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Abstract. We investigate the effects of the atomic cores on
the Mie resonance in lithium metal clusters, perturbing a
jellium Hamiltonian with zero-range pseudopotentials.
The resonance is red-shifted with respect to the classical
formula by core effects, most important of which is the
increased effective mass due to the core potentials. Much
of the large shift seen in lithium clusters is thereby ex-
plained if the strength of the pseudopotentials is taken
from band structure calculations. However, such pseudo-
.. potentials cause the resonance to be greatly broadened,
. contrary to observation.

PACS:3640.+d; 78.20. —¢

I. Introduction

A prominent feature of the response of alkali metal clus-
ters [1] is a strong concentration of strength at a fre-
quency near that of the classical Mie resonance,

] /e* N )
Oy =1/ o5 (1)

Here N is the number of valence electrons, R is the radius
of the cluster, and e and m are the electronic charge
and 'mass, respectively. The observed resonance fre-
quency is always lower in alkali metals than the classical
value, however. This red shift is particularly prominent
in lithium clusters:[2], where it amounts to ~27%.

The origin of the red shift has been somewhat of a
puzzle: to cluster theorists. The shift is properly repro-
duced in quantum chemistry calculations [3, 4], but
these studies give no clue as to the physical origin of
the shift, and the technique is limited to small clusters.
. For larger systems, the response must be calculated in
--a more tractable theory, such’ as linear response with
the local density approximation, also known as RPA.
Using the: RPA in a jellium approximation, one: finds

a strong concentration’ of strength slightly red-shifted
from the Mie formula. The reason for the shift is the
spill-out effect, which is that the effective electron radius
is larger than the jellium core radius R. In effect, the
R in (1) should be increased slightly because of the single-
electron quantum mechanics.

There are other physical perturbations on the jellium
picture’ which affect the Mie resonance. The core elec-
trons, which in the jellium model are frozen into the
ionic charge, can polarize and give the environment of
the valence electrons a dielectric constant larger ‘than
one. This effect is estimated in Appendix A; it is small
except for the heaviest alkali- metal, Cs. In particular,
the core polarization is negligible for the metal with the
largest Mie red shift, namely Li.

In this work we will consider the effect of the ionic
cores on the resonant frequency in lithium clusters. In
the metal there is a large red shift in the measured plas-
mon resonance [5] which may be interpreted as a band
structure enhancement of the effective mass [6]. Effects
of ionic core potentials have previously been considered
on the structure of metal clusters [ 7] and on their Mie
resonance [ 8, 97. However, [8] and [9] approximate the
core potential by a spherical average. This may leave
out important lattice effects; as we shall argue in the
next section: Our approach will be to take a simple mod-
el for the pseudopotential, but to treat the lattice struc-
ture explicitly.

II. Core potential effects

The core potentials act to: increase the effective mass
of the electrons. Naively looking at (1); an effective mass
enhancement should produce a red-shift for the Mie res-
onance. To capture the physics of the effective mass en-
hancement, we should first understand how it:comes
about [10]. There are two reasons why the core potential
increases the effective mass in the metallic lattice. Funda-
mentally, the requirement that the wave functions of the
conduction electrons be orthogonal to those of core elec-
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Fig. 1. Ton core effects on electron energies showing a band gap
at the edge of a Brillouin zone. The parameters are appropriate
to (bee) lithium metal in the I'N direction

tron decreases the phase available to the conduction elec-
tron.  The . restriction is stronger for low-momentum
states in the conduction band than for high-momentum
states, raising the energy of low-momentum states. This
is included in the usual treatment of band structure with
pseudopotentials; this effect appears because the pseudo-
potential is repulsive for s-waves but attractive for p-
waves. The states in the band have mainly s-wave charac-
ter at low momentum, and acquire more p-wave charac-
ter at higher momentum.

There is a second reason for the effective mass en-
hancement which is more directly associated with the
lattice regularity. Consider the single-particle energy-mo-
mentum dispersion curve, sketched in Fig. 1 for a large
system. In the jellium model, the energies are pure single-
particle kinetic energies, given by #? k?/2m. This is indi-
cated by .the dashed line. The ionic cores give rise to
a band gap, perturbing the energy levels as depicted.
For an alkali metal, the Fermi momentum is somewhat
below the band edge. The important point is that the
slope of the dispersion curve at the Fermi momentum
is decreased by the perturbation. The band energy will
therefore have an effective mass m* > m. Putting this into
(1), the resonance would be red-shifted.

