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A theory of pairing in weakly bound nuclei is presented. The nucleus is treated as a three-
body system consisting of two interacting nucleons together with a structureless core. The
pairing interaction is modelled by a density-dependent contact interaction. It is constrained to
the free nucleon interaction at low density. Numerically, the Hamiltonian equation is solved
by a two-particle Green’s function method in coordinate space. Given the single particle
resonance energy of °Li, the theory reproduces the marginal binding of !'Li. The large
electric dipole stength in ''Li found experimentally is also accounted for. The nucleus *Be is
also found to be bound.
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1. INTRODUCTION

It is now feasible to study nuclei on the very edge of particle stability at the
neutron drip line. Such nucei are expected to have quite different properties from
ordinary nuclei, due to the weakly bound neutrons which extend well beyond the
nuclear surface.
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In principle, the theory of drip line nuclei is just an extension of the shell model
to a domain of very weakly bound states. This straightforward approach has been
taken by Hoshino et al. [1]. However, several problems arise in making a realistic
description. First of all, the shell model orbitals no longer provide a good starting
point when the residual interaction is neglected—the valence particles may not even
be bound in the absence of that interaction. Another problem is treating the inter-
action in the nuclear exterior. Here the many-body effects are small and the interac-
tion should be close to the free-particle interaction. Of course, excellent models are
available for the free interaction, but they all require accurate modelling of the wave
function at short distances, due to the strong correlations.

It is hardly practical to make a calculation that simultaneously deals with these
two problems, the accurate descriptions of the single-particle wave function at large
distances and the relative wave function of valence particles at short distances. We
shall avoid the relative wave function problem in the usual way, replacing the
realistic interaction by an effective interaction. The large single-particle space can be
handied using a Green’s function technique, provided the effective interaction is a
contact interaction. We shall therefore use a residual interaction of that form, i.e.,
a delta-function in the relative coordinate.

It requires some care to specify the interaction, and this task makes up a con-
siderable part of the present work. A delta-function interaction only has meaning
in a truncated space, so we shall need to know the working space before the inter-
action can be defined. The physical criterion defining the interaction in the far
exterior is that it produces a large scattering length. We will find that an effective
interaction defined this way is too strong in the nuclear interior. We shall therefore
give it a phenomenological density dependence that describes pairing in more
tightly bound nuclei.

The theory will then predict the binding energy and the ground state wave func-
tion, given the single-particle Hamiltonian, With this information one can calculate
density distributions, which in turn can be applied to reaction cross sections at high
energy. An interesting property of these nuclei is an enhanced dipole stength func-
tion at low excitation. Some integrated properties of this can be calculated from the
ground state density. The detailed stength distribution is more difficult to calculate,
but we have a good idea of its qualitative behavior from the independent particle
model.

This will all be applied to the nucleus ''Li, which has been studied in a number
of experiments. We shall find that the theoretical pairing successfully explains the
existence of this bound nucleus, despite the fact that the valence orbital is unbound
by 0.8 MeV. The large reaction cross sections and dipole excitation cross sections
are also qualitatively accounted for in the theory.

2. EFFECTIVE INTERACTION

Our calculations of the two-neutron wave function are based on the two-particle
Green’s function method which is discussed in the next section. The method is more
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efficient than the usual Hamiltonian diagonalization when a zero-range form is used
for the nucleon-nucleon interaction. Zero-range interactions lead to divergencies
and can only be meaningful as effective interactions within a truncated space of
states. We shall impose a cutoff in the two-particle energy spectrum, as is usually
done in pairing calculations, to make the truncation. The parameters of the interac-
tion are then adjusted so that observables are reproduced. We choose the following
parameterization of the effective interaction:

(2.1)

Vegr(ry, T2) = 0(r; —1,) <U0+ v, (M)P>

Po

We first determine the density independent term v, to simulate the interaction
between free neutrons. The density dependent term contains the ratio of the nuclear
core density, p.(r), and nuclear matter density, p,=0.16 fm — >, We shall later adjust
the strength v, and the power P so that the pairing enegies in p-shell nuclei are
reasonably well repreduced (see Section 4).

Let us first discuss the correlation between free neutrons. The wave function for
the relative motion, with reduced mass m/2, is then determined by

hz
<—;V2+vo 5(r)> Y(r) = Ey(r). (2.2)
The formal solution to this equation is

Y(r) =y (r) - j dr’ Go(r,r', E) v, 8(r') y(r'), (23)

where @ is a solution of the homogeneous equation (i.e. without the interaction)
and G, is the free Greens function in the truncated space, ¢, < E, or k <k,

ik(r—r’)

1 e
Go(r,v, E)=——= k .
A L

(2.4)
In order to simulate the fact that the scattering length for free neutrons is very large
we require that Eq. (2.3) have a bound state solution at zero energy. This implies
that =0 and leads to the condition at r =0,

Vg 1
1=— dk —. .
(2”)3 LksE( &k (2:3)

The integration over k is trivial and leads to an expression for the interaction
strength in terms of the cutoff energy,

h2 3/2
vo= —2m? <—> E-'\2 (2.6)
m

595/209/2-6
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v (fm)

Fic. 1. Radial wave functions for the relative motion of two neutrons. The fully drawn curve is the
sine-integral function Si(k_r), obtained from the local pairing interaction Eq. (2.6), which produces a
bound state at zero energy. The dashed curve is the result obtained from the Reid soft-core potential.

We have chosen the cutoff energy E.=40 MeV for all of our calculations, with the
corresponding interaction stength v, = —831 MeV fm?,

It is also interesting to study the bound state wave function at zero energy. It is
given by Eqgs. (2.3)-(2.4), and substituting the expression (2.6) for the strength v,
we obtain

Y(r)=y(0) Si(k.r)/(k.r), (2.7)

where Si(x) is the sine integral function, Si(x)= [ dt sin(z)/t. The radial wave func-
tion is proportional to Si(k.r), which is illustrated in Fig. 1, together with the radial
wave function obtained from a commonly used finite range interaction, namely, the
Reid soft core potential [2].

