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Abstract 

The electronic structure of C,, molecule is calculated in a spherical repre- 
sentation, starting from the self-consistent solution of the Kohn-Sham 
equation in the field of a positively charged shell. When an icosahedral 
perturbing field is added to the Hamiltonian, it is possible to reproduce 
quite accurately the spectrum obtained with self-consistent calculations in a 
large basis. The advantage of our wave function is its relative simplicity due 
to the separation of radial and angular coordinates. We apply the model to 
the dipole response, obtain more structure and a more spread out strength 
function than in previous treatments. 

1. Introduction 

The electronic structure of the c 6 0  molecule is well 
dejcribed by empirical tight-binding models [ 11. More 
nearly ab initio studies based on the self-consistent mean 
field approach have also been reported [2-51. These models 
all predict an energy gap of LUMO and HOMO in the l~ 

electron orbits which are responsible for the stability of c 6 0 .  

They also describe well the density of electron states mea- 
sured in the photoemission spectroscopy [2]. 

Because of the nearly spherical structure of C,o, it should 
be convenient and useful to describe the wave function in a 
spherical basis. In fact, it has been pointed out that each 
orbital of occupied states obtained in large-basis LDA can 
be assigned unique radial and angular quantum numbers 
[3]. The spherical description will be advantageous in that 
the physical picture will be simple and intuitive, as well as 
hopefully simplifying numerical calculations. For many 
properties, one needed a simple basis of wave functions that 
is more complete than the tight binding model provides. 
Spherical basis models have already been proposed [6 ]  and 
employed to calculate plasmon excitations [7]. 

In this paper, we present a jellium model in which the 
positive ion is described by a uniform thin spherical shell 
and the icosahedral structure is treated as perturbation. We 
will show that the model serves as a simple and accurate 
substitute for the fully self-consistent LDA calculations, 

2. Jellium shell model 

We include the four 2s2p-shell electrons of each carbon 
atom in our model space, amounting to 240 valence elec- 
trons in C,, . The effect of the core electrons will be taken 
into account by a pseudopotential. The electronic Hamilto- 
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nian for c60 is then given by 

e’ +I-* 
i < j  Iri-rjI 

Here R, represents equilibrium positions of carbon nuclei. 
We assume equilibrium nearest-neighbor distances between 
carbon atoms of 1.454A on pentagons and 1.368A between 
pentagons. The radius of c60, R = I R, I, is then 3.527 A. The 
ri represent electron coordinates where i runs 1 through 240, 
and Vps is the pseudopotential caused by core electrons. The 
ion charge number is set to Z = 4. 

To develop our approximation, we make a multipole 
expansion for the ion-electron Coulomb potential, 

60 

a =  1 

Here r ,  , < represent the larger and smaller between r and R,  
respectively. Because of the icosahedral symmetry of C,o, 
the real coefficients, u L M ,  are identically zero for many L 
values. The non-vanishing uLM for low values of L are 
L = 0, 6, 10, 12, 16, . . . . Furthermore, the magnitude of non- 
vanishing uLM’s depends strongly on L. 

The pseudopotential, which will be discussed in detail in 
the following section, has a similar expansion. Our basis of 
single-particle wave functions, which we call the jellium 
model, are obtained from the L = 0 potential in eq. (2.2). It 
is convenient for us to set the L = 0 component of the 
pseudopotential to zero. The jellium Hamiltonian with 
spherical symmetry is thus defined by 

Here r i >  represents the larger between ri and R. We should 
note here that the ion-electron potential in eq. (2.4) is just 
the static electronic potential of a uniform charged spherical 
shell of radius R, having total charge 602. 

We calculate the electron wave functions treating the 
exchange interaction in the local density approximation, as 
described in Ref. [9]. Expressing the single particle wave 
function in the spherical basis as $,,,,,,(r) = [u,,,(r)/r] x,,,(?), we 
solve the equation for the radial wave function iteratively 
until self-consistency is achieved. 
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We show in Fig. 1 the resulting single-particle spectrum. 
In calculating the self-consistent potential, we use the 
occupation factors of the final spectrum including the icosa- 
hedral perturbation. For the spherical orbitals, this requires 
partially filled shells for the 1 = 9, n = 0 orbital with 18 elec- 
trons, and for the I = 5, n = 1 orbital with 10 electrons. 
Since only the L = 0 component of the density is needed to 
calculate the self-consistent potential, the m-state occupation 
factors of the unfilled shells are not needed. 