The first effect, a smooth momentum dependence of
the ionic core potential, can be estimated rather simply
considering the ionic cores as a perturbation on the jel-
lium single-electron Hamiltonian. This is done in Appen-
dix B. For lithium, the effective mass obtained this way
is about 1.3m. Effective masses in this range may also
be inferred from band structure calculations of the single
particle energies. For example, Table 4 of [10] gives a
fit to the smooth part of the energy dispersion, which
implies an effective mass of 1.3m. Similar dispersion
curves may be found in [6, 15].

The lattice regularity also induces an enhanced effec-
tive mass. When the Fermi surface is near the edge of
the Brillouin zone, the coherent mixing with nearby
states in the next zone increases the level density as well
as producing the band gap. The band calculation of [15]
gives 6.73 states/Ry/atom at the Fermi surface, implying

Table 1. Parameters of the ion effective potential in (2)

by b, by
(eV-A3) (eV-A%) (eV-A%)
T-matrix 8 20 -2
I Local 29.8 0 0
11 p-wave —0.5 18.7 0
111 s+ p-wave 29.8 9.4 9.4

an effective mass m* =1.56m. [6] quotes an optical effec-
tive mass of 1.48. The difference between these numbers
and the smaller effective mass in the previous paragraph
indicates the importance of the specific lattice structure.

It is not possible to include a realistic atomic core
potential in the calculation of any but the smallest finite
clusters, due to computational limitations. We shall
therefore use a very simplified pseudopotential to study
the effects of the ion cores in moderate size clusters. Since
we consider the perturbation from the jellium model to
be small, the detailed form of the pseudopotential should
be irrelevant if its momentum dependence is treated pro-
perly. We are thus led to consider momentum-dependent
contact interactions. With s- and p-wave perturbations
treated separately, the explicit form of the pseudopoten-
tial is

v=b, d(r)—b, V~5(I‘)V+%(V25(F)+5(I‘) 7). (2)
This potential has plane-wave matrix elements given by
klvlk'y=by—b, k.k’—%(k’zﬁ-kz).

Using the T-matrix interaction of Appendix B, we obtain
values for the b parameters given in Table 1. However,
the T-matrix calculation does not include screening ef-
fects, so we think it is more reliable to fit the parameters
to the dispersion curve of the band structure calculations,
Taking m*=1.3m for the smooth part of the effective
mass, (B2, B4) give a constraint on the sum of b, and
b,, by +b,=18.7 eV-AS.

The other result of the band theory we use is the
energy gap E(N)—E(N') at the N point, which we take
as E(N)—E(N")=2.75eV. Numbers close to this value
were obtained in [6, 10, 15]. The energy gap is related
to the backward scattering T-matrix at the momentum
kNa

En2=Vi10={—kylv|ky) =n(bo—(b,—b;) k3).

We have considered a variety of parameter sets with
these constraints, but we will show results for only three
cases. Case I listed in Table 1 is a local interaction that
fits the E(N)—E(N’) band gap, but has a unit effective
mass. This pseudopotential will show the specific lattice
effects. ‘Case II adds a p-wave term .so that both the
smooth effective mass and the band gap are fit. Finally, -
case 111 gets an effective mass from a mixture of s-and °
p-wave pseudopotentials to see what the effect is of this
degree of freedom.




IIL. RPA response in the jellium model

1 'We start with the spherical jellium model of the electron-
 ic structure of alkali metal clusters. The model assumes
a uniform density of positive background charge in a
sphere of radius R=(N)'"?r,. The single-electron wave
functions are obtained from the self-consistent solution
of the Kohn-Sham equation using the local density ap-
proximation for the exchange-correlation energy. The re-
sponse is obtained from the linear response theory based
on the same Hamiltonian, using the computer program
of [13].