3. CALCULATIONAL TECHNIQUE

The problem we want to study is the effect of pairing between two valence
nucleons outside an inert core. Thus we need to find the eigenstates of a two-
particle Hamiltonian of the form

H2('l9r2)=H§0)(rl’r2)+veﬂ"(r19r2)’ (31)

where H® =H, (r,)+ H,(r,) is the sum of the single-particle shell model
Hamiltonians for the two valence nucleons, and v, is the pairing interaction (2.1).
The kinetic energy associated with the core motion is neglected. We take as our
single-particle basis the eigenstates of H,, which is an ordinary single-particle
Hamiltonian consisting of a kinetic energy operator, a Woods—Saxon potential and
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a spin-orbit interaction. This space includes bound states as well as continuum
states, but bound states occupied by the core nucleons are explicitly excluded from
the space. Thus we effectively solve the Bethe-Goldstone equation for the two
valence neutrons in the presence of the core. The continuum is discretized by
putting the wave functions in a spherical box, requiring the wave functions to
vanish at the boundary.

The most straightforward way to find the eigenfunctions and energies of the two-
particle Hamiltonian (3.1) is to diagonalize the Hamiltonian matrix. First we set
up a two-particle shell model basis, |2p)>=|p,, p,», using the single-particle
wavefunctions discussed above. An integral part of our model is the cutoff in the
two-particle energy spectrum, E_., which has to be chosen consistently with the
pairing interaction at zero density, cf. Section 2, Eq. (2.6). The quantum numbers of
the ground state, positive parity and total angular momentum zero, also reduce the
number of states that need to be included. Of course, nuclei such as ''Li have
non-zero ground state spins, but our model ignores the internal structure of the
core. '

Since the pairing interaction is assumed to be of zero range, we shall only need
the two-particle shell model wave functions at r, =r,. Expressions for the wave
functions and the needed amplitudes are given in Appendix A. To proceed with the
Hamiltonian diagonalization, the matrix elements of the pairing interaction are
calculated. The full Hamiltonian matrix, given in Eq. (B.1) of Appendix B, is then
diagonalized. We shall find that numerical convergence for ''Li is only reached with
matrices in spaces of several thousand two-particle states. Once the ground state
energy and the amplitudes of the ground state on the independent two-particle
states have been determined, the ground state wave function and density can be
calculated as described in Appendix B. The ground state density we obtain for ''Li
is discussed in Section 5.

For most of our calculations we have actually used a more efficient method based
on the two-particle Green’s function. This only requires matrices of dimensionality
of the order of 100 to achieve numerical convergence. Since this method has not
been commonly used as a numerical technique in nuclear physics, we shall describe
it in some detail.

3.1. Green’s Function Method

We first define the independent two-particle Green’s function as

2p><2
GE) = (1~ E—in) =T 2 P (32)

It is an operator in the space of two-particle states |2p) with energies ¢{)). The
correlated two-particle Green’s function is defined in a similar way,

o 13p >(3p|
G,(E)=(H,— E—in) 1=Z—~—————p Ep.,
7 G T BTN

(3.3)
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where lé; > are the correlated two-particle states, which are the eigenfunctions to
the total Hamiltonian H, that we want to determine, with eigenvalues &,,. These
Green’s functions are fairly complicated since they depend on four positions
(r;,r,,r}, ry) in coordinate space. However, the calculation of the correlated two-
particle states can be simplified considerably by exploiting the fact that the pairing
interaction is assumed to be of zero range. To see this let us first note the relations

1+ GYUE) veg = G (ENHY + veg— E— i) =GYE) G (E) . (34)

From this expression we can isolate the correlated Green’s function

G (E)=(1+ GY/E) ver) ~'GY(E). (3.5)

It is now convenient to multiply the operator G,(E) by d(r; —r,). Taking matrix
elements of the resulting operator between two independent two-particle states we
obtain, using (3.2) and (3.3),

(2pol 8(r,—13) 12p >3p | 2p)

(2pyl 6(r; —1,) GL(E) 12p> =§ PR (3.6a)
2pol O(r; — 1) (1 + G(E) veg) 1 12
=< Pol 9(r, 2)((()) 2 ( ) Ver) " | P>. (3.6b)
&, —E—in

These relations solves the problem at hand. Equation (3.6a) shows that the
expression diverges when E is identical to one of the correlated energy eigenvalues.
Alternatively, keeping a finite (but small) imaginary part in, the imaginary part of
this expression will have a local maximum when E coincides with an eigenvalue. A
simple search can therefore be made to locate the ground state energy of the pair.
The amplitudes of the ground state wave function on two-particle shell model states
can also be extracted. Equations (3.6a)-(3.6b) show that

(2ol 8(r, —15)(1 + GPUE) ver) " 129

2 |2p>=N1
2p | 2p> m O E—in

) (3.7)

when E is set equal to the ground state energy of the pair. Here N is a constant that
can be eliminated by the normalization of the ground state wave function. The state
|2p,) is fixed in this process but it can otherwise be any of the two-particle states.
We note that we shall determine the amplitudes from the imaginary part of the
matrix elements, Eq. (3.7), with a non-zero in. To obtain them from the real part,
with n =0, would probably be uncertain since the expression diverges at the energy
eigenvalue.

The derivation given above is formal and needs further specifications in order to
apply it in practice. The local independent two-particle Green’s function can be
constructed from the two-particle states given in Appendix A. The ground state of
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the pair is a /=0 state, and the associated part of the Green’s function is (cf.

