in the forward direction, reaching 
AE = -0.01 GeV at the limit. However, phase space 
favors larger values of off-shell energy with phase- 
space average being (AE) x -0.1 GeV. The ratio of 
integrals with these numbers is W,,,,/WA M 3. 

Thus we find that the mechanism involving initial 
state correlations will dominate the threshold produc- 
tion of heavy particles, at least early in a reaction. 
Under this mechanism, the target correlations cause a 
target nucleon to acquire a large backward momen- 
tum before it interacts with a projectile nucleon. In the 
example above, the momenta of the nucleon moving 
backwards in the target frame range from 0.1 GeV/c 
to 1 GeV/c. While this nucleon is highly off-shell, 
overall enough energy is gained in the two-nucleon 
frame of two nucleons to allow the final heavy-particle 
production. Generally, because of the presence of en- 
ergetic nucleons from the other nucleus, the high mo- 
menta from correIations can play a role and materi- 
alize in interactions. When PI and p2 are from the 
same nucleus, then r-’ d4WN,++NN/dk4 in (3) rep- 
resents simply a contribution of NN interactions to 
the ground-state nucleon spectral-function. When the 
heavy particle production is to take place deeply be- 
low the NN threshold, the correlations involving just 
two target nucleons may not suffice to generate the 
necessary energy in the three-body c.m. frame. It may 
be then advantageous to involve more nucleons in 
the initial-state correlation. The view that correlations 
dominate threshold production has been implicit in 
calculations of Ref. [8] and the effects of two- and 
more-particle correlations have been included there. 
As a heavy-ion reaction progresses, the balance in the 
rates may shift from the mechanism involving corre- 
lations to the mechanism with on-shell particles only. 

As the ground-state correlations have been studied 
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Fig. 2. Momentum occupation in nuclear matter at p = po/4. The 

solid line is our result, Eq. (9), applicable for k > kF. The dashed 

line is the result of Ref. [9], including the region for k < kF as 

well as correlation contribution for k > kF. 

over the last few years using an extensive apparatus 
of many-body theory, an impression might have been 
gained of an inherent complexity contrasting with the 
simple considerations made here. To counter such an 
impression, we compare our estimate with the results 
of many-body nuclear-matter calculations by Benhar 
et al. [ 9 J , who used a realistic interaction. Fig. 2 shows 
the contribution of correlations to high-momentum 
phase-space occupation from Ref. [ 91 and from Eq. 

(3), 

1 
&orr(k) = ___ 

4(2~)~ s 

1 d4Whw-NN 
dk” F 

dk4 

(9) 

In (9) we express the NN matrix element in terms of 
cross section, CTNN = (m2/87r)IM12, and allow for a 
momentum dependence of the mean held; comparison 
in the figure is made for CTNN = 40 mb, nr* = m, and 
p = p0/4 (since we ignore the Pauli principle). The 
result of a complicated calculation and our expression 
compare favorably for k > kF. Our result could be 

improved, for k > kp, by implementing the Pauli prin- 
ciple for kl in (3) and spreading momenta pt and p2 
over the Fermi sphere; strength factors could be added 
for the latter particles. 

In calculating our rates we make rough approxima- 
tions, but we believe that the ratios we report are in- 
sensitive to the details of the assumed wave functions. 
The neglect of the Pauli principle and the Fermi mo- 
mentum would affect the rates differently if the final 
nucleons had low momenta in the nuclear frame, but 
this is not the case. The phase space favors the parti- 
cles kl , k2, and k3 all slow in the three-body center of 
mass, i.e. with momenta way out of the Fermi sphere. 
With regard to the calculation of WC,,,, the energy de- 
nominator reaches a small value on the Fermi energy 
scale but the one favored by phase space is large com- 
pared to a half of any possible width that a state might 
have for E < EF. 

We conclude with a few remarks on possible inclu- 
sion of correlations in BUU calculations. An important 
concept here is the time associated with the off-shell 
propagation. In scattering, a time delay T may be as- 
sociated with the propagation of the nucleon given by 
T=~T/((AE)~+~~/~) [lO,ll].Therinthecase 
we considered is very short, which would allow the 
effects to be treated as an effective three-body inter- 
action. A phenomenological model to introduce such 
many particle interactions into calculations has already 
been described in Ref. [ 121. 
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