The calculated single-electron density of states for the
spherical cluster Li;sq is shown in Fig. 2. The density
parameter r, is taken at its bulk value, ro=3.25. The
bound states are of course discrete; to make the plot
we have smeared out the delta functions in the density
with the replacement &(E—e;)— ny/(E—e&)*+(7/2)%).
Note the very strong shell effects among the bound
states. The continuum has been discretized by imposing
a boundary condition on the wave functions, ¥ (3R/
2)=0.

In Fig. 3 we show the dipole response of the cluster,
expressed as a photon absorption cross section. The
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Fig. 2. Single particle density of states in the LDA jellium model
of the cluster Li;54. The Fermi energy is indicated by the arrow
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Fig. 3. Dipole response of the cluster Li, ;5. Solid line shows the
response in RPA; and the dashed line shows the independent parti-
cle response
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dashed line shows the independent particle response of
the system, that is, without interactions between the elec-
trons. This response is dominated by the low transitions
just across the Fermi surface, which have large transition
dipole moments. The solid curve shows the RPA re-
sponse, treating the particle states in the continuum ex-
actly rather than with the discretized spectrum of Fig. 2.
The RPA strength is concentrated in a small region of
excitation near 4 e¢V. This is the Mie resonance, shifted
from its classical value, (1), by about 10%. As mentioned
earlier, the shift can be accounted for mainly as a spill-
out effect, that the effective radius of the electron sphere
is slightly larger than R. We note that the RPA preserves
the energy-weighted sum rules, and the predicted oscilla-
tor strength in the spectrum (to 15eV) is within a few
percent of the sum rule value of 138.

We cannot use the same numerical technique to calcu-
late the response of the system with ionic perturbations
because that method requires spherical symmetry. In-
stead, we use a simplified treatment of the interaction
as a separable function of the coordinates of the interact-
ing particles. Specifically, we will take the electron-elec-
tron interaction to have the following dipole-dipole form,

UL=1 (rl , rz) — e-f(rl)‘];{(gz) f;l . 5 (3)

where f (r) is the potential field of a surface dipole source,
fr=r r<R
3
=— r>R.
x>
The dynamic polarizability «(w) is then given by an alge-
braic formula ?,

s 1y (w)
of{w)= _‘?W 4

! This is not quite the dipole polarizability because the field f differs
somewhat from the dipole field
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Fig. 4. Dipole response of Li, 34, using the separable approximation
(3), and the discrete basis of Fig. 2
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where 11, is the independent electron polarization propa-
gator,

2(ep,—e) <plf1h)?
Iy (w)= £ .

O( ) :L;_:, wz_(gp_gh)z (5)
Here the sum is over occupied orbitals h and empty
orbitals p. In Fig. 4 we show the predicted response with
the separable approximation, using the particle and hole
wave functions and from the discrete basis spectrum of
Fig. 2. We see that the position of the Mie peak is virtual-
ly the same as before, but its splitting is slightly different
due to small shifts of the particle-hole energies. There
is also some structure in the region of 5-7 eV, but this
is spurious, due to the discretization of the single-elec-
tron states in the continuum. In the continuum RPA
there is also strength above the Mie peak, but it is a
smooth shoulder. In any case, the separable approxima-
tion appears to be adequate to discuss perturbations
which would introduce shifts and boardenings of the
observed magnitudes of about 1 eV.

IV. Effect of the ionic potentials

We now modify the single-electron wave functions and
energies by adding the ionic potential to the single-elec-
tron Hamiltonian, and diagonalizing in the space of
wave functions constructed from the pure jellium ap-
proximation. Computationally, we can only handle easi-
ly bases with dimensionalities in the range of 500. For
a cluster of 100 atoms, this means that the total space
is about ten times the occupied space, taking into ac-
count spin degeneracy. We truncate our basis at an exci-
tation energy of 15 eV, which is about three times the
Fermi energy. This would be a very restricted space for
a conventional pseudopotential, but the contact pseudo-
potential is parameterized to be used in a small basis.
We consider two structures for the positions of the ion
cores: the usual bece lattice characteristic of alkali metals
at finite temperature, and a Mackey icosahedron which
is sometimes favored for finite systems [16].