G (r) Gy (r) Gy (r') By (r') 27 + 1
&yt e — E—in 8n

GOr,r', Ey=3%

nn'lj

Yoo (F) Yoo (7). (3.8)

This is the local two-particle Green’s function for J=0. We have dropped the spin-
dependence contained in (A.6), since it is a simple $=0 state. Thus the ground
state energy of the pair depends only on the S=0 component of the two-particle
wave functions. The ground state wave function does contain an S =1 component,
but it vanishes at r; =r,.

The main complication in the numerical calculation of (3.7) is the inversion of
the operator 1+ G$(E)vy. This inversion is similar to the one used in ordinary
RPA theory [3], and it can be performed on a finite radial grid. The size of this
matrix is much smaller than the dimension of the Hamiltonian matrix (B.1). The
approach based on the two-particle Green’s function may therefore be much faster.
This is actually the case for the calculations presented in Sections 4 and 5.

3.2. Numerical Tests

It is very important to be able to test the numerical calculations based on the
two-particle Green’s function method. Here we shall mention three tests that we

€50 {MeV)

1 | 1 i 1
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FiG. 2. Correlated two-neutron energy as a function of the smallest energy of the one-neutron
states included. The calculations (dots) have been performed for free neutrons, with the local pairing
interaction (3.9) adjusted to produce a bound state at zero (a) and at —0.5 MeV (b), respectively. The
smallest one-neutron energy was varied by changing the radial cutoff, from 20 to 40 fm.
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have made use of. First of all, one can compare to the results of the Hamiltonian
diagonalization method already mentioned. We have found that the two methods
give almost identical results for the ground state energy and also for the ground
state density (within a few percent) when the value of # is chosen sufficiently small
(say #=10.01 MeV). The two methods must, of course, give identical results in the
limit where # goes to zero.

Another test of the Green’s function method can be made by assuming that the
single-particle potential is a harmonic oscillator potential (without spin-orbit), and
that the pairing interaction is a density independent contact interaction. In this case
one finds, as discussed in Appendix C, that the pairing matrix elements are
separable, and the ground state energy can be determined by solving a simple dis-
persion relation, Eq. (C.6). We have tested our computer program in this way for
different choices of the stength of the pairing interaction and for different cutoffs in
the two-particle spectrum.

The last test is to see whether the free interaction (2.6) of —831 MeV fm? does
indeed produce a bound state at zero energy. This can be checked by setting the
strength of the single-particle potential, as well as the density dependent part of the
pairing interaction, to zero. The results are shown in Fig. 2a, where the smallest
correlated two-particle energy is shown as a function of the energy of the lowest
single-particle state. This is a Os;,, continuum state and its energy is varied by
changing the size of the radial box, here from 20 to 40 fm. The straight line is
shown to guide the eye, whereas the points are the calculated values. It is seen that
the two-particle energy extrapolates to zero in the limit of an infinitely large radial
box. This may not be a very convincing test. The results for a weaker interaction
would also extrapolate to zero. We have therefore repeated the calculations and
required that the bound state should appear at E,= —0.5 MeV. This implies a
slightly stronger effective interaction. Repeating the derivation given in Section 2

one finds,
52\ 32 _E E -1
— .22 -1/2 _ b 4
vo 2n (m) E; (1 / E. Arctan( /_Eb>> , 3.9)

which is —993 MeV fm? in the present case. The resulits are shown in Fig. 2b, and
they are seen to extrapolate to —0.5 MeV in the limit of an infinite box.

4. PAIRING IN p-SHELL NUCLEI

We shall apply the Green’s function method outlined in the previous section to
calculate the effect of pairing between two loosely bound neutrons in light nuclei.
The most interesting case at present is !!Li, since it is very weakly bound; the two-
neutron separation energy is S,,=0.25+0.10 MeV [4,5] and °Li is unbound
by 0.8+0.25MeV [6]. We discuss this nucleus in more detail (ground state
density and the dipole response) in the following sections. Here we shall first study
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the pairing in two neighboring nuclei, ?Be and '*C, in order to adjust the
parameters v, and P of the pairing interaction (2.1). Having fixed the parameters
we can then make predictions for other p-shell nuclei. We shall mainly consider
nuclei that contain N =8 neutrons.

The appoach is to calculate the effect of pairing between two valence neutrons
explicitly, whereas the residual interactions with the core (as well as among the core
nucleons) are ignored. It is difficult, however, to choose a common single-particle
Hamiltonian that gives a reasonable estimate of the core states and at the same
time gives an accurate description of the two valence neutrons for which the pairing
is turned off. We shall therefore use two different single-particle potentials, one for
the core and one for the valence neutrons.

4.1. Single Particle Potentials

The single-particle potential, including spin-orbit, is parameterized in the usual
way [7],

—1
U(r)= V<1—0.44r(2)(1-s)%%)|:1+exp (%)] , (4.1)

with a=0.67fm, R=ro(4—2)"°, and r,=127fm. Note that the radius is
calculated as a function of the core mass, 4 — 2. For a proton this is supplemented
with the Coulomb interaction with the other (Z—1) protons, represented by a
uniformly charged sphere.

The strength of the potential for core nucleons is adjusted to give a reasonable
estimate of the binding of the Op;, proton and neutron states in p-shell nuclei
which contain N =8 neutrons. We have chosen

N-Z

V=—-52+33 T3, (4.2)

which is close to the value commonly used [7]. The calculated binding energies for
the Op,,, neutron states compare well to the neutron separation energies of the
associated N=6 p-shell nuclei (from Ref. [8]) or, when available, to a more
realistic estimate based on the lowest 3/2~ neutron hole states in the corresponding
N =17 isotopes (see Ref. [9]). The calculated binding energies of Op,,, proton states
give the smooth trend of the measured proton separation energies for p-shell
neuclei with N =8 neutrons. The data are strongly affected by proton pairing but
we shall not try to improve on this aspect of the proton binding. All we need for
our pairing calculation is a reasonable estimate of the nuclear core density which
is an input to the interaction (2.1).

