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Source dimensions in ultrarelativistic heavy-ion collisions
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Recent experiments on pion correlations, interpreted as interferometric measurements of the
collision zone, are compared with models that distinguish a prehadronic phase and a hadronic
phase. The models include prehadronic longitudinal expansion, conversion to hadrons in local kinetic
equilibrium, and rescattering of the produced hadrons. We find that the longitudinal and outward
radii are surprisingly sensitive to the algorithm used for two-body collisions. The longitudinal radius
measured in collisions of 200 GeV/nucleon sulfur nuclei on a heavy target requires the existence of
a prehadronic phase which converts to the hadronic phase at densities around 0.8—1.0 GeV/fm .
The transverse radii cannot be reproduced without introducing more complex dynamics into the
transverse expansion.

PACS number(s): 25.75.+r

I. INTRODUCTION

Now that a second generation of nucleus-nucleus colli-
sion experiments has been completed at the CERN SPS
[1],one may ask what has been learned about the dynam-
ics of matter at high density. In particular, we want to
examine the measurements of interferometric pion corre-
lations, also known as Hanbury-Brown —Twiss (HBT) cor-
relations, by the two collaborations NA35 [2] and NA44
[3]. In principle such experiments can provide quite de-
tailed information about the space-time history of the
collision [4]. Furthermore the existence of a long-lived
source would show as an unambiguous signal in the mea-
surement [5,6].

Correlations are often analyzed to give source radii,
and the measured numbers should impose some con-
straints on the possible dynamics. A theoretical model
can be tested by modeling the collision process, and com-
paring model predictions with the experimental results.
One difficulty in drawing firm conclusions is that there
is a great deal of &eedom in the construction of these
models. Another problem, as we will see, is that the cor-
relation shape is not well described by a single number,
the "source size, " and so it is better to compare models
with the correlation function actually measured experi-
mentally.

Our objective is to consider a broad class of models
that do not go beyond established or at least widely ac-
cepted physics, to see whether the experimental results

point to new physics. This work is a continuation of a
study by Welke et al. [7], which considered earlier data
and had much more detailed model assumptions. Be-
fore proceeding, we have two remarks. The Grst is that
the two experiments, NA35 and NA44, are hardly con-

sistent with each other in the values reported for source
radii. Before any general conclusions can be drawn from
the measurements, it will be necessary to resolve the dis-
agreement. We also note that there was recently reported
[8,9] a study with a model, based on conventional physics,
and good agreement was found with available data. Our
conclusion is opposite: We shall find that models without
explicit transverse expansion in the prehadronic phase
cannot explain the body of the data.

Our paper is organized as follows. In Sec. II we dis-
cuss the physical ingredients of conventional models and
develop a general parametrization of the source function.
In Sec. III we discuss the Gaussian source size and its
limitations. In Sec. IV we analyze what constraints data
place on the models. Section V summarizes our study
and gives an outlook.

II. MODELS AND PARAMETRIZATIONS

We model the evolution of the system in two stages, a
prehadronic, high density phase followed by a hadronic
gas phase. Many aspects of this two-phase dynamics are
subject to parametrization, but we feel we can explore the
parameter space sufficiently that one is testing a small set
of basic assumptions about the dynamics. These assump-
tions are the following:

(1) The prehadronic phase only expands longitudinally.
(2) The conversion to the hadronic phase is smooth

and produces hadrons with a locally thermalized kinetic
distribution.

We now discuss the details of the modeling.
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We use the term "phase" just to distinguish the stages, not
to imply a thermodynamic phase transition.
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A. High density phase

This is the most interesting, but least understood part
of the evolution. However, we do not need a great
deal of information about the structure of this phase; a
knowledge of the energy and momentum densities at the
hadronization time should be sufficient. To be modeled
are. the transverse and longitudinal distributions of these
quantities.

It is safe to assume that the initial transverse energy
distribution follows the overlap density of the collision
partners. In the detailed comparisons we will only look
at central collisions of sulfur on heavy targets, and so we
may take the distribution to follow the transverse density
of sulfur. We determined this &om the charge density of
Ref. [10], integrating the radial density with respect to
longitudinal distance. This integral is fit very well by the
following function, which we used in further numerical
modeling:

pJ (F L) =
2

——0(l + cr& + dr&) exp( —r&/b).
lpga

The parameters have the following values: a = 1.791
fm, b = 3.79 fm, c = 0.196 fm, d = 0.021 fm . The
rms radius of s2S is 3.2 fm [10], and the rms transverse
radius is g(@&2) = g2/3/(r2) = 2.6 frn.

We also assume that there is no transverse expansion
during the prehadronic phase. Certainly there is no ini-
tial radial velocity, but it is not clear that it can be ne-
glected completely if the prehadronic phase lasts a long
time.

In the longitudinal direction, there is a rapid expansion
that must be built into the models. Two distinct pictures
are possible for how this happens. One kind of model [11]
is based on the @CD-inspired picture of particle produc-
tion by string breaking. The string is produced at a point
in space-time and expands longitudinally. Particles are
produced over the full initial range of longitudinal ra-
pidities y, with the time and longitudinal position (t, z)
of the production point characterized by an equal spatial
rapidity,

q = tanh '(z/t) = y.

