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Abstract: Green functions are used to derive transport equations with bound-state production and
absorption . The equations are valid in the quasiparticle limit and are used to describe deuteron
production in heavy-ion induced reactions . The deuterons are produced in three-nucleon collisions
in a process that is inverse to deuteron breakup. We also derive rate equations for pion production
by resonance formation and decay . Our equations satisfy detailed balance even in the case of wide
resonances, unlike previous formulations. The relation widely employed in the cascade and
Boltzmann equation models produces an equilibrium with too many pions . We have solved the
equations numerically, finding for a number of cases fair agreement with experimental data . The
predicted entropy produced in central Nb+Nb collisions at 650 MeV/nucleon exceeds by half a
unit the entropy deduced from data . The predicted pion yields in the cascade limit are much closer
to the data measured in central Ar+ KCl collisions than was found in earlier treatments .

1. Introduction

NUCLEAR
PHYSICS A

A full description of heavy-ion-induced reactions requires other degrees of free-
dom besides the nucleon single-particle variables . A distinct feature of high-energy
reactions is the large number of composites, particularly deuterons, emitted into
wide angles') . The theory of deuteron production by heavy ions was at first rather
crude. Models were based on various assumptions including: chemical
equilibrium 2-5), coalescence in momentum space 6-8), and coalescence in phase
space 9,'°). The first theory based on dynamics was proposed by Remler "), and
was applied in refs . 12,13) . Dynamic models relying on nucleon degrees of freedom
and independent nucleon-nucleon collisions '4- ") have been quite successful in
describing single-particle features such as production of protons. Although the
quasiparticle assumption inherent in the models may not be well satisfied in reactions,
see e.g . ref. ''), these models are appealing because they incorporate a range of
dynamic effects and are computationally tractable . In this paper we examine the
extension of the models beyond the approximation that the equations can be
truncated with two-particle collisions and only nucleon degrees of freedom. We
0375-9474/91/$03.50 () 1991 - Elsevier Science Publishers 13.V. All ri his reserved
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shall incorporate deuteron production within the present framework by incorporat-
ing three-body collision terms.
The pion degrees of freedom are also significant for heavy-ion reactions in the

energy domain of hund~ids of MeV per nucleon. The production of pions received
particular attention 19-22) after data were compared with the predictions of
thermodynamic 2,23) and cascade models 14,24-27) . In the cascade it was assumed that
pions can be treated by adding the delta degree of freedom to the nucleons . The
respective procedure is routinely applied in dynamic models 16,17,28-34) .

An important claim in the literature has been that the simple cascade predicts
too many pions, and indeed, that one can obtain information about the nuclear
equation of state from pion yields . The discrepancy between cascade and experiment
has been directly used to extract the :quation of state 2°-22,35-37) . However, our
analysis produces a different formula for the cross sections than what is commonly
assumed in dynamic models. We shall see that pLon yields from the corrected rate
equations are much closer to the data for the simple cascade, and that the sensitivity
to the potential field is weak.

In sect. 2 we derive a transport equation for deuterons including deuteron
production and absorption terms. We further study limits in momentum space for
the existence of a discrete state in deuteron channel . In sect. 3 we discuss the
deuteron production and absorption rates cnd the realization of thermodynamic
equilibrium . The formation of deuterons becomes similar to that in the approach
by Remler et al. [refs. 12,13)]*, when an impulse approximation is used for the matrix
element in the rates . We use the data for deuteron breakup to parametrize the square
of matrix element.

In sect . 4 we discuss the production of pions through the formation and decay
of baryon resonances . We show that the detailed balance relation used in past
calculations of pion production is not valid when the unstable particles have broad
widths. In general, the reabsorption cross section of broad resonances is underesti-
mated in previous treatments . This leads, in consequence, to an equilibrium with
too many pions . We derive another relation for determining the resonance reabsorp-
tion cross section, expressed in eqs . (4.14)-(4.16) . In sect. 5 we discuss the parametri-
zation of single-particle energies in the calculations .
The numerical method of solving the set of transport equations is discussed in

the appendix . Our method diners from previous treatments employing pseudo-
particles in several respects . Besides the introduction of three-body collisions we
use a different method for treating the effects of the Pauli principle in binary
collisions. The results of the calculations are compared in sect . 6 with a variety of
data on particle production 1,38) . We also examine the production of entropy, which
in our treatment is calculated from the quasiparticle distribution functions . This
contrasts with the thermodynamic treatments of deuteron production, which assume

` We nose that the method of refs. 12.13 ) does not producc correct thermodynamic oquilihrium in the
limit of long interaction times .
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a direct connection between deuteron yields and entropy. Finally, we study the
sensitivity of the produced entropy, d/ p ratio, and pion multiplicity to the nuclear
equation of state. We conclude with a discussion in sect. 7.

We shall describe deuterons with the help of a two-particle Green function that
is defined on a contour in time 18,39,40)

Here x labels the position as well as the particle spin and isospin states, x = (r, a, a) .
The deuteron occupation will be obtained from the function

which is a particular case of (2.1).
The function G2 satisfies an equation which follows from diagrammatic

expansion 41 °18 ) of the expectation value in (2.1),

Here v is an antisymmetrized potential, and the operator product involves a summa-
tion over indices, integration over spatial variables, and integration over a contour
in time . The function W is an irreducible part of G2 which does not contain two
one-particle lines connected by the potential. We have

(g= (gD+%C ,

	

(2 .4)
where %D in (2.4) is a product of one-particle Green function,

D

	

r r r(xl, x2, t, X1, x2, t

= i(G(x 1 , t, x,, t')G(x2 , t, x2, t')-G(x 1 , t, x2, t')G(x', t, x2, t')) ,	(2 .5)

with

2. euteron transport equation

iG2(xl , x2, t, x; , x2, t') =(T{+i(xl , t)

	

(x2, t)

	

'(x2, t')1/1*(x; ,01) -

	

(2.1)

PG2 (xl , x2, (, XI , x2, t ") - (`Pt(x2, t')1kt(xl, 11+Xx1, 07

	

(x2, 0 7i ,

	

(2.2

G2 = 'rfi + 4'6VG2 .

	

(2.3)

iG(x, t, x', t') = (T{1P(x, t)1P'(x', t')}) .

	

(2.6)
The function (fic is an irreducible part with the lines connected in some way. The
lowest-order contribution to (fic is shown in fig. 1.

(a)

	

(b)
Fis. 1 . Irreducible gart of the two-particle Green function IN : (a) .9'3 and (b) ~:

	

'.
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From (2.3) we obtain

where the operator 1 is

G: _ ~9_+4~9" vG2 ,

G2 = W`'+4W`vG2 +4W+vG2 .

S(t-t')2(8(x,-xi)s(x2-x2)-S( .1,-x2)S(x2-x;)) .

(r I F(P, ,0, R, T)Jr') = I dT'TdR'e'( DT'-P- R')

The Poisson bracket for the transformed functions is

[ful= afau - afau - af au + af _au
aD aT

	

aT af2

	

a

	

a

	

a

	

aP'

XF(R+2R +2r, R+ !2R'- 2r, T+2T , R -2R +2r,

715

(2.7)

with the time integration in operator product running now along ordinary time-axis.
The retarded F+ and advanced F - functions are defined as

F'_(t, t')=te(f(t-t'))(F'-F')(t, t'),

	

(2.8)

with all arguments except the time variables suppressed. Functions F' correspond
to expectation values with the creation operators on the right of annihilation
operators. This is opposite of the order in eq . (2.2), cf. ref. '') . For the functions
G2 we get

(2.9)

Combining this with (2.7) leads to

G2 =(1+4G2v)cg'(1+4vG?),

	

(2.10)

A discrete state corresponds to a pole of G2 and a resonance peak in G2 when
these functions are Fourier transformed in relative times. We shall develop our
equations for the functions G2 in a Wigner representation for the c.m. coordinates
as well as the time variables . In this representation 4','8), the functions are

R-2R'-2r', T-2T') .

	

(2.11)

When a product of two such operators is Wigner transformed, the result may be
expanded to yield the substitution

fu -+fu+2i[f, u].+- . . .