The single-particle potential for the valence neutrons is parametrized in the same
way as in Eq. (4.1). The strength of the potential, however, is adjusted in each case
so that the binding energy of the Op,, state in a nucleus with N =8 neutrons
reproduce the neutron separation energy of the associated N =7 isotope. This
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choice is a natural starting point for calculating the effect of pairing between the
two valence neutrons. The nucleus ''Li causes a minor problem since 'Li is
unbound by 0.8 MeV. The strength of the single-particle potential is therefore
adjusted so that the resonant p,, state appears at that energy, which is achieved
for the strength V"= —30.2 MeV.

4.2. Correlated Two-Neutron Binding Energies

Given the core density and a single-particle potential for the valence neutrons we
can now perform the pairing calculations described in Section 3. The ground state
energy of the correlated pair, ¢,,, is determined as the lowest energy for which
Eq. (3.7) has a maximum. The uncorrelated two-particle states, which appear in the
matrix element of Eq. (3.7), are chosen to be the product of the two Op,), states,
coupled to J=0 as described in Appendix A.

We still need to specify the density-dependent parameters P and v, in the pairing
interaction, Eq. (2.1). Without the density dependence, the free interaction would
produce extremely large pairing effects. For example, the expectation of our free
interaction in the (pp)==%5=? shell model state of a harmonic oscillator is

5 mwg\
(pp|voé(l‘l—l'z)|PP>L=S=0_ZUO<ZTC’1) '

(4.3)

The value of this matrix element is — 15.8 MeV for #iw, =16 MeV, which is much
larger than the value of —6.9 MeV deduced from a systematic study of p-shell
binding energies [10]. As mentioned earlier, will shall fit the density dependent
parameters to the nuclei '“C and '*Be, which like ''Li have eight valence neutrons.
The best fit is obtained for P =1.2 and v, =930 MeV fm>. These are the parameters
we shall use in the following, unless otherwise stated. We note that this interaction
is slightly repulsive at nuclear matter density.

TABLE 1

Calculated Two-Neutron Binding Energies £,, Compared to the Measured Separation Energies S,,

Nucleus &, MeV &5, MeV S,, MeV A e MeV ApoMeV

10He +1.14 0

VL +0.80 -0.20 0.25+0.10 1.80 1.85
2Be —0.504 —3.68 3.673 2.67 2.665
3g —3.370 —10.08 8.248 334 1.508
g —2.774 —-8.72 8.248 3.17 2.700
4C —4.946 —13.10 13.123 321 3.231
150 —13222 —29.57 28.886 312 2442

Note. The adopted single-particle energies of the valence neutrons, ¢, ,, are also shown. The
calculated and measured additional binding energies due to pairing, Eq. (4.4), are compared in the last
two columns.
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Having determined the interaction we can now make predictions for other p-shell
nuclei. Some results are shown in Table I. The first column is the (uncorrelated)
single-particle energy ¢, , of the valence neutrons, which has been adjusted to
reproduce the neutron separation energy of the associated N =7 isotope [8]. Also
shown is the calculated two-neutron binding energy, &,,, which is compared to the
measured two-neutron separation energy S,, [8]. A more interesting quantity is the
additional two-neutron binding,

A=12¢4,,— €, (44)

which is generated by the correlations. In the last two columns of Table1 we
compare the calculated additional binding energies to the corresponding values
extracted form measured one- and two-neutron separation energies. It is seen that
the predicted binding of !'Li is in good agreement with the experimental value.
Moreover, '°He turns out to be unbound which is consistent with the present
experimental knowledge [11]. The calculation for the tightly bound nucleus 'O is
surprisingly good considering the fact that other correlations may be important in
this nucleus. The nucleus '’B, on the other hand, deviates from the systematic
trend; the additional binding obtained from our calculation is about two times
larger than the value extracted from the measured separation energies. The reason
is that the single-particle energy in this case is the separation energy of an odd-odd
nucleus, '’B. The ground state of this nucleus includes the correlation energy
between the valence neutron and proton. If we remove this correlation by taking
the statistically weighted separation energies of both (p,, p3;)’ states (J=1, 2) and
use it to estimate the Op,,, single-particle energy, the disagreement is reduced to
0.5 MeV. This estimate is shown as *B* in Table L.

The sensitivity of the results to the parameters of the pairing interaction is
illustrated in Table II. The strength of the density dependent term, v,, has been
adjusted for different choices of the parameter P so that the measured two-neutron
separation energy of '*C is reproduced. The binding of ?Be is not so senstitive
towards the shown variation of the parameters. The binding of ''Li, on the other

TABLE II

Sensitivity of the Calculated Two-Neutron Binding Energy
to Parameters of the Pairing Interaction, Eq. (2.1), for '*Be
and !'Li

P v,(MeVfm?®)  &,,('?Be) MeV  &,,(''Li) MeV

0.5 600 —3.23 0

1.0 830 -3.59 —0.125
1.2 930 —3.68 —020
1.5 1080 —3.80 —029

Experiments —3.67 —0.25+0.10
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hand, is quite sensitive, ranging from unbound to values within the uncertainty of
the measured two-neutron separation energy.

The calculations discussed above were performed on a finite radial grid (see
Section 3). The radial wave functions were required to vanish at the maximum
distance, so the continuum states are actually discrete. All possible single-particle
states, except those that are occupied by the core neutrons, were included in the
construction of the two-particle Green’s function (3.8). The possible states are con-
strained by the condition that the two-particle energy is less than E, =40 MeV,
which is the energy cutoff that was used to determine the free interaction in
Section 2. The bound states of the core, on the other hand, were matched to the
analytic asymptotic expressions that are valid outside the nuclear interaction
region. The core density is therefore not affected by the radial cutoff. We have
checked that the results for '2Be and *C are insenstitive to the radial cutoff (in the
range from 15 to 30 fm), and to the step size (from 0.1 to 0.5 fm).