Another possibility is the Landau picture, in which pro-
duced matter starts out at rest, with a small but finite
longitudinal extension. Here the high longitudinal mo-
menta arise &om the hydrodynamic expansion. Models
int;erpolating between these possibilities have been con-
sidered in Ref. [12] with the result that the pure Landau
picture gives single-particle rapidity distributions that
are too narrow. We will insist that the average rapid-
ity of the produced particles be given by their spatial
rapidity, and so the distribution of produced particles
will have the form

By assuming this form, ere neglect the finite thickness of
the I orentz-contracted projectile and target nucleus. We have
also tried distributions smeared out along the beam axis due
to the target thickness, and found no appreciable efFect on the
results reported in Sec. IV.

d6N = &6(&)Jw(y —&»)&~(&~).
G7/ 2P~ cLg 87Ag

We have little a priori guidance on the function f„
in Eq. (1), and we consider it to be completely open to
parametrization. However, the predicted single-particle
distribution will depend on f„, and so it is actually
strongly constrained by the data. We may therefore as-
sume some simple form; we take the Gaussian

f„=exp[ —g'/2(Ag)'],

which has as a parameter Lg, the rms dispersion in g.
To interpret the meaning of the parameter Lg we note

that for Lg = oo the initial distribution is boost invari-
ant, i.e. , corresponds to the ideal Bjorken scenario [13].
For Lg = 0, on the other hand, we get an initial dis-
tribution that is consistent with the Landau picture of
a source that is fully stopped and expands starting at
g = 0. The parameter Lg therefore interpolates between
the two pictures [12].

B. Formation of the hadronic phase

We assume that the conversion to hadronic matter is
controlled only by the local density as determined by the
time evolution of Eq. (1). This excludes the possibility
of inhomogeneities such as quark-gluon droplets. The
density at which the conversion takes place, nh, is an
important parameter of the model. Because of the spatial
inhomogeneity in the transverse direction, the conversion
will not take place at the same proper time. Note that
even with an instantaneous source in proper time, there
would be a range of times in any particular reference
&arne. In any case, it will be useful to infer the average
proper time for the formation of the hadronic gas.

Another important question at the conversion point
is the composition and kinetic distribution of the newly
formed hadronic gas. One obvious possibility is a chem-
ical and kinetic local equilibrium. Another possibility is
that the distribution carries over &om the distribution
formed in hadron-hadron collisions.

We will assume in all our modeling that the kinetic dis-
tribution of particles is thermal with respect to the local
&arne de6ned by g. This is certainly plausible, as it will
turn out; that the prehadronic phase lasts a considerable
time compared to est;imates of the kinetic equilibration
time. The source function f„iwll thus be taken to have
a thermal form,

m.~ cosh (y —g)fy=
exp [m~ cosh (y —q) /T] —1

This has as a parameter the kinetic temperature T. The
transverse momentum spectra &om pp collisions suggest
a temperature of T = 130 MeV. However, we demand
of our model that it fit the heavy ion data, and this will
require a slightly higher value.

The chemical composition of the newly produced
hadronic matter is a much more difficult question, be-
cause there is no direct information about the composi-
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tion in heavy-ion collisions. For pp collisions the ratio
of rho mesons to Anal state pions has been measured
[14—16], and is in the range 0.09—0.13. Note that this is
significantly smaller than for the hadronic jets produced
in e+-e annihilation. Our model also includes omega
mesons. The omega mesons have an important eÃect on
the pion source at large distance [17]. Since the main dif-
ference between rho and omega mesons is their isospin,
it is reasonable to suppose that they are produced as the
ratio of isospin degeneracies, Nz . N = 3: l. Assuming
that all pions are produced either directly or via rho and
omega decay, this translates into a ratio of rho mesons to
pions at hadronization time of mp/ ——0.12 —0.21. Other
authors have used thermal parametrizations of the par-
ticles abundances [18] which lead to a value near 0.10
for the latter ratio. We will test the sensitivity of the
extracted source size to this ratio.

We do not explicitly include g mesons in our simula-
tion. From HELIOS data [19] we estimate that the g's
contribute 5% to the total number of pions in the final
state. Due to their very long lifetime their contribution
will only reduce the intercept of the correlation function
by 0.1 and will therefore have no influence on the deter-
mination of the source radii.

A further source of secondary pions is the decay of the
K* resonance. In pp collisions at 400 GeV the number of
produced K* resonances was found to be similar to the
number of produced w's [16]. As there is only one pion
produced per K* decay we neglect this contribution.

Recently a considerable net proton number diaz/dy
8 has been reported for S + Ag and S + Au central colli-
sions [28]. However, the number of mesons is more than
an order of magnitude larger, and we think the presence
of the baryons can be safely ignored for observables such
as the HBT radii.

Finally we ignore Bose symmetry in the hadronic dy-
namics. It has been shown that this can significantly
alter single-particle observables when the initial phase-
space density is high. However, there seems to be no
good quantitative method for dealing with it, and up to
now there is no experimental evidence for strong Bose
e8'ects.