In addition to the bound state, we also show some quasi- 
bound states in the spectrum. They are well localized radi- 
ally because of the centrifugal barrier. The energies of 
quasi-bound solutions for n = 0 are obtained by forcing the 
wave function to vanish at r = 6A. 

The figure shows that the 1 = 10, n = 0 orbital is much 
lower in energy than 1 = 5,  n = 1 orbital. Therefore, the 
solution presented here is not a ground state solution of 
LDA calculation with respect to the jellium Hamiltonian of 
eq. (2.4). However, we will later show that the present solu- 
tion corresponds to the ground state after we include the 
pseudopotential and the nonspherical part of the Coulomb 
interaction of eq. (2.2). 

Figure 2 shows the radial dependence of the self- 
consistent potential. It is a deep narrow well in the form of 
a shell located at the C,, radius R. The electron wave 
function for n = 0 and 1 are also well-localized at that 
radius. As a result, the spectrum for each n value is close to 
rotational, with energies well described by the formula 
EWl = hZ1(I + 1)/2mR2 + En,. 

Fig. 1. The single particle spectrum for C,, in the jellium model. 
3. Perturbation with icosahedral symmetry 

In considering the non-spherical ion-electron interaction, 
we cannot use the bare ion-electron interaction because of 
electron screening. At this point we will give up full self- 
consistency, which would require evaluating the non- 
spherical Coulomb field of the electrons. Instead, we will 
parameterize the nonspherical screened ionic potential, 
using the more complete LDA calculations to fix the param- 
eters. (We call such LDA calculations without spherical 
symmetry as "full LDA calculation" in the following.) 

We employ the following simple parametrization for the 
matrix elements. First we assume that the coupling between 
different n states is so small that we can discuss each n state 
separately. In the full LDA calculation, it has been found 
that the radial quantum number is a good quantum number 
at least for occupied orbits [3]. We also assume that the 
radial wave functions do not depend much on the angular 
momentum as we found in the jellium model solution. 
Therefore, we set unl(r) = u,,(r). 

Then the matrix elements of the ion-electron Coulomb 
interaction are given by 

Fig. 2. Radial dependence of the self-consistent potential. 
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where v,(L) is the radial matrix elements defined by 
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Then it has no effect on the n = 1 orbits since the radial 
wave functions of n = 1 orbit have a node at r = R.  The 
matrix elements for n = 0 orbits are 

60 

(IC/Olm I c updr - Ra) Irl/Olfm,> 
, a = l  

45c 
= AE - aLM(lm I YLM 1 l"'). 

6o LM 
(3.4) 

Here we introduce the parameter AE for the strength of the 
pseudopotential instead of ups. The energies of n = 0 orbits 
are shifted by AE on the average. Therefore, to obtain a 
reasonable level scheme near Fermi level, this energy should 
be about the difference of the highest occupied levels of 
n = 0 and n = 1 orbits in the jellium model, about 11 eV as 
may be seen from Fig. 1. 

We next discuss the parameters un(L). For n = 1 orbits, we 
consider the orbits up to 1 = 7 shown in Fig. 1. Then only 
the three multipoles L = 6, 10, 12 are relevant. We obtain a 
good fit to the spectrum taking all screening strengths to be 
the same, u,(L) = 0.15. Among the relevant multipoles, the 
L = 10 has a substantially larger coefficient aLM than the 
others, so the critical coefficient is ~ ~ ( 1 0 ) .  The dominant 
L = 10 multipole makes 1 = 5 orbit split into three states 
with h, ,  t l v r  and t2, symmetries. The lower two states, h, 
and t , ,  , constitute HOMO and LUMO orbits, respectively. 