For the bcc lattice, we position the ions by centering
the jellium sphere halfway between neighboring ions in
the lattice. The ion potential (2) is placed at all lattice
points that fall within the sphere, ie. that satisfy r<R.
The number of such points happens to equal 138 exactly.

Single-electron density of states

The single-electron density of states for the three pseudo-
potential models of Table 1 are shown in Fig. 5. All these
potentials preserve the shell structure up to the Fermi
energy, which may be seen from the strong oscillations
of the level density for negative energies. If the s-wave
potential were much stronger, the shell structure would
disappear. So the empirical evidence [14] for shell struc-
ture places some constraint on allowable contact poten-
tials. It may also be seen from Fig. 5 that the width
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Fig. 5. Single-particle density of states with the ionic potentials
I, IT and I1I from Table 1
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Fig. 6. Dipole response with potential 1, the local potential. The
dashed curve is the independent particle response and the solid
is the RPA. The data is from [2]

of the spectrum is larger for model I than the other
two models. This is an immediate consequence of the
effective mass, which has a value 1.3m for models II and
IT1, but is the bare mass for model I. The final observa-
tion to be made from the displayed level densities is
the weakness of the band gap. There is no dip observable
in the spectrum I and only a week decrease in the level
density in the band gap region for potentials I and III.
We thus expect that the band effects will be unimportant
for clusters as small as N =138.

Dipole response

We now consider the effect of the ionic perturbation
on the response of the cluster. We expect the resonance
to be broadened by the ionic potential as well as shifted
down in frequency. For the extended metal, it was noted
empirically that the plasmon width scales roughly as
the square of the band gap [17]. We can test this depen-
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Fig. 7. Dipole response with momentum-dependent ionic poten-
tials. The data is from [2]. Curves are labelled by the ionic potential
used

dence as well as the absolute magnitude with our model.
We note also that in a calculation of the ~20¢eV reso-
nance in the Cq, molecule, the ionic cores considerably
broadened the resonance from its width in a jellium mod-
el [18]. Figure 6 shows the photon absorption strength
function calculated with the perturbed single-particle
wave functions, using the independent particle response
and the RPA response. From the independent particle
response function, shown as the dashed line, it may be
seen that the perturbation induces considerable strength
in the region of the Mie resonance. From the RPA result,
the solid curve, we see that the Mie resonance remains
at the same position, but is much broadened. This is
to be expected from the presence of the nearby strength
in the independent particle response, implying increased
coupling to the resonance. The fact that the Mie reso-
nance is not shifted shows that the band-gap mechanism
of effective mass enhancement is not an important effect
in small clusters. This could have been anticipated by
the results on the single-particle density of states, which
did not show a band gap.

Next we consider the effect of the momentum-depen-
dent ionic potentials. Figure 7 shows the RPA response
for the potentials IT and III of Table 1. We see a down-
ward shift of the main peak. However, the strength is
quite fragmented, so the total strength below 4 eV is
only 25% of the sum rule. We also show the data from
[2]. It seems that the strength is spread out too much,
and the downward shift is not enough. It appears that
the lattice is behaving more like a set of incoherent scat-
terers than a periodic array that induces a band struc-
ture. Our treatment of the bec lattice, to include lattice

"+ sites only within the jellium sphere; undoubtedly gives

a'more irregular surface than the system would realize.
We conclude this section with a comment on the ener-
gy-weighted sum rule. It is satisfied in the jellium model,
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but the momentum-dependent ionic potentials: modify
the sum, decreasing it approximately by the factor m/m*.
Since the:true Hamiltonian has no momentum depen-
dence, the loss of the sum rule is an artifact of the pseudo-
potential treatment. There are other parts to the wave
function; hidden in the pseudopotential treatment, that
contribute to the response and would restore the sum
rule.- We can only expect that the pseudopotentials
would describe the strength correctly in the low energy
region. At energies much higher than the Mie resonance,
there would be additional strength not contained in the
theory with the momentum-dependent pseudopotential:

Icosahedral lattice

We consider now an icosahedral lattice which may be-
have differently because of a different band gap or be-
cause of its different surface. The nearest closest complete
Mackey icosahedron to N=138 is the structure at
N =147, which has 3 layers outside the central atom.
For this case we start from the jellium model for N =147,
keeping the density parameter the same as before, and
add the ionic perturbations of the 147 sites in the icosa-
hedromn.
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Fig. 8. Single-electron density of states for Liy; with icosahedral
ionic perturbation
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data is from [2]
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Figure 8 shows the density of states of this structure
with potential III. It is somewhat similar to the density
of states of the bec lattice, but the gap is more pro-
nounced. Perhaps the smoother surface is more impor-
tant than the details of the lattice arrangement. In Fig. 9
we show the response for the cluster N =147 using the
icosahedral lattice. The Mie resonance is somewhat
sharper, but the main features of the bcc clusters are
similar. The resonance is too broad and too high in ener-
gy as compared to experiment. Thus, the dipole response
is ‘only mildly sensitive to the details of the lattice. This
is certainly not the case of much smaller clusters: in
[3] it is found that the structure of the dipole strength
function can distinguish different structures for N <10.
And, of course, structural changes that affect the shape
of the cluster will split the resonance along different prin-
ciple axes.

V. Conclusion

We have found that the contact pseudopotentials which
fit the band structure predict too much spreading of the
Mie resonance in the finite cluster, and do not lower
the mean frequency enough to fit the data. Evidently,
the contact form of the pseudopotential is rather singular
for extrapolating from band properties to small finite
systems. Other treatments of the ionic potential have
been recently proposed using a spherical average [8,9]
of the potential. This represents an opposite limit of com-
pletely ignoring scattering effects of the ionic potentials.

In [8], Blundell and Guet use a realistic (norm-con-
serving) pseudopotential for ions and make an angular
average to give a spherically symmetric potential. The
single-electron potential is then rather smooth, having
only radial variations from the non-uniform radial distri-
bution of ions. The effective mass with such a potential
treatment is very close to one, particularly with respect
to transitions between states of high angular momentum,
where the radial wave functions are practically un-
changed. Nevertheless, this model succeeds in producing
a large red-shift of the resonance, and the experimental
energy of ~3 eV is reproduced. Since the effective mass
is not responsible, our interpretation is that the prescrip-
tion these authors used for the single-particle potential
resulted in a larger well than in the usual jellium model,
with the electron density extending farther out. A more
diffuse surface and lower average density would lower
the Mie resonance. Part of the observed red shift might
be from this source, but better theory is necessary to
ascertain the importance of this mechanism. We also
note that since there is no explicit momentum depen-
dence in their potential, the energy-weighted sum rule
is preserved. This likely gives too much strength in the
peak region, as compared to experiment.

Explicit use of the nonlocality of the pseudopotential
is made in a model by Serra et al. [9]. These authors
decompose a norm-conserving pseudopotential into a
local part and parts proportional to the square of the
gradient operator and to the square of the angular mo-
mentum operator. The potential is averaged uniformly

over the jellium sphere, and the response is calculated
in LD-RPA. Good agreement is obtained for the posi-

tion of the resonance. The effective mass in the interior /

is m*=1.54, which contributes a 20% red-shift to the
resonance. However, we do not understand how the ef-
fective mass comes out so high in this model. From the
band structure calculations, the effective mass is in the
range 1.3 when effects of the band edges are omitted.
The strong perturbation at the band edge increases the
effective mass to the higher value, but this perturbation
would be absent in a spherically averaged approxima-
tion. In this model, the energy-weighted sum rule is de-
creased by the factor m/m*, in better accord with the
experimental data in the peak region.

In both models of [9] and [8] the pseudopotential
does not alter the width of the jellium resonance. This
is to be expected, because the spherical averaging in these
models smooths out the potential so that the wave func-
tions are not strongly mixed, as they are in our model.
Note that the width depends somewhat on the details
of the jellium model. In [8] it is about the same as the
data, I'~1 eV, while in [9] it is much narrower than
the data. The difference may arise from the treatment
of the exchange interaction; the resonance may be more
collective when exchange is treated in the local density
approximation than when it is calculated exactlty.

We thank B. Mottelson for his contribution to Appendix A. We
also thank A. Bulgac, C. Brechignac and D. Tomanek for discus-
sions. This work was supported by the Department of Energy under
Grant FG06-90ER-40561.