C. Hadronic gas

As discussed in the previous section, the hadronic gas
phase consists of pi, rho, and omega mesons. These par-
ticles are allowed to propagate between interactions, to
scatter pairwise, and to decay. This is a dilute gas ap-

proximation, which of course breaks down at high densi-
ties either because multiparticle interactions become im-
portant or because the mesons are no longer the appro-
priate degrees of freedom. In either case, we may view
the parameter nh as determining the density at which
the dilute hadronic gas picture becomes valid.

The most important (and best known) part of the elas-
tic hadron-hadron cross sections is the interaction among
the pions. We use the momentum-dependent, isospin-
averaged mar cross section calculated from phase shifts
[21]. The cross sections for other mesons are not known.
Given that the vr-vr cross section is around 20 mb, it is
likely that the other cross sections are within the range
of 10—40 mb, and we consider this as the allowable pa-
rameter range. Inelastic cross sections are more problem-
atic, except for the well-known arm ~ p cross section. In
principle, explicit inclusion of this process should lead to
larger source sizes because the rho meson will propagate
some distance before decaying. However, in the actual
modeling it makes no appreciable change in the HBT
radii whether or not this process is included. Other in-
elastic processes are neglected. It seems likely that pion-
number-changing processes have too small a rate to aBect
the dynamics on the time scale of the collision [22].

III. CORRELATION FUNCTION AND RADII

We now summarize some of the basic formulas for
the interferometric analysis of correlations. First of all,
the correlation function is defined as the ratio of the
two-particle probability P2 to the product of the single-
particle probabilities Pi,

+2 (Pi P2)
&( )&( )

(2)

9—:(pl + P2) /2

q —= (pi —p2)

(3)

and we shall use these variables as the arguments of the
correlation functions below. Making certain statistical
assumptions [23] about the production of particles, the
correlation function can be calculated from the single-
particle source function g(x, p) by the formula [24,23]

It is convenient to replace the single-particle momentum
variables pi and p2 with the average momentum Q and
relative momentum g,

d x dy g x, g y, cosqx —y
C(g, q) = 1+

f&'~ g (T, Q+ «/«) f ~'««(«Q —«I«)
(4)

Here the variables Q and q are four-vectors with timelike
components given by Qo ——2[m(Q+ q/2) + («)(Q —q/2)]
and qo ——~(C}+ q/2) —~(Q —q/2). Note that the four-
momentum argument of the source function in the nu-
merator is off shell, i.e. , Q2 g m

One often discusses correlations for fixed Q, in which

case the q dependence leaves three degrees of freedom in
the correlation function. We single out three orthogonal
axes to vary q, working in a kame in which the com-
ponent of Q along the beam axis vanishes. The three
components of the correlation function are (1) the lon-
gitudinal correlation function C~ with q parallel to the
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beam axis, q~~z, (2) the outward correlation function C
is defined with q transverse to the beam axis and along
Q, q[~Q, and (3) the sideward correlation function C,
withq J Qandq J z.

It is convenient to characterize each of these correlation
functions by a single number, the source radius. This is
usually taken as the rms extension of the source along
some axis, but let us start with an operational definition
in terms of correlation functions themselves. We define

the radii by

R;—:—V' C(Q, q)q —p,

where i labels the three possible directions. This is dou-
ble the mean square source size defined by (r2), if the
single-particle source has no momentum dependence. In
general, the relation is [23]

1~ 1 1
R,'(Q) = 2([x' —v'(Q)t]') —2(*' —v'(Q)t)'+ — -[v*(Q)&.+ &O, ]'g — -[v'(Q)~-+ &e, ]g

)
Here the expectation value is with respect to the space-time distribution in the source function g(x, (~(Q), Q)),

(6)

d x fg(x, Q)
(f) =

d4xg (x, Q)

the partial derivative 0 acts only on the energy variable in the source function and Og, is a partial derivative with
respect to the spatial Q; dependence in the source function. If the particle distribution is in thermal equilibrium, the
last two terms in Eq. (6) cancel each other. Therefore we expect that for sources in local thermal equilibrium their
contribution will be rather small.

One point of principle is worth emphasizing at this point. In a classical simulation we can only get information
about the source function for on-shell momenta. It is common to calculate a classical, on-shell correlation function
according to

d+ dy g x, +q2 g y, —q2 cosqx —y
C.) (W, q)

—= 1+
f d v g(v, g-tq/2) f d y g(tt, Q —t/2)

(8)

With this definition of the correlation function, the
source size evaluated from Eq. (5) has only the first two
terms in Eq. (6), i.e. ,

R, = 2(raisin P), (1O)

,'(Q) = ([*' "'(Q)tl ) ( ' "'(Q)t) .

This is equivalent to the definition as a rms source size.
As discussed above, we expect the effect of the additional
terms associated with the quantum formula to be small,
but this can only be quantified with a quantum mechan-
ical calculation that contains the necessary off-shell in-
formation.