	

(2.12)

(2.13)

Note that there is an integration over the intermediate internal variables for the
Wigner-transformed functions in (2.12) and (2.13) . When one of the functions has
a resonance structure in energy, the averaging over an energy interval must be
applied to justify dropping of higher-order terms in the expansion (2.12) .
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e first display the form of the functions in the vicinity of a resonance. The
internal wave function in the residue of G2', assuming weak damping, satisfies the
equation

Note that x labels now the internal spatial variables r and the spin and isospin
indices. Further E =E(,

	

, T) in (2.14) is the energy of the state, and Re( )
denotes the hermitian part of the operator,

2(xj Re (G2)- '
=(xj(G2)-'(,12,

	

, T)Ix')+(x'I(G2)-'(P,12,

	

, T)Ix)*

=(xl((Gz)-`+(G?)-')(,12,

	

, T)lx')

=2(xl Re (%+)-'(, n,

	

, T) -4vlx') ,

	

(2.15)
see e.g . ref. 's) . Following (2.10) we have

(G2)-' G? = ((G2)-' +4v)%-- (1 +âvG2) .

	

(2.16)
A:titer Wigner transformation, the lowest-order terms yield

Re (G2) -'G2 =0,

	

(2.17)
and the functions G2 in the vicinity of resonance become

T)Ix ,)=(xio(

	

,

	

, T))(O(

	

,

	

, T)lx')
x222(,

	

, T)f?(,

	

, T)27rS(12 - E(P,

	

, T))

	

(2.18)
and

T)Ix')=(xI0(,

	

, T))(P(P, R, T)Ix')24(P,

	

, T)
x(1 +f2(,

	

, T))27rS(n - E(P,

	

, T)) .

	

(2.19)
with f2 - an occupation . We use in (2.18) and (2.19) the identity

G2 - G2 = G2 - G2 ,

	

(2.20)
and

Z2
1(

i(xJG2(

f dx' (xIRe (G2) - '(

T)lx')

T)Ix')(x' I tA(P,

	

, T)) =0 .	(2 .l4)

(G2)®'Gi + i[Re (G2)
-

', G' ]

T) = 2

	

dxdx' (d) (P,

	

, T)Ix) a (xj Re (G2 ) - '(P, D,

	

, T)Ix')IO=Ea~f l

To obtain an equation for the variation of occupation f2 we apply (2.12) to
eq . (2.16) and retain the zeroth- and first-order terms in the expansion with respect
to spatial and time derivatives. We get

(Re

	

Irn

	

" ,

	

(2.22)
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and on subtracting from (2.22) the conjugate equation, and integrating over the
internal variables, we find for f2

af?+ aE , af~ - aE , aft
f?= -Z` (1+f2)-

	

'.f?-

	

(2.23)aT

	

aP

	

a

	

s

	

aP

The last term at the l .h.s . of (2.23) is

~@'f2=

	

dx dx'

	

a (xl Re (G2)-'
(aR

x
a

(Z- (P,aP - T)f2(P, R, T)(ç5 (P,

T)(x')

x a (~(P, R, T)f2(P, R, T)(oA(P, R, T)Ix)(x'IO(P,

	

, T)))
)

,a

and the absorption Vif' and production X' rates are

.Z`(P, R, T) = 4(P, R, T)si
J
dx dx' (0(P, R, T)Ix)

x(xl v%'(P, E,

	

, T)vJx')(x'JO(P,

E,

	

, T)Ix')

T)Ix)(x' l 0(P, R, T)))

(2.24)

T)) .	(2 .25)

The rates may be expanded diagrammatically 42) . Upon expansion, the absorption
and production can be brought into a form similar to that in the approach by Remler
et al. "-' 3 ) . When expanding in terms of interacting quasiparticles, an identity which
holds for the one-particle functions,

is used . Eq. (2.23) represents the most general form of kinetic equation for the
bound-state occupation probability .

In addition to the usual conditions for the validity of the Boltzmann equation,
the derivation of (2.23) requires that Tf ~,- 1/(2((T) - E)) is less than the time of
characteristic variations in a system . The energy E is the bound-state energy and
(T) is the average of the kinetic energy over the bound-state wave function . In the
energy representation this becomes a condition that the resonance is well isolated .
For deuterons Tf ~,:- 4.5 fm/ c, and the condition may only be satisfied late during the
development of a heavy-ion collision .
Beyond the brief analysis that follows, we make no attempt to solve the deuteron

eigenvalue problem (2.14) in a medium . Physically, in moderately dense matter a
neutron-proton pair is likely to be in a composite larger than a deuteron . Indeed,
the comparisons of model calculations with data are often done for d-like nucleon
pairs 9.12.'3.43) . In principle one might try to calculate the depletion of a deuteron
pole in

	

2 due to the dressing ofdeuteronswith additional nucleons. With decreasin
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excitation of the medium, heavy composites would need to be considered . The
interior of these composites can be described as nuclear matter with nucleons only .
From eq. (2.14), using %D for 1b with G in quasiparticle approximation, we obtain
the following equation for the deuteron pole

- e(2P+P) - e(1P-p))(P ION- 1(1 -f(!P+p)-f(!P-p))

dP
x j (2 ff ) 3 (P1V1Y)WI0) =

0 .

This equation was considered previously 44-46), and it accounts for the erects of
antisymmetrization with nucleons in surrounding matter and of the single-particle
spectrum on the two-body state . The antisymmetrization removes the particle-hole
components from the wave function at zero temperature .
We solve eq. (2.27) at zero temperature in the deuteron channel, averaging over

angles in the factor (1-f-f ), and setting m * = m. We report here the results for
the separable potential 47) of Graz form including tensor interactions, but we have
tried a potential without tensor coupiing with very similar results . Fig . 2 shows the
region in which there is a discrete pole in the two-body Green function as a function
of PF and P. The region, marked "deuteron" and "Cooper pair", is bordered by a
solid line. At low densities the state exists for all values of P, but at higher density
( p r 5 x 10-3 fm-3 =p°/ 30) there are two branches . The higher momentum states
can be identified with deuterons separated in phase space from the nuclear matter,
but perturbed by the antisymmetrization . The lower branch represents Cooper pairs

100 200 300 400 500

pi, (Me`J/c)

(2.27)

Fig. 2. The P-p, . plane, showing the region in which the neutron-proton Green function has a discrete
pole. Here P is the total momentum of a pair and p, . is the Fermi momentum of nuclear medium . The
region with a pole, labelled "deuteron" and "Cooper pair", is bounded by a solid line . The dashed line
indicates the momenta for which the energy of a state is E ® 2p,,,, and the dotted line the momenta for
which f; =0 . The dash-dotted line is the boundary of a region where the condition (2.28) is satisfied.
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with energies E_2AF. The E = 2AF boundary is shown as a dashed line . Finally
at low densities the matter is unstable against complete deuteru:_ "zation 45). The
E=0 boundary of the region is shown as a dotted line .
The Cooper pairing is a many-body effect unrelated to the formation of physical

deuterons. In our calculation of deuteron production, we only want to include the
Green function pole in the "deuteron" region . This can be achieved by imposing a
simple condition that a deuteron quasiparticle can only be created when the average
nucleon occupation over the phase-space volume corresponding to free-space
deuteron wave function, is less than a cutoff value

(.f)d <f`= 0.20 .

The boundary of a region where the condition is satisfied is shown as thedot-dashed
line in fig. 2. The cutoff value (2.28) corresponds to a 40% removal of the free-space
wave-function due to antisymmetrization .
Another discussion of the derivation of a transport equation for composites was

given by Röpke and Schulz 48) who treated the transition matrix elements in the
Born approximation and did not consider the effects of statistics . General references
on the topic are refs . 49,5° ) .