4.3. Results for "'Li

It is remarkable that we are able to predict the two-neutron separation energy of
"1i so accurately by adjusting the pairing interaction to reproduce the effect of
pairing in '2Be and '*C considering the uncertainties involved and the approxima-
tions we have made. In this connection it is interesting to study the senstitivity of
this result towards the choice of the p,, resonance energy. This is illustrated in
Fig. 3, where the correlated two-neutron energy is shown as a function of the p,,
single-particle energy, ranging from bound states to resonant states. This variation
was achieved by changing the depth of the valence, single-particle potential. It is
also interesting to see the sensitivity to the core recoil. The simplest calculation we
can make in our approach is to use the effective mass m(4 —2)/(4— 1} in the
single-particle Hamiltonians. This accounts for the core recoil for two uncorrelated
valence neutrons. The dashed curve in Fig. 3 is the result we obtain when we make
this change. The calculation requires a new calibration of the density dependent
part of the interaction (2.1) in order to reproduce the two-neutron binding in
2Be and 'C. The best fit is obtained with the parameters P=3.1 and
v,=1710 MeV fm>. The predicted two-neutron binding in ''Li is now reduced to
100 keV.

The highest point in Fig. 3 (open circle) has a positive value, £,,= +0.14 MeV.
This is the result obtained with a radial cutoff at 40 fm. The value of ¢,,, however,
decreases slowly with an increasing radial cutoff distance. It should finally converge
to a value less than (or equal to) zero, since the free interaction has been chosen
to produce a bound state at zero energy. The negative two-neutron energies shown
in Fig. 3 are more reliable. Although the calculated values fluctuate with different
choices of the radial cutoff, the average value is fairly constant. Moreover, the
fluctuations are reduced as the box size is increased, and they are of the order of
0.01 MeV at a 40 fm box size.

From Fig. 3 we see that the range of the neutron resonance energy in °Li, of
0.8+ 0.25 MeV (cf. Ref. [6]), is equivalent to a two-neutron separation energy in
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FiG. 3. Correlated two-neutron energy of the ground state of ''Li as a function of the p,, single-par-
ticle energy. The latter energy was varied (from bound states to resonant states) by changing the depth
of the valence potential. The results shown have been calculated with a radial cutoff of up to 40 fm. The
result with a positive two-neutron energy has not converged as explained in the text. The dashed curve
was obtained as described in the text using an effective nucleon mass of m(4—2)/(4—1), which
accounts for the core recoil associated with two uncorrelated valence neutrons.

the range from zero to 0.7 MeV. Choosing the resonant energy exactly at 0.8 MeV
produces a two-neutron separation energy of 0.20 MeV, which is consistent with the
measured value of 0.25+0.10 MeV, cf. Ref. [4, 5]. The ground state of the pair is
constructed entirely from continuum states with a dominant constribution from
p-states. It is composed of 6.1% s-states, 3.9% ps,, 76.9% p,, 74% ds;, and
2.5% ds, states, while the rest is in higher angular momentum states. Note that the
$1» and the p;, components are orthogonal to the occupied s,, and p,, core
states.

4.4. Results for " Be

Another example on a loosely bound, neutron rich nucleus is '“Be. The measured
two-neutron separation energy is 1.3 MeV [5], whereas *Be is unbound. We have
performed similar pairing calculations for the two valence neutrons in this nucleus,
assuming that the core, '’Be, can be described by the single-particle potential
(4.1)-(4.2). To our knowledge there is no information about resonant states in '*Be
so we are not able to calibrate the valence single-particle potential as we did for the
other p-shell nuclei discussed earlier. We shall therefore present our results as a
function of the calculated Ods,, resonance energy. The results are shown in Fig. 4.
The measured two-neutron separation energy is reproduced for a resonant energy
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FiG. 4. Correlated two-neutrons energy of the ground state of '“Be as a function of the ds,
resonance energy, which was varied by changing the depth of the valence neutron potential.

of &4, =2.4 MeV. The nucleus remains bound up to a resonant energy of 3 MeV,
and the two-neutron separation energy is 5 MeV when the ls,, state starts to
become bound. The ground state of the pair that reproduces the measured two-
neutron separation energy has a much larger fraction of s- and d-states than ''Li
has. It contains 18.9% s-states, 2.5% ps;, 1.1% p,,, 624% ds;, and 7.6% d,,,
states, and the occupied core states are here explicitly excluded.

4.5. Other 0% states

The Green’s function method also allows us to study excited states. Of particular
interest is '*C for which two excited 0* states have been measured, at an excitation
energy of 6.59 and 9.75 MeV [9], respectively. In this nucleus, the continuum starts
at 8.1 MeV excitation. Qur calculated 0* spectrum contains a correlated state at an
excitation energy of about 9.6 MeV, together with other states which are essentially
continuum states in our discretized representation. These states mix when they are
within a few hundred kiloelectron volts of each other. The average position of the
correlated state, however, is fairly insensitive to the location of the other states.
Since we find no correlated excited state lower than 9.6 MeV, our model cannot
explain both measured states.

It is interesting to see whether these nuclei are likely to exhibit the Efimov effect
[12]. This is the prediction that a three-body system will have a large number of
levels provided the two-body forces are of resonant nature. These states would be
extended and very weakly bound, just below the three-body breakup threshold.
This phenomenon might occur in neutron-rich nuclei when the approximations we
have made are applicable. The force between the two valence neutrons almost make
them a bound system, and if the binding energy of the lowest valence states were
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close to zero the conditions for the effect would be fulfilled. This is unfortunately
not the case for any of the p-shell nuclei shown in Table 1.

A more promising case is the nucleus '*Be. We find that if the lowest valence
neutron state (the 1s,, state) is put close to zero, the ds;, resonance energy is about
1 MeV and the ground state of the two-neutron system is bound by 5 MeV, cf.
Fig. 4. For the Efimov effect to be present, there would have to be additional bound
states with very small binding. We do find a single additional 0+ state with a two-
neutron binding energy of only 180 keV. This state disappears into the continuum
if the single-particle energy is increased a small amount. Thus, with an impirical
two-neutron separation energy in the ground state of only 1.3 MeV, it is very
unlikely that the nucleus '“Be exhibits the Efimov effect.