In the sequel we will evaluate Eq. (8) in two ways.
The first is to replace g (x, Q) by a sum over b functions
that represents the positions and momenta of the pions
at their last interaction as is done, e.g. , in Ref. [8]. The
other way is to fit a smooth function to the result of our
simulation. The second choice has the advantages that
we can demonstrate the dependence on various parame-
ters explicitly. In the models the source function is sym-
metric about the beam axis, and we may take the spatial
variables to be the longitudinal position z, the transverse
distance &om the center T~, and the angle in the trans-
verse plane between r~ and C}, P. The expressions for
the three source radii are then

—[(r~ cos P —v (Q) t)]

B) —2 Z —Z

B~ = 2 T~ cos —T~ cos

+v (t)}*((t) —(t) ) (13)

We first want to remark that the correlation in P will
reduce the effective size of the source. If the source were
isotropic (no P dependence), (sin P) = 1/2 and the side-
wards radius is just the rms transverse radius. If the
source function contains a strong correlation between r~
and Q, the sideward radius will be smaller than the ac-
tual transverse extension. This effect has been discussed
for exploding sources or collective transverse flow [24].

For the outward radius, the expression with a factor-
izable source function is
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This effect of the P correlation can have either sign here,
but a reduction is expected. For a very close correlation
between i~ and Q, the first term reduces to a 6nite value,
the radial dispersion of source points, while the second
term adds a dispersion in time. In this limit the sidewards
source size goes to zero, so one certainly expects a larger
outward radius than sidewards radius.

The longitudinal radius measures most directly the
&eeze-out time of the system. For thermal emission of a
boost invariant system at a &eeze-out proper time ~y,
the longitudinal radius for particles at rapidity y = 0 is
given by

r~T Kz(mg/T)
Rf —2

mg Ki(mz/&)

In the limit m~ )) T this reduces to the formula [25]
R = 27 T/m~ which is sometimes used to deduce

hadronization times (e.g. , Ref. [2]). For realistic values
of the temperature and transverse momentum the factor
m~/T is of the order of one and Eq. (14) should be used.

IV. NUMERICAL SIMULATIONS

For the numerical studies we used a program made
from the elements of Boggs' cascade program [26]. The
first part of the program initializes the distribution of
hadrons, which will materialize at difI'erent times. The
parametrized density distribution, Eq. (1), is sampled
with the help of the Metropolis method to give a space-
time distribution of hadrons having the desired number
of hadrons and a composition specified by the parameter
tUp/ The materialization time of each hadron is deter-
mined as the time when the local density from Eq. (1)
falls below the critical value nh. The hadrons are also
given an initial momentum, obtained by sampling the
Maxwell-Boltzmann distribution in a kame boosted to
rapidity g. The remainder of the program is a loop step-
ping through time. In each time interval, the program
goes through the following tasks:

(i) Determine which hadrons have materialized.
(ii) Propagate in space according to the hadron's ve-

locity.
(iii) Collide hadrons pairwise according to the assumed

cross sections and their impact parameters. This is done
using the method of [27], with variants on how the final
momentum is determined. This will be discussed in more
detail in Sec. IVD.

(iv) Convert omega and rho resonances to pions ac-
cording to their time-dilated lifetimes.

Each run of the program creates a file of the final pions
containing their momenta and the space-time coordinates
of their last interaction point. For the studies reported
here, we typically average over 100 runs.

A. Input parameters

As formulated, the model contains as parameters the
extension of the collision zone in spatial rapidity Lg, the

The freeze-out time 7y is the time of the last interaction of
a particle. This is not to be confused with the hadronization
time 7.h, which is the time when a hadron emerges from the
prehadronic phase.

B. Comparison to one-dimensional correlation data

The one-dimensional correlation data of NA44 are
shown in Fig. 2. The correlation is plotted as a func-
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FIG. 1. The single-particle distributions dN/dy and
dlV/prdpz from [20] (solid squares) for S+S and our sim-
ulation (solid line) using the base set of parameters We.
constructed the open squares in (a) by assuming symmetry
around c.m. rapidity y = 3. The data in (b) are for the lab-
oratory rapidity window 2 ( yL, ( 3. The normalization of
our results in both figures is arbitrary.

density at the transition to the hadronic gas nh, the ki-
netic temperature at the transition T, the proportion of
vector mesons at the transition, and scattering cross sec-
tions involving vector mesons. We first note that a num-
ber of these parameters are strongly constrained by the
empirical single-particle spectra. In particular, the fi-
nal state rapidity distribution depends strongly on Lg,
weakly on T, and hardly at all on any of the other param-
eters. Correspondingly, the average transverse momen-
tum depends almost exclusively on T. We may therefore
consider these parameters to be fixed by the data. Single-
particle spectra for S+Au or S+Pb are not available yet,
but NA35 results for S+S at 200 GeV/nucleon have been
published [20]. In the remaining calculations we take val-
ues of Lq = 1.2 and T = 150 MeV to fit the shape of the
distributions from this measurement. The quality of the
fit is shown in Fig. 1, where we have assumed values of
the other parameters given in Table I. We want to em-
phasize again that the single-particle observables are very
insensitive to the other parameters once the temperature
and the space rapidity spread are fixed.

We determined the absolute normalization &om the
number of negative particles at mid-rapidity for S +
Au as measured by NA35 [28]. The measured number,
dN/dy = 65, is reproduced taking the total number of
pions in the final state to be 700.