Appendix A: core polarizability effect

The effect of the ionic core polarizability on the Mie
resonance can be estimated rather simply as follows?.
We use the separable model, eq. (3-5) with f the usual
dipole operator. In addition to the contribution of the
N valence particles to I1,, there will be a contribution
from the polarization of the Z electrons in each ionic
core. We assume that all of the transition strength for
associated with the core polarizability is concentrated
at a particular energy E,. Then we may make use of
the energy weighted sum rule,

ZNh?
"~ =il 2| [Y*(E, — E)~E, D?

2m 7

to write

Hcore:._zz<ilzlf>2(Ef_Ei)~ Zth
% ©—(E;—E)* " m(@*—E¥

In a similar spirit the valence particle polarizability is

2
ol _ Nh
m(w* —ely)
where ¢, is an average particle-hole energy. The reso-
nance frequencies are now found from the poles of the

2 We thank B. Mottelson who contributed substantially to the ma-
terial in this appendix



Table 2. Core polarizability correction to Mie resonance frequency
in(A.1)

Element :

Wy (€V) Z E, (eV) dw
Li 2 470 327 —=2%
Na 3.45 10 527 —2%
K 2.54 18 34.7 - 5%
Rb 231 36 399 —6%
Cs 2.08 54 38.3 —8%
polarizability function. This yields

Z a2\ 112

m=c0M(1—_~«iAi> (A.1)

E;

provided ¢, can be neglected in comparison to w,,.

We present in Table 2 the core polarization effect cal-
culated according to (A.1). The Mie frequencies are ob-
tained from (1) and the bulk densities of the alkali metals.
The core excitation energy is obtained from the polariza-
bility sum S_, in Table 2 of [19]. The effect is appreci-
able in the heavier metals, but is not as large as Pines
obtained for the bulk plasmon [20]. For lithium metal
we can certainly neglect the core polarizability.

Appendix B: effective mass estimate

' To estimate the effect of the average ion core potential
on the effective mass, we consider a single lithium atom
embedded in a jellium continuum and calculate resulting
energy shift. The perturbation is the difference between
the actual core potential and the jellium potential repre-
senting the single atom, ie. a uniform charge density
occupying a volume corresponding to the atomic volume
4nr3/3. Taking this charge distribution to be spherical,
the perturbation is

3
o 2

2

= VLi(")'*"e}” I>ry. (B.1)

In practice, the core potential is Coulombic for distances
larger than ry, so the perturbation vanishes for larger
distances.

The effect of a dilute medium of uncorrelated scat-
terers is to produce an effective potential U for propagat-
ing particles in the medium,

Ullky=ndk| T|k). (B.2)
Here k is the momentum of the particles, n is the density
of scatterers, and <k| T|k> is the forward scattering T-
matrix. The free-particle T-matrix is defined in terms

of the scattering phase shifts &, associated with the poten-
tial AV as

335

o
&)

o
o
T
2
S
<
@
N
|
\
|
i

o
-
i

0y
\
\
\
I

phase shift (r)
o
o

'

124

o
T

T (eV-A%)

.30 L
3 0.0 0.2 0.4 0.6 0.8 1.0 1.2

k(A ™)
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potential defined in (B.1). The lower part shows the corresponding
T-matrix from (B.3)

2ah?

mk

K Ty = =225 (214 1) € sin &,
1

If the phase shift is small, which is necessary anyway
for this treatment to be sensible, we can replace the factor
e'% sin &, by the phase shift itself,

2nh?
mk

k| TIk> ~ — S QI+ 1)4,.

1

(B.3)

This gives a purely real energy shift® in (B.2). Numeri-
cally, the lithium ion core gives the phase shifts shown
in the upper part of Fig. 10, taking potential the pseudo-
potential of [11] for V;; and ry=1.72 A. The lower part
of Fig. 10 shows the corresponding T-matrices, calculat-
ed from (3). The s-wave contribution is repulsive and
roughly independent of momentum, but the p-wave part
is attractive and increases rapidly with momentum. This
produces an effective mass greater than one; from the
formula

I 1, 1dUK)

m* om k dk (B.4)

the effective mass is about m* ~ 1.3m at the Fermi surface
(k~11A71Y).

3 See also [12]
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