5. CORRELATED GROUND STATE DENSITY FOR ''Li

In this section we shall discuss and illustrate the correlated ground state density
of the two valence neutrons in ''Li. The fact that the two-neutron separation energy
is so small for this nucleus makes it difficult to estimate the valence density in a
simple shell model approach. In particular, it is uncertain what one should choose
for the single-particle binding energy. Previous estimates have been based on a Op,,
binding energy ranging from 0.2 to 1.0 MeV (see Refs. [13-15]). We can address
this question more realistically from our pairing calculations.

In the previous section it was demonstrated that a pairing calculation, based on
the effective interaction (2.1), can account quite accurately for the two-neutron
binding in "'Li, when the parameters of the interaction are adjusted to fit the
pairing of the two valence neutrons in '*Be and '*C. We shall use these optimum
parameters (P=1.2 and v, =930 MeV fm’) in the following to determine the den-
sity. The core density, which enters into the expression for the effective interaction,
is calculated as described in Section 4.1. The calculations have been performed on
a radial grid, from zero to 40fm in steps of 0.25 fm. The correlated ground state
energy of the neutron pair converged in this case to a value of —0.20 MeV. It is
very important to use such a large radial cutoff in order to obtain an accurate
estimate of the tail of the density.

The correlated two-particle wave function is given by

lllgs(rlar2)= Z ann'[qug,)’j(rhrz)- (51)

nn'lj

This is an expansion on two-particle shell model wave functions which are coupled
to a total spin of J= 0. The construction of these states is discussed in Appendix A,
and Eq. (A4) gives the general expression. The amplitudes a,,, can be obtained
either from a diagonalization of the two-particle Hamiltonian (3.1), or from the
two-particle Green’s function method discussed in Section 3. In the latter case one
can extract the amplitudes from Eq. (3.7), which was used to determine the ground
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state energy in Section 4. We have in fact used both methods and found that they
give essentially identical results when the parameter # in Egs. (3.7)~(3.8) is chosen
sufficiently small. We prefer the Green’s function method since it appears to be the
faster for a large radial box.

Once the amplitudes have been determined, the one- and two-particle densities
for the ground state of the pair can be calculated as described in Appendix B. The
most detailed information is contained in the two-particle density p,(r,, 74, 85;),
which is a function of the radial coordinates of the two particles with respect to the
center of the core, and the angle 6,; between their positions. This density, weighted
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FiG. 5. Contour plots of the two-particle density of the valence neutrons in !'Li. The density has
been weighted by 4nr24nr2, and it is illustrated (in units of fm—2) for three different positions r, of one
the neutrons. The contours are shown as functions of the coordinates (r, cos(6,,), r, sin(8,,)) of the
second neutron.
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by the factor 4nridnr?, is illustrated in Fig. 5 by countour plots for selected values
of the radial distance r, of one of the particles.

The density appears to be fairly complicated when one of the particles is required
to be close to the core. Then there are two peaks, one close to the selected particle,
and one at 6,, =90°. The latter peak is associated with the S =1 component of the
two-particle wave function, whereas the peak near the selected particle is dominated
by the S=0 component. These features can be explained in the following way. The
two-particle density is a simple sum of the two spin components, as can be seen
from Eq. (B.8). Equation (B.6) shows that the angular dependence of the S§=1
component is constructed from the spherical harmonics Y,,(6,;), which all
vanishes at 8,, = 0. The peak near the selected particle is therefore mainly S=0. On
the other hand, our calculations show that the p-states constitute about 84 % of the
ground state. The S =0 component of this part of the ground state wave function
is proportional to cos(6,;), which vanishes at 6,, =90°.

When one of the particles is required to be far away from the core the correlation
between the two particles appears to be a much more dominant feature, as can be
seen in Fig. 5 for r, =12 fm. The peak at 8,;, =90° has almost disappeared and it
is a factor of 60 smaller than the main peak. Our calculations show that the S=0
and S=1 components of the correlated ground state are almost equal. The S=1
component, however, falls off much faster than the S =0 component. It constitutes
59% of the single-particle density at r; =3 fm and has descreased to 21 % at 12 fm.

It is interesting to compare the shape of the main peak to the shape obtained
from the zero energy state of two neutrons discussed in Section 2. The wave function
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FiG. 6. Two-particle density of the valence neutrons in ''Li as a function of the position r, of one
of the neutrons, for a fixed r;=12fm and 0,, =0. The density has been normalized to one at the
maximum. It is compared to the correlated density for free neutrons (dots, obtained from Eq. (2.7)),
which has been shifted to match the position of the maximum.
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for this state is given by Eq.(2.7), and the associated density is shown as
dots in Fig. 6. It has been shifted to fit the position of the maximum which
appears at 10.65fm. It is compared to the calculated two-particle density
P (r;=12,r,,6,,=0) (fully drawn curve), which has been normalized to one at
the maximum. The agreement near the peak position is remarkably good. The
width of the peak is completely determined by the cutoff in the two-particle energy
spectrum that we have been using. This can be seen from the analytic expression
Eq. (2.7). The calculated density is seen to have a shoulder in the range of 3 to 6 fm,
and falls off rapidly at smaller distances near the radius of the core, which is
2.64 fm.