3. Production and absorption rates

The lowest-order contributions to deuteron production and absorption rates,
illustrated in fig. 3a, correspond to the formation and dissolution of deuterons by
the interaction of proton and neutron quasiparticles . This is just the mechanism of
low-energy (p, d) nuclear reactions 51) where the proton quasiparticle is the distorted
projectile wave function and the neutron quasiparticle is a shell-model orbital. This

(2.28)

Fig . 3 . Expansion of deuteron production and absorption rates. The lines indicate hers: quasiparticle
contribution to the functions only, in distinction to fig. 1 . For more details see ref. 42 ). Production or

absorption in proton-neutron interaction (a) and in three-nucleon interaction (b) .
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process requires momentum and energy matching between the deuteron and nucleon
quasiparticles, whichbecomes difficult to fulfill ") as the incident energy is increased.
In infinite matter, when quasiparticles have definite momenta and energies, the
binary contributions to the rates would be identically zero, unless energy shifts were
such that the deuteron entered two-nucleon continuum. Close to the threshold the
phase space for the processes would be low.
A less restrictive mechanism for the production and destruction of deuterons is

via the three-nucleon interactions . The lowest-order contributions obtained from
the insertion of (2.26) into W°, are illustrated in fig. 3b. Further contributions of
the same order in two-body scattering matrix, required by antisymmetrization, come
from 16c. The production process illustrated in fig. 3b is such that a nucleon is
of-shell after a binary collision, and is capable of forming a deuteron with another
nucleon. We shall assume that the three-nucleon collisions are responsible for the
deuteron formation in the energetic heavy-ion collisions .
®n isolating specific contributions in the quasiparticle expansion of production

and absorption rates 42,52) averaged over spin directions, we find the following
deuteron production rate,

_ 3md

	

dP,

	

md

	

dP'

	

md	dP,

	

md

	

_1

	

2Xd(

	

) - E(P)

	

(2?T); E(Pl)

	

(2 ff)3 E(P') f (2Tf)3 E(Pl) 2l

	

dd-ddl

x(2ff) 38( +Pl-P'-P;)2irâ(E(P)+E(Pl)-E(P')-E(P;))

y(
d

f

	

I r
))fd(P')fd(P1) +

2md

	

1

	

dp
3

_mN

	

dP 3
E(P) N=n,P

	

(2?r) L(P)

	

(2 ff )
r

x

	

md
r

	

dP
3
MN

IAdN-dN12(2 ff) 3S(P+P - pr_P
E( ) (2~r) e(p)

x2irû(E(

	

)+ e(P) -E(P') - e(P'))(1 -f(P))fd(P1)fN(P')
_8 md

	

dp mN dPi _MN dP2 MN
+3 Ed(P) N=n,P

	

(2?r)3 e(P)

	

(27r)3 e(P1)

	

(2 ff)3 e(P2)
r

x

	

dP

	

MN
2I

	

PnN-'dN12(2lr)3&(P+P _Pt

	

Z-P -PP)j (27r)
3
e(P )

x2-7r&(E( ) +e(P)-e(Pi)-e(P2)-e(P'))(1-fN(P))

xfP(P1)fn(P2).fN(P ')+ " " "

	

3.1
and the corresponding deuteron absorption rate,

2ma

	

dP MN

	

dPi MN f dP2 MN. . +

	

(2Ir)3 e(P)

	

(21r)3Ed(P) N=n

	

e(P,)

	

(2 ,7r)3 e(P2)

x

	

dp
'3

	

mnr 2I'*dN-pnN1 2(2 ff)3r)(P+P
_Pr ®P2®P')(21r) e(P )

x2lr8(E( ) +e(P)-e(P;)-e(P2)-e(P'))fN(P)
x0

	

fp(PM(1 -fn(Pi))(1

	

®fN(P'))+ " . . ,

	

(3.2)
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These equations look rather imposing, but in fact are nothing more than Fermi's
golden rule with matrix elements and phase space integrals cas: into a Lorentz-
covariant form. The three terms at the r.h.s . of (3.1) represent the dd and dN
scattering, and the deuteron production in three-nucleon collisions. These processes
are shown schematically in fig. 4. In (3.2) we indicate only a term corresponding
to the deuteron breakup in interactions with nucleons . All functions in (3.1) and
(3.2) refer to a time T and location R. The energies e are nucleon single-particle
energies . We have introduced in (3.1) and (3.2) factors m1E appropriate in the
relativistic case 53-55), otherwise putting the quasiparticle strength equal to 1 . The
factors 1 .X11 2 stand for matrix elements squared summed over the final and averaged
over the initial spin directions . The numeric factors in front of each of the terms
on the r.h.s . ofeqs. (3.1) and (3.2) arise from the process of summation and averaging
over the spin indices. The process of deuteron formation in three-nucleon collisions
is inverse to the deuteron breakup, and we have

IXpnN-dN12 - 41AN-pnN12

More generally, matrix elements are related by

lAi_f1 2 - (gflgi)IXf-i12

where gk is the spin degeneracy factor in channel k. In the context of (p, pd)
reactions, the relation between deuteron formation and breakup has been discussed
by Lovas 56) .

The terms involving nucleons in eqs. (3.1) and (3.2) have counterparts in the
formulas for nucleon absorption and production rates '$). Thus, writing the neutron
transport equation as

afn ae afn ae afn

	

>
aT

	

ap

	

aR

	

aR

	

ap

P'

P'

P'

P'

P~z

Fig. 4. Proeeme

	

accounted for at the r.h . % . of e4o (3.1) .

(3 .3)

(3.4)

(3.5)
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the neutron absorption rate has a term corresponding to the third term at the r.h.s .
of (3 .1), in addition to one associated with NN scattering,

2mN	dpl

	

MN

	

d p'

	

MN[ dp;

	

m,
~~

	

(P) _ . .

	

+e(P)

	

(2 r)3
e(P1)

	

(2Ir)3 e(p')

	

(2 r)3 e(P,)

x 2l~nn-nnl2(2 ~)3S(P+P1 -p' - Pi)2irâ(e(p)+ e(pl)

-e(p')-e(pi))fn(P1)(1-fn(P'))(1-fn(Pi))

+
4mN

	

dpl

	

MN

	

dP2

	

MN

	

dpr

	

MN

	

d P'
e(P)

	

(2 ff )3 e(pl) f (2 ff )3 e(P2)

	

(2W)3 e(P') f (2 ff)3

md

	

~ 3

	

r)
-E(P')

IJtnnp-nd1 2(2 ~)S(P +Pl+P2 -P' _ P

x2rS(e(p)+e(p,)+e(P2)-e(p')-E(P'))

x.fn(P1)fp(P2)(1-fn(P'))(1+fd(P')) -

	

(3.6)

Collision processes in (3 .1), (3.2), and (3.6), would eventually lead to equilibrium
distributions given, in a local rest-frame, by

fN(P) = 1/[exp (,8(e(P)-AN))+ 1~

	

(3.7)

.Îd(P) =1/[exp (,8(E (P) - Ad)) - 1j

	

(3.8)

with Ad =An+ Ap, and ß - the inverse temperature .
It may be useful to have some visualization for the three-body collision processes .

When there are two particles in the initial state of a collision, the rate is conveniently
expressed in terms of a cross section . The formula, obtained by integrating over
final states, reads

dPr(m1/e1)(m2/e2)IJU12_r12(27r) 3 S(Pl2 - Pr)2irS(E12 - Er) = QV,2 . (3.9)

On the l.h.s ., dPr stands for the integration over final momenta with appropriate
m/(27r)3e and symmetry factors, P and E are total momentum and energy in the
initial and final state, and we have dropped statistical factors . The result of the
integration over the transition element squared has a dimension of the area times
velocity ; with v12 - relative velocity, eq. (3 .9) defines the interaction cross section
o,. One can imagine that a transition occurs once the particles find themselves within
the _relative distance r such that irr 2 = Q. In the three-body case the result of an
analogous integration has a dimension of volume times area times velocity,

_m2 m_3dPr
_m,

	

e 1J0123_rJ 2(2Ir) &(P,23 - Pr )2 1rS( Ela3® Er) _ VA,

	

(3.10)f e e2

If one takes the velocity V as the relative velocity of l and 2, e.g . in the overall
center-of-mass, then one can suppose that the transition occurs once I and 2 find
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themselves within the distance corresponding to the area 'V from one another,
providing 3 is within the volume V from the geometric or mass c~ -iter of 1 and 2.
This is depicted in fig . 5 . The radii of 9 and V may be taken to be similar . The
analysis is easily extended to processes involving more bodies . An n-body collision
rate may be represented as cV" -29v, and the transition may be considered to occur
if the (n - 2) bodies are within V from the center of 1 and 2.