For n = 0 orbits, we take into account the orbits up to 
1 = 14. Though the levels up to 1 = 15 are quasi-bound in 
Fig. 1, the 1 = 15 orbit comes above the barrier after we 
include the repulsion by the pseudopotential and is not 
inclcded. Then the angular screening factors are needed for 
the multipoles with L = 6, 10, 12, 16, 18, 20, 22, 24, 26, and 
28. In the full LDA analysis, it is found that the states up to 
the Fermi level of 1 = 9 have angular momentum as a good 
quantum number [3]. To understand how this can be in the 
presence of the perturbations, note first that the L = 6 per- 
turbation is small because of the associated factor a L M .  
Among the n = 1 states the L = 10 perturbation was seen to 
be important to generate the HOMO-LUMO gap, but for 
n = 0 we find there is a cancellation between the attractive 
Coulomb force and the repulsive pseudopotential at about 
the multipole L = 10. The next important non-spherical 
interaction occurs at L = 18 for which the coefficient uLM is 
substantially larger than those of neighboring L's. The 
L = 18 multipole causes a large energy gap of t~ orbits 
within the 1 = 9 multiplet. The levels lower than or equal to 
1 = 8 orbits do not split substantially, though the wave func- 
tions with angular momentum 1 are found to mix strongly 
to the orbits with I' such that 1 + I' = 18. 

In the fitting to full LDA calculation, we found it difficult 
to get a reasonable spectrum for o orbits with an L- 
independent uo(L). A reasonable spectrum can be obtainable 
only when we include the decrease of the radial integral of 
eq. (3.3) for large L. We chose the following param- 
eterization, 

vo(L) = 00 (L < 12) 

= 12uo/L (L 2 12), (3.5) 
with uo = 0.475, and AE = 19eV. 

In Fig. 3, we show the calculated single-particle spectrum 
with the parameterization discussed above, comparing it to 
the fully self-consistent LDA spectrum of Ref. [4]. Our cal- 
culation reproduces quite accurately the full LDA theory 
except for the level order of the 1 = 5, n = 0 orbits, where 
the Coulomb and pseudopotentials nearly cancel. The 
present parameterization produces a HOMO-LUMO gap 
of 1.72eV for II orbitals and a gap of 15.2eV in the t~ 
orbitals. 

For higher nodal states with n 2 2, we expect the non- 
spherical field is much less important. The lowest 6 orbit, 
n = 2, 1 = 0 state, lies at -4.6eV in Fig. 1, close to the 
lowest II* LUMO orbit oft,, symmetry. 

4. Dipole response 

The dipole strength was previously calculated in the tight 
binding model [7] and a strong collective resonance was 
predicted in the region E N 20-30eV. It was observed 
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experimentally by photoionization [lo] and electron inelas- 
tic scattering [ 111.  

The tight-binding model describes the low dipole excita- 
tions quite well, when the effect of the residual interaction is 
included in the wave functions [8, 121. However, the 
description of high lying excitations in the model is rather 
poor because of the limited model space. The lack of an 
explicit kinetic operator in the tight-binding Hamiltonian 
means that sum rules may be violated, even if the model 
space is large enough to contain the relevant states. In par- 
ticular, the total oscillator sum is not correctly given in the 
tight-binding model [7]. The present jellium model with ico- 
sahedral perturbing field improves these defects to a certain 
degree. In the following we reanalyze the dipole response of 
the c60 molecule using the model we constructed in the pre- 
vious section. The interaction is treated in the random 
phase approximation, as was done in Ref. [7]. 

In evaluating the dipole response, we will consider only 
excitations preserving the n quantum number. The tran- 
sitions between U and n orbits accompany large energy gap 
(-30eV in Fig. 1) and contribute only to fairly high excita- 
tion energy region. The energy gaps of n and 6 and higher 
nodal states are not so large, but the available strength is 
rather small, less than a third of the total strength for n 
electrons. The oscillator strength for An = 0 transitions is 
two-thirds of the full strength and this is satisfied in our 
RPA calculation. 

The free response function is given by the sum of the two 
terms, n:(o) = n:'")(o) + ll:(")(o). Each response function, 
Il:(,)(co) I = 0, n, comes from the particle-hole excitation 
with the same radial state i. 

where ( p , l  z I h,) = ( p ,  I R cos 0 I h,). 
For the residual Coulomb interaction between electrons, 

we follow the prescription adopted in Ref. [7]. We make 
multipole expansion of residual electron-electron inter- 
action around the center of the molecule, and then take a 
dipole part. Assuming two electrons to locate radially close 
to the c60 radius R, the residual interaction is approx- 
imated by e2/I Y - r' I N e2zz'/R3. The RPA response func- 
tion is then given by 

First we discuss the response functions in the absence of 
the icosahedral perturbation, and taking the excitation ener- 
gies according to the rotational spectrum, E,,, = E,, + h21(I 
+ 1)/2mR2. We show in Fig. 4(a) the distribution of the free 

oscillator strength f ( ~ )  = (2m/Ztz) I (f ) z  l i) I'cfiS(& - Efi). 