The single-particle density, weighted by 4nr?, is illustrated in Fig. 7. The fully
drawn curve is the result for a radial cutoff at 40 fm, whereas the two dashed curves
show the results obtained for a cutoff at 20 and 30 fm, respectively. The comparison
clearly shows the importance of having a large radial cutoff in order to obtain a
reliable tail of the single-particle density. The density near the maximum, on the
other hand, is rather insensitive to the radial cutoff. We have mentioned earlier the
question of which single-particle energy one should use for the two valence
neutrons in !'Li in a simple shell model calculation. In order to answer this
question we have tried to fit the density with that of a p,, state bound in a
Woods—Saxon potential of the form (4.1). The best overall fit, which is indicated by
dots in the figure, was obtained by increasing r, to 1.52, and using a depth of
V= —26.53 MeV. This yiclds a single-particle energy of —0.296 MeV, not far from
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FiG. 7. Single-particle density of the valence neutrons in ''Li, weighted by 4nr”. The radial cutoff is
20 and 30 fm for the two dashed curves, and it is 40 fm for the fully drawn curve. The dots represent
the best p,,, shell model fit, obtained as described in the text.
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the two-particle binding energy. The fit deviates from the calculated density by less
than 10% in the range from 0 to 30 fm. Thus a single-particle binding energy of
1 MeV, which is the apparent binding energy with respect to '°Li, is quite
unrealistic.

In the dineutron model, the wave function is assumed to have a fixed internal
structure of the neutron pair, and the pair’s center of mass motion is characterized
by a binding energy and an exponential decay at large distances. We can study the
effective binding of the pair by plotting the two-particle density as a function of the
center of mass coordinate of the two neutrons at zero relative separation, ie.,
r,=r,. This density, weighted by the factor 4nri4nr2, is illustrated in Fig. 8. It
decays exponentially in the range from 4 to 20fm with a decay constant of
0.23 fm !, which is equivalent to a two-particle energy of ¢,,= —0.14 MeV. This
value differs slightly from the ground state energy of the pair of —0.20 MeV, deter-
mined in Section 4. However, one should not expect to have a simple, exact
relationship between the radial decay and the binding energy since the structure of
the two-particle density shown in Fig. 5 is fairly complicated. This remark applies
as well to the single-particle density discussed above.

It is interesting to compare our results to those of Johannsen et al. [16] obtained
from a three-body variational calculation. The interaction between the valence
neutrons was adjusted to reproduce low energy scattering data, i.e., the scattering
length and the effective range. Their neutron-core interaction is not as realistic as
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FiG. 8. The two-particle density of the valence neutrons in ''Li, weighted by 4nri4nr3, is shown at

identical particle positions, r=r, =r, and 6,, =0. It is shown for three different radial cutoffs of 20, 30,
and 40 fm, respectively.
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TABLE III

Moments of the Two-Neutron Density Obtained in the Single-Particle Model and in
the Three-Body Model, Which Includes the Effect of Pairing, Given for Different
Radial Cutoffs, r,,,

F max oy {Iry+ry|*»  Total strength
Model (fm) (fm?) (fm?) (€2 fm?)
Single-particle 125 18.5 370 0.66
Single-particle 40 341 68.2 1.21
Three-body 40 34.1 974 1.73

Note. The associated total dipole strengths, Eq. (7.3), are given in the last column.

ours. They concentrated on the relation between the mean square radius {r?) and
the two-neutron binding energy and represented variations of the single-particle
potential by the increment,

8{r?y =<r* >y = 1i<rs, (5.2)

of the mean square radius of "'Li with respect to °Li. Their variables, p and 4, are
equivalent to r, —r, and 3(r; +r,) in our notation. The mean square values we
obtain for these variables, {(p?> =39 and {A?) =24.4 fm? can be extracted from
the last row of Table III. They imply an increament of §{r*) = 5.4 fm?. Combined
with our calculated two-neutron binding energy of 0.20 MeV, this is in very good
agreement with their results and the experimental information that they quote (see
Fig. 3 of Ref [16]). Their parameters imply a '°Li neutron resonance energy of
300 keV. Our single-particle potential, on the other hand, was adjusted to
reproduce the measured resonance energy of 800 keV.

6. PAIRING IN INFINITE NUCLEAR MATTER

It is also of interest to consider pairing in infinite nuclear matter and to compare
to recent Hartree—Fock calculations based on the Gogny force [17]. The gap equa-
tion is much simpler in our model, where we use the zero-range, density dependent
pairing interaction (2.1). Here we shall assume that the single-particle states are
plane waves with energies &(k)= (Ak)?/2m. The constraint on the two-particle
energy spectrum discussed in Section 2 implies a cutoff in the single-particle
spectrum at ¢, = 3 E,. Thus the gap equation is (cf. Eq. (8) of Ref. [17]),

P dk 4

2 ven(#) akr<e 27) Je(k)—ep) 2+ 47

where ¢ is the Fermi energy and 4 is the pairing gap.

(6.1)
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We can express this equation in terms of an integral over the single-particle
energies and eliminate some of the constants using the condition (2.6) for the free
interaction. This leads to the following equation for the pairing gap,

=1verr_<mLJ
2 v, \/g

This equation is fairly simple to solve numerically. We note that the pairing gap
vanishes in the limit p =0. This is due to the fact that we have chosen the inter-
action (2.1) so that v.4(p =0)=1w,; i.€., the free interaction produces a bound state
of the pair at zero energy.

The pairing gap is shown in Fig. 9a as a function of the Fermi momentum. The
points are the results obtained from the Gogny force in Ref. [17]. The fully drawn
curve is our result obtained with the parameters for the pairing interaction (2.1)
determined in Section 4. We note that there are only three parameters that deter-

" de Jo/((e—er)° + 47). (62)
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FiG. 9. Pairing gap in infinite nuclear matter as a function of the Fermi momentum. The dots are
the results of a Hartree-Fock calculation using the Gogny force (from Ref. [17]). The fully drawn curve
in (a) is the result obtained with our effective pairing interaction (2.1), using the parameters determined
in Section 4. The dashed curve is a fit to the Gogny-force results at low densities, obtained by adjusting
the interaction parameters as described in the text. An overall fit to the Gogny-force results, obtained
by adjusting both the energy cutoff and the parameters of the interaction, is shown in (b).
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mine the pairing gap at a given density. They are the energy cutoff ¢, (20 MeV),
the power of the density dependence P (1.2), and the ratio between the density
dependent coefficient and the free interaction (v, /vy = —930/831). It is seen that our
pairing gap vanishes for k> 1. This is due to the small value of the energy cutoff.
This choice is limited by the number of two-particle states that we are able to
handle in the calculations for finite nuclei.