In evaluating the rates for nucleon-nucleon scattering, the most straightforward
procedure is to use the free-space cross-sections

m4N

	

2-d~NN'-NN'
161r2e*2I NN'-NN

	

d12*

where e* is c.m. nucleon energy . The matrix element for deuteron production and
breakup might, in principle, be also taken from data using the formula

41

	

MNmd

	

P l

	

dUpd-ppn
641r5 p*(e*+E*) e;*e3 I

	

pd-ppn

l2=
df2;* d3p3

The quantities with superscript "*" in (3 .12) are in the overall center-of-mass, and
those with " ** " are in the center-of-mass of particles 1 and 2 in the final state .
Bec~-tuse of the many variables in the three-body phase space, the differential cross
sections are known only for a limited range of final states . We shall therefore use
a simple impulse model covering the entire kinematic region.
The lowest-order nonvanishing contributions to the deuteron production and

absorption rates are obtained from eqs . (2.25), (2.5), and (2.26), using the T-matrix
approximation 4118) to .. The contributions are illustrated in fig . 3b . When effects
of antisymmetrization with particles in the medium are ignored, the product of
Green function, interaction potential, and wave function in the deuteron frame
(cf. eq . (2.25)), produces the wave function 47), and we get

JApd-PPn
1 lA - I

(
pl I

,0
)I 2 I 1~ffpn-pn

1 2 + ((f2 1,0)121 fpn-pnl2
+1(

P3 10)I 2 Id4PP_PPI 2

2 2

(3.12)

(3.13)

S . Two-body (a) and three-body (b) collision . Transition may be considered to occur once the
particles find themselves within a specified distance .



724

	

P. Danielewicz, G.F. Bertsch / Production of deuterons and pions

I
lu

	

12

	

-
Nd-Npn

_
IA

Fig . 6 . Matrix element squared for deuteron breakup in the impulse approximation, see text . The element
for deuteron formation may be represented with the direction of lines inverted .

This is just the impulse approximation, fig . 6, with direct terms only . We use tilde
to indicate vectors in the deuteron center-of-mass in (3 .13) . The wave function is
normalized so that

The impulse approximation is expected to work well at high energies .
The two-nucleon matrix elements in (3.13) may be related to the NN cross section

using (3 .11) . The cross section is evaluated at an energy in the two-nucleon system
equal to that of the pair in the final state . An expression for the deuteron breakup
cross section then becomes

1

	

ni d

	

P3m
__

	

P3 Pi *e;
Qp-ppn

	

2?T2 p
*2(eok + E*)

	

dP3

	

e*

	

` 7PP- PP+ ~Pn-Pn)
0

	

3

e
ab'-' z
b

'~ z
b

~max �,

min
P3

2.00

1 .00

0 .50

0.20

0.10

0.05

dp3é3 1(p31 ~)12 .
3

0 .02 '~-

df

	

p(2 )3 R p1 0>12=1 .

Nucleon 3 in (3.15) is the spectator . In fig . 7 we show the ratio F of the measured
Nd inelastic cross to the cross section in the impulse approximation (3.15) using

(3.14)

(3 .15)

1 10 100 1000

Tißb (MeV)

Fig. 7. Ratio ofthe measured inelastic hid craws section to the cross section in the impulse approximation.
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the total NN cross sections . The ratio tends to 1 for high energies and falls below
io close to threshold . In our numerical calculations we take the valuL , of experimental
Nd cross sections from refs . 57-61 ), NN cross sections from refs . 61-63 ), and deuteron
momentum distribution such as in ref. 47) .

We compensate for the failure of the impulse model at low energies by multiplying

where S = e*+E*-3M N in 1VIeV. This is indicated with â short-dashed line in
fig . 7 . The NN matrix elements in L*NN--NN 'I 2 in (3.13) are taken to be isotropic for
simplicity.

Eq. (3.3) plays a similar role as the detailed balance relation in case when there
are two particles in initial and final states . It ensures, in particular, a proper form
ofthe thermodynamic equilibrium distributions. With (3.3), (3.17), (3.13) and (3.11),
the deuteron formation rate (3 .10) may be written as

dp f dP

	

MN

	

mNmd

	

2
(27T) 3	(2ff)3 e(Pl)e(P2)e(P3) e(p)E(P) I

	

ppn-~pdl

x (2?r) 3S(P1+P2+P3 P-P)2?rS(e(P1)+e(P2)+e(P3)-e(P)-E(P))
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- v122oTpp_pp V3+ Ü130'pn-pnOV2+ v23ffpn-pnyl -)

	

(3.19)

3

	

2p*mde**

	

d12*
I
(
P
.,
; 1

i
0)I2~3 = F-4 p**(e* +E*)e3 f 4-rr

2
=F3

	

**(e*
mdel

*

	

*

	

dP3
P3

I(P3
10)12 .

	

(3.20)
4 P1

	

f+ E

	

)P3 e3	e3
The physical interpretation of the rate formula is that a nucleon will from a deuteron
after an NN collision only if it finds a partner within the momentum-dependent
volume V given by (3.20) . The various factors in the r.h.s. of the first equality in
(3.20) have the following significance : the factor â is for spin, next in front of the
integral is the ratio of fluxes and kinematic factors, finally, for low spectator momenta
the square of the momentum-space wave function is of the order of spatial volume
of a deuteron .
For elastic Nd interactions, we use isotropic cross sections in our numerical

calculations. The dd interactions are treated as entirely elastic, with the cross sections
assumed to be twice the pd cross sections at half the bombarding energy . The angular
dependence of NN elastic differential cross sections is taken to be the same as in
ref. ") .

I'M IA by the ratio F,

I,*Nd-NpnI2 - Fl-*Nd-Npnl 1A - (3.17)
In the energy range of interest we can approximate F with

S+1
F- (3.18)

5+32'
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4. Pion production

lion production in heavy-ion reactions has been a subject of controversy over
the years 19-22), with fewer pions observed than predicted by the cascade model. In
cascade and other dynamic descriptions of energetic heavy-ion reactions, pion
production is usually treated via the formation of ®-resonances in NN
collisions 14-17,24-32). [N* resonances have also been considered 33,34) .] The reson-
ances may be reabsorbed in the collisions with nucleons, or eventually they decay
into nucleons and pions. Decays occur after the completion of the heavy-ion
reaction 15-17,24°30), or during the reaction 24-27,29,33,34), Pions may possibly form
resonances when interacting with nucleons 24-29,33,34) . In these references, the reson-
ance reabsorption cross sections are taken from the detailed balance relation of the
form 17 °64 ), for the ®,

p*2

eN-I-NN -
Sp

�1c2 eNN-NA -

Here p'* and p* are the c.m. momenta in the N® channel and in the NN channel,
respectively. Cross sections are averaged over the spin and isospin values in the
initial state and summed over final states . The variable resonance masses are selected
from a Breit-Wigner distribution in many calculations 16,17,25-34) .

In fact . eq . (4.1) is not valid when the resonance is broad; we shall now derive
a cross section formula which applies to broad resonances as well . This will
considerably ameliorate the discrepancy between cascade results and experiment .
The nucleon absorption rate includes a term associated with resonance formation

which may be written as

i-~;(P) =- . , + 2MN E - dpl

	

MN

	

dp'

	

MN

	

dpt,

	

dZ
e(P) r J (27r) 3

e(Pl) f (2
ff

)3 e(P')

	

(2,,,)3

	

21r

Xl rnp-N'rI2(27r)3S(P+Pl -p'-
prr

X2 7r8(e(p)+e(P1) - e(P') - W)fp(P1)(1 -fN'(P'))

XA,(P /,, W)(1 -&(P�, W))+ . . . .	4 .2

Here Ar is the spectral function of the resonance, and & is an occupation factor for
the resonance. Under the conditions of heavy-ion reactions lr is always small and
may be neglected compared to 1 . In the vacuum the function Ar is

_ 4M2rr

Ar

	

(m 2®

	

2)2-- i?'t2h2

rr
(M rnr)2+4IVr,

( .3)
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where mr is the resonance mass, M2= W2_
p2 , and Tr is the width in the center of

mass, which in general is dependent on m. When the Nit channc,' dominates in the
decay, the width is

_

	

_ dp MN dp' m,,,

	

2rr -	rr~N'a`

	

)3

	

ff)3

	

I-Wr-N'7rlN'

	

N' (2?re(p) (2e,r(P')

x(27r)3ô(P+p')27r3(m - e(p)-e.,r(p'))

m

	

P

	

Y_ I 1~ffr- N' 7r 1 2 .
Irm N'