As mentioned earlier, assumptions are required about
the hadronic cross section. The vr-~ cross section is de-
termined from phase shifts (cf. [21]), but we arbitrarily
assume a cross section of 20 mb for the other possible
collisions. The sensitivity to the cross section will be
examined later.

The most important remaining parameter is the
hadronization density nh. For a first comparison with
data we will use the only recent publication of a correla-
tion function, the data of NA44 in Ref. [29].
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TABLE I. Source radii for S + heavy target. Parameter
values are nq = 1.0 pion/fm, w ~

= 0.16, T = 150 MeV,
Aq = 1.2.

Eq. (5)
~ & 20 fm/e

Fit by Eq. (15)
As above, v & 20 fm/c

NA35
NA44

R)
(fm)

12
4 3
4 0
4.0
4

6.2-6.9

R
(fm)
15

3.6
3.6

5.1—5.8

R,
(fm)
7.5
2.9
3.2
3.2

5.2—6.2

1
1

0.82
0.94

0.6-0.7

tion of the invariant momentum q;„„=g—q2. In this
comparison, we do not use nh directly as a parameter,
instead assuming that the hadronization occurs at a def-
inite proper time wg. We show in Fig. 2 the model results
for various Th, and taking the proportion of heavy mesons
at 0.10. We applied cuts to our pion output Ales that are
similar to the NA44 acceptance. It may be seen &om the
curves that agreement with data can only be obtained
for very long proper times, of the order of 15 fm/c. Us-
ing Eq. (1) we find that the highest density at this time
is 0.2 pion/fm, a number which is so low that the gas
would be noninteracting at that point. Clearly, drastic
assumptions would have to be made for the dynamics of
the prehadronic phase to obtain conversion at such ex-
tended times.

Our simulation does not include the efFect of g meson de-
cays on the correlation function, which will only lead to a
change of the intercept. Therefore A is listed for the sake of
completeness only.

ian source shapes, which actually do not describe the
source shape well. For that reason the extracted radii
bear little relation to the definition, Eq. (5). We illus-
trate this with a typical calculation, with parameters and
results shown in Table I. This parameter set is 6t to
the inclusive spectra as well as the Gaussian longitudi-
nal radius &om NA35 [2]. The favored hadronization
density, nh, = 1.0 pion/fm, corresponds to an average
hadronization proper time, 7-h ——2.3 fm with a standard
deviation o. = 1.5 fm. The mean hadronization time is
large compared to theoretical estimates of the equilibra-
tion time of the prehadronic phase [30,31], supporting our
assumption of local thermal equilibrium. The spread in
proper hadronization time is too big to allow for the sim-
plification of a hadronization at a particular proper time
instead of the more physical assumption of a hadroniza-
tion density. The first row in Table I shows the extracted
source radii from the operational definition, Eq. (5). This
equation can only be used directly if we know the corre-
lation function with a high resolution for small relative
momenta. To circumvent the problem with low statis-
tics we fit a smooth function to the distribution of last
interaction points &om the simulation. This is shown in
detail in the Appendix.

These numbers are quite large due to the decay of the
omega meson at large distances &om the reaction zone.
Removing particles that decay after ~ = 20 fm/c gives the
numbers in the second row. We see that they are consid-
erably smaller. Next we fit to a Gaussian parametrization
of the correlation function,

Cy ——1+Aexp ——(qi&, +q, &, +q & ) (15)2 2 2 2 2 2

2

C. Comparison to three-dimensional correlation data

We now turn to the three-dimensional analyses of the
source geometry, which should in principle provide more
detailed information. Here we shall see a less dramatic
inconsistency, but one which seems diKcult to overcome
without introducing new dynamics.

The usual analyses of source geometry assume Gauss-

1.8

— 1.4

NA44 data
z„= 5fm
z„= 10 fm

x„= 15 fm

z„=20 fm

1.0

I

100
q,.„„[Mev/c]

I

200 300

FIG. 2. Correlation function as a function of the invariant
momentum for difFerent values of the hadronization time vg.
We used our base set of parameters except for the vector
meson to pion ratio that was chosen to be mp/ 0.10. The
crosses show the NA44 results from Ref. [29].

Numerically, we make the fit following the same proce-
dure used by the experimentalists. Namely, we bin the
three-dimensional (3D) correlation function (bin width
10 MeV/c), and perform a four-parameter least squares
fit. We take pions in the interval 100 MeV/c & p~ & 300
MeV/c and ]y~ & 1. The results are shown in the third
row. These radii are within 1 fm of the true source radii
with late decays excluded. The table also shows the
Gaussian fit with the late-decaying particles excluded.
This gives practically identical radii, although the value
of A is somewhat changed. Thus, the 3D Gaussian 6t
is insensitive to the contribution of the long-lived res-
onances. One last point to note is that the difference
between outward and sideward source radii is rather sup-
pressed in the 3D Gaussian Bt.