There are two transitions with dipole strength for each 
radial state: 1 -, I + 1 , 1  = 8 and 9, for U orbits and I = 4 and 
5, for n orbits. The transition energy is given by c l +  - = 

A2(1 + l)/mR2. Summing up the two transitions, we obtain 
an oscillator strength for each radial state given by CA, = 

$ N , ,  where the total electrons number N ,  is 180 and 60 for 
I = 0, R, respectivly. The total oscillator strength exactly 
satisfies the sum rule for angular excitations, which is two- 
thirds for the full sum. 
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Fig. 4. The dipole oscillator strength distribution in the spherical shell 
jellium model without icosahedral perturbing field. Free response is shown 
in (a), R + R* by dashed curve and cr + o* by solid curve. RPA response is 
shown in (b). 

Inclusion of the residual electron-electron interaction pre- 
serves the sum rule but changes the dipole strength distribu- 
tion drastically. This may be seen in Fig. qb) ,  showing that 
a strong collective state appears at E,, 'Y 20eV with nearly 
whole strength. The low energy transitions almost disappear 
in this limit. The oscillator strength summed over three 
remaining states, which lie below 6eV, is only about 0.1. 
This is in good accordance with the previous calculation 
reported in Ref. [7] using the JELLYRPA program, where 
both the excitations changing radial motion and the excita- 
tions to the continuum states are included. 

We next show the dipole response including the effect of 
icosahedral perturbing field. The single particle wave func- 
tions whose spectrum is given in Fig. 3 will be used. The free 
dipole strength for n and (T excitations are shown in Fig. 
5(a). The strength is now distributed to quite high excitation 
energies of up to 80eV, leaving about one-third of the total 
strength below E,, < 30 eV region. Though total oscillator 
strength for n to R* transitions is close to S N , ,  we found the 
total oscillator strength for U to U* transition is close to N , ,  
violating the sum rule limit significantly. Since we merely 
add the local field in angular space to the spherical free elec- 
tron limit discussed above, which should conserve the total 
oscillator strength, the violation of the total oscillator sum 
originates from the truncation of the model space in diago- 
nalizing the non-spherical field. The most important multi- 
pole for 0 orbits is L = 18 which causes a large U gap. At 
the same time, it causes the mixing of the wave function 
with very different 1 values. For example, I = 9 orbits sub- 
stantially mix with I = 27 orbits, much higher orbits than 
considered. This failure warns us that we need to be careful 
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Fig.  5. The dipole oscillator strength distribution in the jellium model with 
icosahedral perturbing field. Single particle orbits whose spectrum is given 
in Fig. 3 are used. Free response in (a) ( x  -t x* by dashed and U + U* by 
solid curves) and RPA response in (b). 

for the mixing to quite high angular momentum states in 
the spherical basis models. 

The strength distribution in the RPA is shown in Fig. 
5(b). The lower strength, especially those originated from n 
to n* transitions are strongly suppressed by the screening 
effect, as was found in the analysis in the tight binding 
model [7, 81. There appears a collective resonance at 
E N 25eV. However, the oscillator strength is rather small. 
The total summed strength below 30eV is about 70, one- 
third of the total. The state also gain a substantial spreading 
width. Compared with the spherical jellium limit of Fig. 
qb), we find a substantial strength in the low energy tran- 
sitions below 10eV. These features show a better coin- 
cidence with the experimentally measured dipole strength 
distribution [lo, 111 than the spherical jellium limit. The 
feature at higher energy transitions above 30eV region 
remains relatively unchanged, but somewhat increased in 
intensity. 

5. Summary 

We have presented a jellium model of C60. We assigned 
n = 0 levels to CT- and n = I levels to n-electron orbits. 
Adding a non-spherical perturbation due to the positive ion 

charge and the pseudopotential caused by core Is orbits, we 
show that the reasonable description for the level scheme 
can be obtainable for both n and D orbits. The wave func- 
tion in this model is separable between the radial and the 
angular part, and ready for various applications. We show, 
as an example of possible applications, the dipole response 
function. The inclusion of the non-spherical ion-electron 
interaction, which makes the covalent structure of the elec- 
tron distribution, is found to decrease the collectivity of the 
plasmon resonance substantially. It also increases the dipole 
strength for lower transition. The resultant strength dis- 
tribution is in better agreement with the observations on 
photoabsorption. 
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