Clearly, the pion production rate has to include a term corresponding to the
resonance decay, and the absorption rate a term corresponding to the resonance
formation, of the form

From (4.7) we find

'm

	

dp13

	

MN

	

dp 31

	

f d Z
IJVCNTr-rl 2 (2 ff) 3~(p+pl

	

p')
e,r(p) (2,r) e(pl) (2~r) 21r

x27r8(e,(p)+ e(pl) ` W)fN(pl)Ar(p ', ~)(1-~r(P', ~)) ,

	

(4.5)

for a pion with momentum p. It is relatively straightforward to show that these
results hold under the conditions ofthermodynamic equilibrium when the quasipar-
ticle approximations are used for pions and nucleons, cf. refs. 41,18,65) . General
formulae for resonant cross sections are given in ref. 66) . In equilibrium the occupa-
tion factors are

e-p [ß(

	

-~r)J+ 1

1

	

=exp

	

e,r(p)] ,
.f~r-exp[ß(e,(p)-M',r))-1

and the chemical potentials satisfy

ATr +- lA,, - = 2(lup - jan) ,

and in a low-density system we expect
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(4.4)

(4.6b)

/AJ +=JUN*+ = Ap

	

A'A = /AN*" = /An 9

ga ++ = 2p,p

	

An 9

	

IA ., - 211n

	

Ap 9

1'FA+
=- IA 7r - = Ap - A n .	(4 .7)

(4.8)

N,,-IN., =(Np/ Nn)
z

.

	

(4.9)

The results for the rates, (4:2) and (4.5), hold also out of equilibrium when the
absorption rates of resonances are large compared to the time variations in the
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resonance production and absorption rates. In that limit, with a similar
expansion 41.18) as in the case of deuterons, we can show that the following equation
holds for resonances,

a
(~rAr)

+a

	

. a
(~rAr)

- a

	

a
(~rAr)

ap a

	

a ap

Here under the derivatives on the l.h.s . the condition ®m = m- Mr= constant (more
generally Re (G+) -1 = constant) is satisfied. Ifthedependence ofthewidth in spectral
function on space and time is ignored, then the spectral function may be taken out
from under the derivatives and factored out from the equation . An example of a
termin the rates is

2m dp1 MN

	

dp'
MN[ dp ; MN

i~r (P, ~)

	

+ Z

	

(2,T)3
e(P1)

	

(2,1r)3 e(p)

	

(21r)3
e(P ;)

Xll«rn-NN'I 2 (27F)3&(P+P1

	

P,_P1)27TS(W +e(P1)

- e(P') - e(P1))fn(P1)( 1 -fN(PI))

X (1-fN'(Pi)) + . . . .

	

(4.11)

Let us now discuss some consequences of the above results . With (4.2), the
differential cross section for the production of a resonance with mass m becomes

3 f*dO'NN'->N"r _

	

mN

	

P

	

2mA&2* dm

	

32-rr3 e*2 P* I

	

NN'- "N"rl

	

r

Here e* and p* are the nucleon c.m. energy and momentum in the NN channel,
and p'* is the c.m. momentum in the Nr channel. To the extent that the variation
of 1d4 12 with m may be ignored 67,68) the resonance mass should be sampled using
the function

rather than Ar, as was done in refs . 16,17,25-34) . Consequently the masses m close to
the maximum 2e* - MN get suppressed . The full cross section for the resonance

(4.10)

(4.12)

p'*mAr(m) ,

	

(4.13)

From eq. (3 .4), the cross sections for the two reactions can be made proportional
to one another, if the dependence of 1.411 2 on m is neglected. In the case of

	

, we

production becomes

111N 1
2e *-MN dm r d,f2*MArP

,*
1 AN N'-N"rl

2 (4.14)
47re*`p* J mN+- 27r J 47r.

and the cross section for resonance absorption is, following (4.11),

MNm 1 d,fl*
~N"r-+ NN' -_

p*

47rc*2 p'* 1 ,+ SNN, 41r 1~N"r-NN'1 (4.15)
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find for the isospin-averaged cross section the result,
1 MP*2

	

dm"
'CrNa-NN - 8 Pi* "NN-NA

	

2r m"Aà(m")P

	

(4.l6)

The range of integration over the mass is the same as in (4.14).
Let us discuss the significance of the difference between (4.16) and (4.1). Thermal

equilibrium is established when the rates of production and absorption balance. In
the processes of the resonance formation and absorption in heavy-ion collisions,
the c.m. energies close to threshold are most important, because temperatures do
not exceed theorder of magnitude of the pie n mass. Thecross sections for resonance
absorption from (4.16) are larger, on the average, than cross sections from (4.1),
due to the division in the r.h.s . of (4.16) by the integral over the portion of spectral
function . Eq. (4.1) is derived assuming that density of states in the N® channel is
such as for two stable particles, disregarding the spread of A in energy. If ®-
reabsorption cross section is underestimated by afactor of 2, then,up to second-order
effects, the total number of A's and pions will be overestimated, in equilibrium, by
a factor of 2, in comparison to (4.6) and (4.7) . The average factor is -expected to be
largest for the low temperatures or bombarding energy, and decrease with the
increase in energy . The reabsorption cross sections are of lesser significance for
light systems and large impact parameters than for heavier systems and small impact
parameters.
The cross section for resonance formation in N7r interaction is, with (4.5),

_

	

_;;k2-

	

r
~Na-+r-

m
mP

l*N I

	

NTr_rj2Ar(m) -

	

2 rr-N,A,,

alpp-nâ " .
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(4.17)

and in obtaining the last standard 66) result we use (3 .4) and (4.4).
The numerical calculations are carried out with the isospin components of

multiplets made explicit . For the ® width we take 69''0'33)

__2 f2 MN P*3

	

ß2 +P *y(

	

2 2
T°

	

3 4'r m 2,r m

	

ß2+P*2

	

')

	

(4.l8)

with fv/41r = 0.37, 8 = 300 MeV/ c, and for the N* width ")

rN* = TN*(P*lPN*)3

	

(4.19)

where TN* = 200 MeV. The NN scattering data 61'68) are used to obtain the cross
sections for resonance production. For high energies, corresponding to Tl,ba
0.9 GeV, we use

,r 1

	

inel

	

I

	

inel
17pn-nN*+ __ 217pn - g17pp (4.20)

and for lower energies the parametrization by VerWest and Arndt 6s), taking

17pn-nN*+ = 4171)1 (4 21)

For the excitation to ®-resonances at high energies we use""),

17ineI(171ri` ° 1711)/(2t~I I +trio) ,

	

(4.22a)
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and at low energies we replace

	

-in
l in (4.22) by 2Q11 + Q1o+ or . ;o . The angular

dependence of the cross section is the same as determined in ref. 33) .

We conclude this section with some general remarks about the transport approach
to pion production. When the delta absorption rate is large compared to the rate
of variation of the production of resonances, the processes of resonance production
and absorption nearly balance. The r.h.s . of eq. (4.10) is close to 7enr, and the
equation describes the shifting of an equilibrium distribution under the changes in
the production and absorption rates. The delta decay rate may not be high enough
to satisfy this quasi-equilibrium condition when the mass is close to the decay
threshold. Still the ®-resonance functions may be the equilibrium ones (with respect
to processes of production and absorption, and not necessarily thermodynamic),
because the ® is mainly virtual in this situation and a much shorter time scale
applies to virtual particles. The other sufficient condition for the equilibrium is that
Im- :n, I is large compared to the time variation of the production rate. While
eq. (4.10) can be violated, the equilibrium A-resonance functions might still be used
in the nucleon and pion rates. It appears then, that because of equilibrium, one can
eliminate the ®-occupations entirely, and treat the NN7r states explicitly as final
and initial states of interactions'2 ), in a similar manner as NNN states in sect. 3 .
This goes beyond the present paper.

Since we have discussed here pion production, we should mention recent works
by Siemens et al. 73 ) and Wang et al. 74 ) . We found out that transport theory with
resonances has been postulated before by Mrôwczynski 75 ) .

The relativistic version of phenomenological Landau theory, developed by Baym
and Chin 76), may be used as a guidance in parametrizing the quasiparticle energies .
We assume that particle masses are independent of momenta. We take
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Qpp--ßp0+ _ app1 2Q11/ (2x11 + ff,lo)

	

4.22b
o = .! ~inel

O'pn-p,1 2 pp ,

	

(4.22c)

5.