The experimental results for reactions at 200
GeV/nucleon for various projectile-target systems have
been published in conference proceedings [2,3,32]. There
are no high precision data &om two different collabora-
tions for the same target-projectile combination, but the
S+Pb system studied by NA44 should be very similar to
the 8+Au system studied by NA35. However, the num-
bers for the source radii quoted by these groups are quite
different. In Table I, we have extracted numbers for the
the NA35 experiment from their Figs. 2, 3, and 4 in [2],
estimating an average size for the momentum range 100
MeV/c & p~ & 300 MeV/c. For the NA44 numbers, we
quote the m+ and m radii for the S+Pb system in Table



334 M. HERRMANN AND G. F. BERTSCH

Base
Mp/~ = 0.21

nh, ——1.50
nh, ——0.40

Ri
(fm)
4.0
4.0
3.2
8.2

Ro
(fm)
3.6
3.7
3.4
5.6

Rs
(fm)
3.2
3.2
3.2
3.0

0.82
0.78
0.86
0.77

TABLE Il. Sensitivity of source radii to model parameters.
I

5 I

I

I m I

I ~
j

I

l ~ I
I LJ

I
~ I

(a)

II of Ref. [3].
The base-line parameter set for our model is chosen

to fit the NA35 longitudinal source radiuss as well as
the single-particle distribution. Note that neither the
outward nor the sidewards radii are fit here.

We next examine the effects of varying the parameters.
A number of cases are shown in Table II, compared with
the results of the base-line parameter set. The second
line shows the efFect of increasing the number of primor-
dial vector mesons in the hadronic phase by 25%. There
is virtually no effect on the radii, but the normalization A

is lowered. We next examine the effect of a different cross
section in the hadronic phase. The base-line parameters
were modified by doubling all the hadronic cross sections
for the entries in the third line of the table. Again, the
effect on the radii is very slight. Finally, the fourth and
fifth lines show the effect of changing the hadronization
density by +50% and —60%, respectively. It may be seen
that this has a strong effect on the longitudinal radius.
Thus, the longitudinal radius gives a good measure of the
hadronization density. There is also a significant effect
on the outward radius. This is because the outward ra-
dius depends on the time distribution of the emission of
hadrons, which is broader when the conversion is a lower
density. The sidewards radius is hardly affected by the
hadronization density, but this is a consequence of our
basic assumption that there is no sidewards expansion in
the prehadronic phase.

The parameter changes we have discussed do not af-
fect the one-particle observables significantly. The two
remaining parameters, T and Lg, cannot be changed
without disturbing the agreement there.

D. Dependence on cross section assumptions

We now examine the sensitivity of the predicted source
radii to the assumptions about the two-body collisions.
The base model uses the collision algorithm directly &om
Ref. [26]. In the numerical calculation the outgoing mo-

The NA44 numbers are changed by a factor of v 2 to cor-
respond to the definition Eq. (5).

The use of Eq. (14) to translate this radius into a freeze-out
time leads to ry = 2.5 fm/c, which is much smaller than the
actual average last interaction time. Equation (14) cannot be
used because it was derived assuming boost invariance. The
temperature is also much lower when the particles freeze out
than when they hadronize.

E
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FIG. 3. The sideward radius (a) and the difference between
sideward and outward radius (b) as a function of the trans-
verse momentum. The dots are NA35 data [2] for a laboratory
rapidity 3.6 ( yt, ( 4.6. Our results (squares) are obtained
by a 3D Gaussian 6t using the pions with a c.m. rapidity
0.6 & y ( 1.6.

mentum following a collision is in the reaction plane and
distributed uniformly in scattering angle 8. The direction
of the momentum transfer is always chosen to repel one
particle Rom the other one. We call these assumptions
the "repulsive, uniform in 0" model. Table III shows the
base model source radii once more, together with results
when these assumptions are altered.

The first change we make is to double all cross sections,
including the vr-m cross sections. It may be seen &om the
second line in the table that this produces a completely
negligible effect on the radii. Within the context of the
repulsive algorithm, we can make changes to the angular
distribution which are also unimportant for the observ-
ables. The third line shows the results when the angular
distribution is taken to be uniform in cos 8, which corre-
sponds to isotropic angular distributions when averaged
over many collisions, i.e. , directions of the reaction plane.
For the fourth entry we used the differential cross section
associated with the empirical phase shifts in the 7r-vr scat-
tering cross section. All of these changes have negligible
effect on the extracted source sizes.

Recently it has been found that the direction of the mo-
mentum transfer can effect observables. Reference [33]
shows that fiow is effected at 8evalac energies, and
Ref. [34] argues that the assumptions here can effectively
introduce a pressure into the equation of state.

We next present the results keeping the scattering in
the reaction plane, but reversing the momentum transfer
&om repulsive to attractive. The effects on the longitu-
dinal and outward radii are surprisingly large, as shown
in the fourth entry of Table III.

Both these radii increase by 50%. Qualitatively, an
increase is expected because the attractive algorithm cor-
responds to a negative pressure contribution which slows
down the expansion and keeps the system interacting to
larger radii. We feel that the attractive algorithm is an
unreasonable extreme; a more moderate assumption is
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TABLE III. Sensitivity of source radii to two-body collision assumptions.

Base: repulsive, uniform in 8
Base x2

Repulsive, uniform in cos 8
Repulsive, s + p

Attractive, uniform in 8
Isotropic

Ri
(fm)
4.0
4.0
4.0
3.9
6.4
4.6

R
(fm)
3.6
3.6
3.6
3.6
6.8
4.3

R,
(fm)
3.2
3.4
3.2
3.1
3.2
3.2

0.82
0.88
0.83
0.82
0.74
0.79

to distribute the final momenta uniformly in solid an-
gl.e. This is shown as the last entry in Table III. The
increase in Bi and B is then = 15%. The results of the
"repulsive, uniform in 0" model are reproduced when we
increase the hadronization density by 25%.

It should be mentioned that the single particle dis-
tributions we used for the determination of the model
parameters are unaffected by these changes in the cross
sections.

E. Transverse momentum

Recently NA35 has measured the dependence of the
source size on transverse momentum [2], finding that the
size shrinks as the transverse momentum is increased.
This effect was predicted by Pratt [5] and is due to
the collective flow, which originates in our model in
the rescattering of the hadronized pions. Without this
rescattering, our model would have no correlation be-
tween position and momentum and. the source size would
reflect the spatial extension of the entire source. The
correlation between transverse momentum and position
must vanish as the momentum goes to zero, and so the
low-momentum source size is not affected. by this corre-
lation. On the other hand, at finite momentum the cor-
relation leads to a reduction of the measured transverse
size of the system. In Fig. 3(a) we compare the results
from our simulation to the ones obtained by NA35 [2).
As before our results turn out to be much smaller than
the experimental findings. However, the momentum de-
pendence of the size agrees with the trend of the data.

In Fig. 3(b) we show the difference between outward
and. sideward radii as a function of the transverse momen-
tum. Here the experimental results [2] and the results
from our simulation are essentially compatible with the
difference being zero. Analogous to the results summa-
rized in Table I this is, at least in our mod. el, an artifact
of the 3D Gaussian fitting. Therefore it is probably safe
to conclude that there is no very long-lived source. How-
ever, one is not forced to conclude that the particles are
emitted at the same time, either.

V. CONCLUSIONS

In our conclusions, we first emphasize that the source
radii one extracts from vr-m correlations depend very
xnuch on how the analysis is made. A proper definition of

the radius, such as in Eq. (5), gives large radii with sub-
stantial differences in the three directions. These actual
radii have a large component due to the oxnega meson de-
cay, however, and they could only be measured by having
momentum accuracies to much smaller than 10 MeV/c.
The usual technique for extracting source radii, fitting a
3D Gaussian as in Eq. (15), turns out to be insensitive to
the resonance decays. However, there is also a much re-
duced discrixnination between the different directions. In
particular the actual outward radius is twice as large as
the sideward one, but this is reduced to a 10% difFerence
in the 3D Gaussian fit.

We have shown that a purely hadronic model, consist-
ing of light mesons interacting by two-particle scattering,
is inconsistent with the measured longitudinal radii.

Quantitatively we find that the hadronic gas picture
needs to be replaced by other dynamics when the energy
density is higher than about 0.8—1.0 GeV/fms. The lo-
cal temperature at the conversion point is constrained
by the transverse momentum spectrum to be about 150
MeV. Theoretically, one no longer expects a first-order
phase transition between the hadronic phase and a high-
temperature quark-gluon plasma phase [35], as was first
suggested. However, a remnant of that transition may
persist producing a large increase of energy and entropy
density over a small interval of temperature. Estimates
for this temperature are in the range of 150 MeV [36].
The energy density of a gas of gluons and quarks of two
fiavors is of the order of 1 GeV/fm at this temperature.
Just below the transition temperature, the energy den-
sity would be that of a gas of pions and the light vector
mesons, which is 0.1 GeV/fm for T = 150 MeV. By
fitting the density of conversion to the experimental lon-
gitudinal radius, we are led to a hadronic gas that is far
out of chemical equilibrium. Further work is necessary
before conclusions can be drawn about the nature of this
transition. However, it is intriguing that the energy den-
sity of a quark-gluon plasma is so close to the results of
the model.

We also found that the predicted sidewards and out-
ward radii were consistently small compared to experi-
ment. A similar conclusion was reached in Ref. [7], for
0+Au reactions, using a model similar to that employed
here. Also, a smaller sidewards size than observed was
found [35] in Werner's string model [36]. In this model,
the prehadronic phase is described by strings which de-
cay into prehadronic clusters. Like in our models, there
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is no transverse dynamics in the prehadronic phase.
The small predicted sidewards radius is particularly

diKcult to reconcile, because the obvious remedy, an
adiabatic transverse expansion, appears to have little
effect on this observable [39,40]. Thus a transverse ex-
pansion with some nontrivial dynamics seems to be re-
quired. This would be indirect evidence of the pressure
in that phase; if there were a phase transition, the pres-
sure should be quite low compared to the energy density.
Any transverse expansion in the prehadronic phase would
lower the required density at the conversion point. Thus
our number 0.8—1.0 GeV/fm should be considered an
upper limit. More work obviously needs to be done to
explore the bounds on the equation of state provided by
the data.