	

uasiparticle energies

for the resonances in transport equations. In the above "0" denotes vacuum masses,
m®o =1232 MeV/ c2 , MN*u =1440 McVl c2 , and U is scalar potential

U U(P,),

	

(5.4)

MN = MNO+ U, e(P) _ (P2+ mN) 1 i 2 (5 .1)
for nucleons,

MA = mdo+2U, E( ) =(P2+md) 1 i 2 , (5.2)
for deuterons, and

Mr = mro+U, m=mr+®m, W(P,AIM) =(P2+m2)1/2, (5.3)



with

P. Danielewicz, G.F. Bertsch / Production of deuterons and pions 731

ps = 2

	

dpf

	

3 MNO (fp(p)+fn(p))+6 f

	

dP3 mdo
fd(P)

(2I) e(p)

	

(21r) E(p)

+1 gr

	

dP 3

	

dW mro &(A F)Ar(A 9) .

	

(5.5)
r

	

f (2~r) f 21r m
The pion energies are the same as in free space. The last term in (5.5) is associated
with resonances and may be rewritten as

The energy 76) corresponding to (5.1)-(5 .6) is
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r

The subscript "0" in (5.7) denotes energies calculated with free-space masses. The
first three terms at the r.h.s . of (5.7) represent the kinetic energy, and the last term
the potential energy .
The dependence of the potential on density is taken the same as in nonrelativistic

calculations 16°"), i.e .

U(p,) = A(pjpO)+ B(ps1
po)'

.	(5 .8)

The case of A = -356 MeV, B = 303 MeV, (r - 6, correspond to the soft equation of
state, and A = -124 MeV, B =70.5 MeV, Q = 2, to the stiff equation ; p -po --S

0.145 fm-3. Unless explicitly stated, the results of calculations are for the first set
of parameters.

E gr

	

dp 3

	

dAm m,.o
6r(p, dm)Ar(P, dm) -	(5 .6)

r (2fr) 21r 9

6. Numerical results

The method of solving the set of coupled transport equations for nucleons,
deuterons, nucleon resonances, and pions is described in the appendix . We first
compare results for the particle yields in energetic heavy-ion reaaiuns with data .
These are summarized in table l . Auble et al. ") have determined the yields at all
angles above their energy thresholds, which is 15 MeV "7r p and 21 MeV for d. The
calculated yields given in the table are integrated over energies above these thresh-
olds .

	

e should mention that the deuteron yield is, in general, sensitive to the cut-off
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TABLE 1
Particle yields from heavy-ion induced reactions

The 100 MeV/nucleon data are from ref. 38) and the remaining data are from ref.') . The uncertainties
in the measured yields from the 100 MeV/nucleon reaction are : 2% for p, 3% for d and 3 H, 6% for 3He,
and 10% for 4He. The uncertainties in absolute values of yields from ref. ') are : 20% for p and d, and
30% for 3 H, 3He, 7r+ and ir-. However, uncertainties in relative yields are smaller, in particular 10% for
d to p and 20% for 7r- to p. The symbol "-" in front of a figure indicates uncertainty of 40-50% . The
calculations are fo, the soft and JL4111 Vy4a'L ÎOllh of .State .

parameter f~ in eq . (2.28) . With less restrictive cut-oafs than we have used, the
number of low-momentum deuterons in the calculation increases. The data by
Nagamiya et W) have been taken at large angles, outside of the fragmentation
regions, and extrapolated to small angles and low energies . We compare their
numbers with ours following a similar procedure, taking the yields for sidewards
directions only and extrapolating to the full 41r solid angle. At 100 MeV/nucleon
we overestimate the proton and deuteron yields, but the ratio of calculated yields
is close to the ratio of experimental yields . At this energy a substantial number of
nucleons is emitted in other light fragments. At higher energies we reproduce the
experimental proton yields . We typically overestimate somewhat the deuteron yields .
The deuteron-to-proton (d/p) ratio changes by less than 5% when the mean-field
parameters are changed . The mass dependence of the d/p ratio in reactions at
800 MeV/nucleon is illustrated in fig .

	

. The calculated pion yields are consistent

Reaction
p d 3

H

Yield (b)

3He a 17r+ Ir-

O+ Ni exp. 4.62 2.04 0.87 0.71 2.0
100 MeV/nucleon soft 7.16 3.38

Na + NaF exp . 3.9 1 .2 0.19 0.17 0.077 0.086
400 MeV/nucleon soft 3.8 1 .5 0.09 0.10
Ne+Cu exp . 8.6 3 .1 0.66 0.44 0.14
400 MeV/nucleon soft 8.8 4 .0 0.17 0.20

C + C exp . 2.2 0.41 0.039 0.034 0.16
800 MeV/nucleon soft 2.2 0.54 0.18 0.18
Ne+ NaF exp . 5 .1 1 .12 0.16 0.14 0.36 0.41
800 MeV/nucleon soft 5.2 1 .46 0.42 0.42
Ar+ KCl exp. 14.1 4 .0 0.62 0.52 0.16 1 .0 1 .4
800 MeV/nucleon soft 13.3 4.60 1 .11 1 .47

stiff 13.5 4.55 1 .00 1 .32
Ar+ Pb exp. 43.0 18.9 5.0 2.7 1 .4 2 .2 4.3
800 MeV/nucleon soft 47.0 19.7 3 .4 6 .9

stiff 46.7 20.5 2 .8 6 .2
Na +NaF exp . 5 .1 0 .8 -0.07 -0.05 -1 .6 1 .63
2100 McV/nucleon soft 5.8 0 .9 1 .40 1 .50
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Fig. 8. Ratio of deuteron-to-proton yields in the 800 MeV/nucleon reactions as a function of the sum
of projectile and target masses .

with the experimental yields, except for the case of Ar+ Pb at 800 MeV/nucleon.
The values of calculated and experimental lr+-to-r- ratios in the systems with
significant isospin asymmetry are consistent with vaiucs of (Z/N)' in the participant
region '). In the calculation, the deuteron formation reduces somewhat Np/N,
compared to Z/ N, cf. eq . (4.9).
We next compare the calculated spectra of particles with data in figs . 9-11 . At

100 MeV/nucleon we obtain too many particles emitted with intermediate momenta
compared to the data, and too few particles emitted with very forward momenta.
This can be related to the use of free-scattering cross sections in the calculations .
Except for 10° in Ar+ KCI system, the description of proton spectra in the reactions
at 800 MeV/nucleon is quite remarkable. In the deuteron spectra we have problems
with the fragmentation peak, figs . 10b and IIb. There are too few negative pions
produced at low momenta in the forward direction compared to the data . The
description i:rf the 800 MeV/nucleon data is, otherwise, fair .
We turn to comparison of our results with the multiplicity-selected data. The

ratios of composite to proton yields have been studied as functions of participant
baryon charge multiplicity by the Plastic Ball Group 77'78) . The experimentalists
have identified the different particles and established the ratios in a portion of the
full momentum space. In fig. 12 we compare our results for d/p ratio at wide angles
with the data 77.78) from Nb+ Nb reaction at 650 MeV/nucleon. The baryon charge
multiplicity in the calculation is determined using the same cuts as in the experi-
ment as). In this and other systems we reproduce the rise of the ratio with increasing
centrality of the collision . However, the overail magnitudes are not always as well
reproduced as in the case in rig. 12 . In particular, the energy dependence of the
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Fig . 9 . Proton and deuteron spectra from 100 MeV/nucleon "O+ Ni reaction . Data from ref.'") are
indicated with dots and the results of calculation with histograms .
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Fig . 10. Proton, deuteron and negative-pion spectra from 80OMeV/nucleon 12C+ 12C�action. Data
from ref.') are indicated with dots and the results of calculation with histograms.
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Nb + Nb 650 MeV/nucleon

Np
0 20 40 60 80

Fig. 12 . Ratio of deuteron-to-proton yields at wide angles as a function ofparticipant proton multii,:icity
in the 650 MeV/nucleon Nb+Nb reaction . Data from refs . ",'g) are indicated with filled circles and the

results of calculations with open circles.