Finally we mention that the more inclusive correlation
observable, given by the invariant momentum distribu-
tion, requires an unphysically large hadronization time,
because the average size must be Gt by adjusting only
one of the three independent dimensions.
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see the inQuence of the long-lived resonances, which ap-
pear in the parametrization as an exponentially decaying
component to the source distribution.

The distribution of the emission points of the pions can
be written as a function of proper time w, space rapidity
g, the transverse distance to the beam axis r~, and the
angle between the transverse component of the position
and the transverse component of the momentum P =
2 (p~, r~). These are still too many variables to make a
general Gt; therefore we assume that we can separate the
emission into several intervals in proper time. For each
of these intervals we assume that the emission function

FIG. 5. Correlation between position and momentum of
emitted pions, for the group emitted before 10 fm/c. The dots
show the probability distribution g~~ from the model with the
base parameter set, and the line shows the fit with Eq. (A2).

APPENDIX: SOURCE PARAMETRIZATION

We display in this Appendix a parametrization of
single-pion source function obtained with our base-line
model. This parametrization is useful for determining
the actual source radii from Eq. (5). It is also useful to
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FIG. 4. The number of pions emitted per unit proper time
interval as a function of proper time. The arrows indicate the
boundaries of the intervals we chose for our parametrization.
The solid lines show our parametrization.
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FIG. 6. Comparison between different methods to extract
a correlation function from our simulation for the outward
(a) and sideward (b) projection. The crosses are the results
obtained by replacing the source function by a sum over delta
functions given directly by the 6nal distribution of momenta
and last interaction points. The dashed line shows the result
of a 3D Gaussian fit to these points. The solid line is the
correlation function calculated using the parametrization Eq.
(Al). Note that the result from the parametrization goes
to two for qo t/q„q, = 0 whereas the other methods show a
smaller intercept due to finite binning over ranges of y and
PT i



51 SOURCE DIMENSIONS IN ULTRARELATIVISTIC HEAVY-ION. . . 337

TABLE IV. Functions and parameters for the parametrization of the source function. Units are fermi for lengths and fermi/c
for times.

n, ! 128

!

(.-':)'!
2cI )

aq ——0.18, bq ——5.0, cq ——2.2

15

az ——1.3, bz ——5.6

a, exp (—r/b, )

a3 ——0.11,b4 ——22.

ax ——0.20, bz ——0.59, c& ——1.84

Agg ——0.47

1.2, c~i = 0.41

("~ b*"-) l
exp

)
a2 ——0.043, b2 = 0.010, cz ——4.8!

(vz aq)
'

xp (—,"',
)

! Egg ——0.31

1 + b~ cos (P) + c~ cos (2P)
b~~ = 1.4, c~~ = 0.95

a, rg exp (—r~/b,")

a3 ——0.010, b3 ——9.9

Ag3 ——0.57

b~~ = 0.95, c3~ = 0.13

can be factorized in the other variables, i.e. ,

r; & r «;+, . (Al)

g~ = 1 + b cos (P) + ccos (2P) . (A2)

In Fig. 5 we show how well this parametrization com-

In Fig. 4 we show the proper time distribution of the
pion emission, considering 100 runs, taking pions with
rapidity !y! & 1 and transverse momentum in the range
100 MeV/c & p~ & 300 MeV/c. This distribution
can be conveniently separated into three intervals: (1)
0 fm/c & r & 10 fm/c, (2) 5 fm/c & 7 & 10 fm/c,
and (3) 10 fm/c & r. The boundaries of these re-
gions are indicated by arrows in the figure. The dis-
tribution is well fit by a Gaussian in the first interval
and exponentials in the later intervals, as shown by the
lines in Fig. 4. The r~ distribution is fit by Gauss-
ians in the first and second intervals and by an expo-
nential in the third one. We also found that the q dis-
tribution is reasonably fit by Gaussians. To determine
the g distribution we transformed each pion into its rest
system.

For the P distribution, we need information about the
first two coeKcients of a Fourier expansion to calcu-
late the outward and sidewards radii. We thus use a
parametrization of the form

pares with the output of the simulation program. Note
that the correlation is quite strong between transverse
radius and momentum.

The parametrization of the dependence on proper time
and the other variables is summarized in Table IV.

In Fig. 6 we show the results for the outward and
sideward correlation function. Thereby we assumed all
pion pairs to have an average momentum of 200 MeV/c.
The crosses are obtained by using the results from our
simulation directly, i.e., replacing the integral over the
source function by a sum over delta functions. The
dashed line shows the appropriate component of the
three-dimensional Gaussian fit, with the parameters as
given in Table I. The solid line is the result using the
parametrization of the source function. Note that the
sum over delta functions and the Gaussian fit lead to
a "coherence" parameter A & 1 whereas the correlation
function extracted &om the parametrization goes to 2 for
small q. The deviation of A from one in the former case is
entirely due to the finite binning and the limitations of a
Gaussian fit, respectively. For relative momenta q & 100
MeV/c our parametrization gets unrealistic as we have
assumed that the position-momentum correlation is inde-
pendent of r~. This assumption is justified for the bulk
part of the particles. For particles that are emitted at
r~ small the emission has to be isotropic and therefore
g~ had to go to 1 in this limit. For the extraction of the
radii that are determined by the low-q behavior this has
no consequences.
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