calculated d/p ratio is stronger for high multiplicity than observed . Experimentally,
the ratios of other composites to protons exhibit stronger energy dependence than
the ratio of deuterons to protons' $) . Changing from the soft to stir equation of
state results in a ^-4% rise of the ratio for the b =0 case of fig. 12 . Similar sensitivity
to the equation of state is found for other bombarding energies . We essentially
confirm the result of ref. '3) and contradict that of ref. 31 ).
Thed/p ratio hasbeen proposed as a measure oftheentropy produced in reactions

by Siemens and Kapusta 79), cf. also refs . 9''3.80-84) . The entropy is expressed in terms
of particle distributions ûs

= -E-91 3

	

dr

	

dp(f,logf,t(1T-f,)lo$(1~f,)),

	

(6.1),(2 Ir) f J
where upper signs refer to fermions and lower to bosons. In the limit of Boltzmann
statistics, the entropy of an equilibrated system of nucleons and deuterons can be
expressed in terms of the d/p ratio:

S 5 1 + r - r
C

= rC -log - ~ log (6.2)A 2 1+r 3v12- 1-C+r(1-2C)
where r=Np/Nd , and = Z/A. For ~ = z, the expression simplifies to 43)

S 5 2+r
A=-4-1+r-log3

,/
r
2-

(6.3)
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Nb + Nb 650 MeV N n = 0

t (fm/c
Fig . 13. Evolution of the central baryon density, total entropy, negative-pion number, and deuteron

number in a central Nb+ Nb collision at 650 MeV/nucleon, for the stiff equation of state.

In fig. 13 we show the variation of deuteron number and entropy with time in
the central Nb+Nb collision at 650 MeV/nucleon, together with the variation of
spatial density and pion number. In fig. 14 we show the entropy perbaryon obtained
from (6.1) for different impact parameters, for nucleons and deuterons emitted at
wide angles, and compare it to the estimate from (6.2). The results agree at
650 MeV/nucleon for the intermediate and low intermediate impact parameters, to
within -0.25. We believe that we can determine S in eq. (6.1) with an accuracy of
---0 .1 per nucleon. For lower bombarding energies shown in fig. 15, the discrepancy
between the results from (6.1) and (6.2) grows.

In figs . 14 and 15 we show the values of entropy extracted from the data using
the quantum statistical model (QSM) [refs. '° )] . Although our d/p ratios agree
with the data taken at 650 MeV/nucleon, we obtain higher values of entropy than
extracted using the QSM model with a difference of 0.5 or more per nucleon for
central collisions and the soft equation of state. This is due to inclusion of heavier
composites in the QSM data analysis; in essence, the entropy per nucleon for a
composite with mass A is lower by the amount of 2(A-1)/A than the nucleon
entropy under the conditions of equilibrium. The entropies extracted from the QSM
fit and the naive d/p ratio are then necessarily different. We can see within our
model the effect of composites on the entropy production by suppressing the
formation of deuterons in the calculation. Without deuteron production we obtain
the entropy per nucleon lower by -0.15. We can then expect that if the production
of heavier composites occurred in the calculation, then the discrepancy between
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Nb + Nb 650 MeV/nucleon
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Fig. 14. Entropy per nucleon produced in Nb+ Nb collisions at 650 MeV/nucleon as a function of
participant proton multiplicity . Open circles and squares indicate, respectively, the results from eqs . (6 .1)
and (6.2) obtained using the soft equation of state. Cross indicates a b = 0 result from (6.1) for the stiff
equation of state. Diamond indicates a b =0 result obtained without deuteron production and using soft
equation of state . Filled circles indicate the entropy extracted from the data in ref. 7s ) using QSM model

of ref. sa) .
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Fig . 15 . Entropy per nucleon produced in central Nb+ Nb collisions as function of bombarding energy.
Open circles and squares indicate, respectively, the results from eqs . (6.1) and (6.2), using soft equation
of state. Filled circle= Adicate the entropy extracted from the data in ref.'") using the QSM model . The
short-dashed and long-dashed lines indicate, respectively, the results from the fireball and hydrodynamical

models, given in ref.'") .
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z

Ar + K(CIl

Tlab (GeV/nucleon)

Fig . 16. Negative-pion multiplicity as a function of the bombarding energy per nucleon in central
Ar+ KCl collisions. Dots indicate data of ref. l9 ) . Calculations were done for b =1 .7 fm . The long-dashed
and solid line indicate the results for the soft and stiff equation of state, respectively . The short-dashed
line is obtained in the frozen resonance approximation . The dash-dotted line indicatesthe results obtained
following our procedures in the cascade-model limit, i .e . without optical potential, Pauli principle, and
deuteron production . The dotted line indicates the results obtained in the cascade-model limit following
the procedures in the literature, using eq. (4.1) and sampling the resonance masses from respective

spectral functions (4.3) .

the calculated entropy and that extracted from data at 650 MeV/nucleon would
grow. The change from a soft to stiff equation of state decreases the discrepancy
by only 0.1 . We also note that the entropy calculated in our model using (6.2) may
be too high compared to (6.1) due to the deuteron cutoff condition, eq. (2.28) . The
QSM analysis'$,84 ) was made with an excluded volume condition which plays a
similar role to our deuteron cutoff (2.28) . Since the entropy is expected to tend to
zero with decreasing bombarding energy, the ratios of composites to protons for
given entropy may be overestimated in the particular form of the QSM model 84)

used to analyze the data 78), for lower bombarding energies .
In fig. 16 we compare the results of our calculations with the multiplicity of

negative pions produced in central Ar+ KCl collisions '9) . The data from the streamer
chamber group has been the subject of much previous theoretical study. The
long-dashed and solid lines correspond, respectively, to the soft and stiff equation
of state . Clearly, the pion yield is not sensitive enough to the equation of state to
use such data to distinguish different models. The short-dashed line is computed
with the frozen resonance approximation, i.e . not allowing the deltas to decay during
the course of the heavy-ion crllision. This evidently allows more reabsorption and
lowers the final pion yield. The dotted and dash-dotted lines are computed in the
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cascade-model limit, i.e. with the mean field turned off. These curves illustrate the
importance of the detailed balance condition: the dotted line is obtained following
earlier treatments 25'") oftheresonance production and absorption using the relation
(4.1), and the dot-dashed line is obtained using the (4.16) . The difference between
the lines comes entirely from a difference in the number of resonances reabsorbed
in interactions with nucleons . Thus a substantial portion of the discrepancy between
the cascade-model results and the data may be attributed to the improper detailed
balance relation. For a system heavier than Ar+ KC1, the reabsorption would be
even more important and the effect of the different balance relations would be more
dramatic . When the reabsorption cross sections from (4.1) and frozen delta approxi-
mation are combined, results close to the data may be obtained 30). With (4.16) we
get results that are close but at a high side of the data for lower energies, cf. fig. 15
and table 1 . If deuteron quasiparticles were permitted to participate in pion produc-
tion, the calculated yields would be somewhat higher. W. e note also that there may
be some sensitivity to the momentum dependence ofthe mean field. This was shown
to reduce the predicted rate for producing pions 30) .

7. tscussion

We have derived a transport equation for two-body bound states with production
and absorption terms for the bound states . Two-body bound states are produced in
three-body collisions in the process that is inverse to the bound-state breakup. We
describe the elementary features of few-body collisions . A formal expansion of
production and absorption rates in terms of the number of interacting quasiparticles
is given in ref. 42 ). A sequence of two-body processes contributes to three- or
more-body collision, when kinematic restrictions are such that particles cannot
appear on shell in between the processes.

In parametrizing the _-matrix element for deuteron formation, we apply the impulse
approximation and renormalize the matrix element so that measured cross sections
for deuteron breakup are reproduced .
We find that the usual approach 16,17,25-34) to pion production, via the formation

and decay of variable-mass resonances, may be derived microscopically, provided
the decay rate is large compared to time variation of the resonance production rate.
We show that detailed balance relation used in the literature to obtain the delta
reabsorption cross section is not valid for short-lived particles. In the cascade model
and in models based on same assumptions, the relation leads to equilibrium with
a greater number of pions than in the fireball model.

In solving the set of transport equations for the energetic heavy-ion collisions,
we find that we can largely reproduce the measured particle yields and spectra. The
calculated relative deuteron yield incrcases with the mass of the system and the
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centrality of the collision. At 650 MeV/nucleon .1,e e --teed by -0.5 the entropy per
nucleon in the calculation compared to the entropy ex racted from the measured
composite yields. Neither the deuteron yield nor entropy exhibit a sensitivity to the
equation of state at a detectable level.
The pion yields differ by 10-15% depending on the equation of state, but this is

not strong enough to tell the stiff and soft equations apart in practice. Concerning
our result on the relation between the delta production and absorption cross section
it might be interesting to see whether use of the correct detailed balance would
reduce the disagreement 27) between the cascade predictions and the data for
pion-nucleus and proton-nucleus interactions .

For reasons stated at the end of sect. 4, we do not consider by any means the
issue of the mechanism for pion production closed. We intend to investigate the
question of production with the delta resonance appearing only as a virtual particle .
Concerning the deuteron production, a weakness of the current model is that the
deuteron formation time is somewhat long (or size large) . We intend to evolve 85)

the model in such a manner that reliance on the shortness of the formation time
disappears, and the model is extended to include the production of other light
composites .

The authors acknowledge the discussions with W. Bauer, B.-A. Li, D. Brink,
H.S. Kohler, F. Osterfeld, E.A. Remler, and P. Schuck. One of the authors (P.D.)
has benefited from a collaboration with B. Chen. The authors thank A. Poskanzer
for providing them with a plastic ball filter program. Some of the calculations for
the paper have been carried outusingcomputing facilities ofthe ]institute for Nuclear
Theory at Seattle. This work was supported by the National Science Foundation
under Grant Nos. PHY-8905933 and PHY-9017077.

NUMERICAL METHOD

Appendix

We represent the distribution functionsfN,fdj, and&A,, with sets ofpseudoparti-
cles . Theresonance distribution, G,,A,,, is, up to a factor, a density in space, momentum
and mass, while other functions are densities in space and momentum. The rep-
resentations at any time instant are

3f-1E s(

	

-

	

k)S(p

	

pk),
(2r)

	

./y k

g 4 GA=11 S(®mk)S(R -- RK)8(P - Pk) 9

	

(A.2)

(2?T)

	

.J~ k

where ,N' is a number of pseudoparticles per particle . The pseudoparticle positions
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and momenta are taken to satisfy

d k/dt = aek/apk ,

dpk/dt = -aek/a k .

This serves to integrate the drift terms in the equations for the distribution functions,
such as at the Lh.s . of eqs. (3.5) and (4.10) . Times for evaluating positions and
momenta are shifted by half of a time step, 24t, in order to make this integration
approximately of second order in time "'g6 ) .

For the purpose of evaluating the optical potential and the collision integrals,
the calculational volume is divided into cells of volume 4V= (AI)3. After each time
when the pseudoparticles are moved in space, they are sorted according to their
cell location . Pointers are set up so that all pseudoparticles in any cell are immediately
accessible.

For any two pseudoparticles in one cell the interaction cross section a, is evaluated
with the probability XjX, .M',, < .N: In the case of the nucleon pseudoparticles, the
volume Y, eq. (3.20), is evaluated for other nucleon pseudoparticles in a cell, that
can lead to dcuteron formation, with the probability .N',,,/ . . The three-body collision
is further processed with the probability

Q,2v,2~3®t/(.N'C4V)2 ,

where 1 and 2 are neutron and proton, and twice as large otherwise . The cosine of
a c.m. angle between the deuteron momentum and the momentum of a spectator
nucleon 3 is sampled according to

1U3101 ,

(A.3)

(A.4)

(A.5)

(A.6)

cf. eq . (3.20) . This is done by having an integral such as at the r.h.s . of the equality
in (3.20) tabulated, and using an inverse method with section strategy to obtain the
cosine. The probability density for deuteron formation is uniform, in our model, in
the azimuthal angle about the momentum of a spectator nucleon. The collision
occurs, if the condition (2.28) is satisfied, with a probability (1-f) associated with
the nucleon in the final state . We ignore the deuteron statistics of which the effect
would be small under the condition (2 .28), as fd- f2 for the same momentum per
nucleon.

If the selected pseudoparticles are not involved in a three-body collision, a
two-body collision is processed with the probability

w®t/(IVI®V) .

	

(A.7)

In the case of deuteron breakup, the c.m. momentum of a spectator nucleon p3 is
sampled according to the subintegral function in (3.15) . This is done by mapping
the interval from 0 to p3max onto 0 to 1, and applying the Metropolis algorithm .
The drawing in each case extends over the whole interval, and the value of p* is
picked after NJ, drawings . We have used N~, =10-20. The value in the interval



from 0 to 1 is retained as a starting value for the next breakup. After the value of
P3 is picked up, a statistical decision is made on the i_ °ntity of the spectator and
participant nucleons, according to the values of NN cross sections, eq. (3.15) . Next,
the cosine of a c.m. angle between the deuteron momentum and that of a spectator
nucleon is sampled according to (A.6). The breakup cross section is uniform in our
model in the azimuthal angle of a spectator nucleon with respect to the deuteron,
and in the spherical angle of the participating nucleons in their c.m.

For the 2 -* 2 processes with nucleons and deltas, the inversion for the scattering
angle can be done analytically when using the cross sections from refs . 17,33). Rather
than the mass, eq. (4.13), in case of a reson,nce in the final state, we sample the
c.m. momentum,

The sampling is done using the Metropolis algorithm as in the case of deuterons.
For the purpose of evaluating the Pauli-blocking factors, a smooth distribution f

is extracted from the distribution of pseudoparticles using a parameterc form

Here the two terms correspond, respectively, to the pseudoparticles from projectile
andtarget nuclei . This parametrization is flexible enough to describe the distributions
in both the initial stage of the reaction and in a fully equilibrated final state. The
parameters for the distribution are established from the pseudoparticles in a given
cell and the neighboring cells, in a sequence of steps. First, the rest frames for the
particles from projectile and target are determined. Next, for the two groups of
particles the moments

are evaluated in the respective frames . The momenta are then rescaled to define the
p2 which appear in (A.9) . This is given by

where
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PZ=
E
ß~;p ipi ,
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m dm =

	

e,*

	

p'* dp'* .

	

(A.8)

f

	

exp (( m2+F2 ~IL')/T')+1 + exp (( m2 +pf~2 _IL ")
/
T")+1

	

(A.9)

C1' = (p'p')

	

(A.10)

ßy = 3( C-1)~;(P) ,

	

(A.12)

However, if the principal axes of the momentum tensor do not differ by enough to
be statistically significant, the rescaling is suppressed or is the same for two of the
directions. Theaverage momentum squared is (p) = Tr (c) = (p). For the two groups,
of particles values of (I fli) in the respective frames are calculated . Finally for the
given (I fll), and (1l"), tabulated values are used to obtain p, - rn, and T. In cases (p)
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falls below the minimum compatible with à riven (Ipl), it is reset to the minimum
value. The constants .4 in (A.9) are determined from the invariant density ps,
corresponding to given it - m and T

(3(P ));/2 Ps

	

(A.13)
(det (c))'i`'

pV

The invariant densities are used separately for the two groups of particles. Finally,
if f at the center of one of the distributions is found to exceed 1, then the (I PI) for
that distribution is increased until the f is reduced to 1. The neutron and proton
pseudoparticles were grouped jointly in most cases.

In calculating the entropy we use (A.9) and the fact that the entropy changes
only due to collisions and decays, and we reevaluate the entropy only in the cells
where collisions or decays occur. Thecalculation of the deuteron entropy is problem-
atic because the number statistics is low. We therefore made the approximation
fd=fpfn in the argument of the logarithm. Here the nucleon distributions are taken
at half the deuteron momentum in the frame of the distribution . We also tried other
procedures to get the deuteron entropy, obtaining similar results. In any case, the
additional entropy coming from the production of deuterons is small.

e values of the parameters in the calculations are: .N' = 60-600, with .N' =170
used most often, .N',, =40, ®1=0.9 fm, and ®t = 0.15-0.35 fm/c. Stability ofthe results
with respect to the variation in all of these parameters has been tested . The colliding
systems were further enclosed into a box, the optical potential was put equal to
zero, and the Pauli principle was temporarily switched off, to verify whether the
equilibrium numbers of pions and deuterons and the equilibrium value of entropy
were obtained after prolonged evolution.
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