We can adjust our interaction so that we reproduce the results from the Gogny
force, at least in the low density region, with the same energy cutoff. This is
illustrated by the dashed curve in Fig. 9a. The parameters needed to make this
fit are v,/vo=—0.45 and P=0.25. This interaction is clearly weaker than our
empirical interaction in most of the density range, where the gap is non-zero. The
fact that we are able to fit the results from the Gogny force so that the pairing gap
vanishes at zero density, and not at a small, non-zero density, implies that the
Gogny force resembles a realistic free interaction in the low density limit.

It is also possible to reproduce the results from the Gogny force over a wider
range of densities by increasing the energy cutoff. This is illustrated in Fig. 9b. The
parameters of the interaction are here, ¢, =60 MeV, v,/v,= —0.7, and P=0.45. It
would be very difficult to perform the calculations presented in Sections 4 and 5
with such a high energy cutoff.

7. DIPOLE RESPONSE

Weakly bound neutrons can be easily excited by an external dipole field. The
neutrons have an effective charge of —eZ/A4 in the center of mass system, and their
spatial extension gives them transition dipole moments which can be large com-
pared to typical nuclear E1 transitions [18]. In fact, the experimentally deduced
Coulomb excitation of ''Li shows a dramatic order-of-magnitude enhancement
compared to tightly bound nuclei [19]. To model these transitions, the numerical
grids must extend to much larger distances than one is accustomed to using. We
shall first illustrate this point with a simple independent-particle model for the ''Li
dipole response.

In the model, the ground state is described by a pair of neutrons in the p,,, orbit.
The wave function ¢, is determined by a single-particle Hamiltonian with a
Woods—Saxon potential. The radius of the potential is that typical for an 4 =9
nucleus, and the depth is chosen to fix the separation energy E,. The final state
makes use of the same single-particle Hamiltonian, with one particle in a
continuum orbit. The continuum wave function ¢ has a positive energy E, and is
normalized to the convention given in Appendix D. Then the B(E1, 1) is given by

dB(EL, 1) <z>2 ) 2j+1<11_ 1’ )2
=l (2 S=j—=|10
dE 1) ¢ L T 3372

2

f:o bobiridr| . (11)

It should be emphasized that the choice of separation energy in the model is
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ambiguous; physically the pairing rather than the single-particle potential provides
the binding. However, the effects of the pairing may be to provide an effective single
particle binding of the order of magnitude of the two-particle binding,
E, ~ 02 MeV. Using this value for the single-particle separation energy, we show in
Fig. 10 the predicted dipole strength calculated from Eq. (7.1). Results are given for
two values of the spatial cutoff: first with the single-particle wave function ¢,
constructed on a grid extending to r,,, = 12.5 fm, with a boundary condition that
&5 (rmax) =0, and then with the boundary extended to r.,, =40 fm. The more
accurate strength function has a sharp peak just above threshold due to the
P12 = 5y, transition to the continuum. The transition p,,, — d;, is also significant
above the threshold region. The strength then falis roughly as 1/E over a range of
a few MeV. The sharp peak is completely absent from the calculation with the
smaller cutoff radius. This illustrates the difficulty in constructing a realistic model
of the response; a three-body wave function has to be constructed accurately in a
domain extending to distances of the order of 40 fm.

Because the transition strength distribution is difficult to calculate with more
realistic models, it is useful to define some integral properties of the response that
can be computed without any knowledge about the final state wave functions. The
first of these, the energy-weighted sum rule, is particularly convenient because it can
be evaluated without knowing the wavefunction at all. In our basic model of the
nucleus as a three-body system composed of two neutrons and an inert core, the
energy-weighted sum rule reads

dB(E1, 1) 9e? (Z\* A?
f dE EdE_24n( ) 2m’

3 (7.2)
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Fic. 10. Dipole strength of the valence neutrons in !!Li as a function of the excitation energy. Both
curves are independent particle responses, obtained as described in the text for a radial cutoff at 12.5 fm
(dashed curve) and at 40 fm (fully drawn curve).
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For ''Li, the sum rule has the value 2.21¢?>MeV fm2 However, included in
this sum will be unphysical transitions to occupied levels of the neutron—core
Hamiltonian. To limit the sum rule to positive excitation energies, the negative
contribution from the (Pauli forbidden) transitions to occupied states needs to be
subtracted. In the above model the transition strength to the occupied s,,, orbit is
0.68 MeV fm? so the continuum sum rule becomes 2.21 + 0.68 = 2.89 ¢ MeV fm?.

The integrated response without the energy weighting is also very useful and is
more closely related to the measured cross sections. It can be calculated from the
two-particle density of the ground state,

dB(E1, 1) 3e? (Z)\?
JTdE=E<Z> Jdr, drypy(ry, t)(r3 +r3+2r, -1,). (7.3)

For the independent particle model, the last term in the integrand does not con-
tribute and the sum can be expressed as an integral over the single-particle density,
_6e?

Jdi(g—’ﬂdE E(%)Z . (1.4)

The independent particle values of (r?)> are shown in TableIIl, for the two
boundary sizes. We see that making the boundary larger nearly doubles this
expectation value. As discussed for the energy-weighted sum rule, the integrated
response includes an unphysical contribution from the occupied s,,, state. This
correction is only a few percent. We quote in Table III the integrated response
obtained from Eqs. (7.3) or (7.4), which is a slightly higher upper limit.

An estimate of an average excitation energy associated with the dipole transition
can be obtained by dividing the EWSR by the integrated response. This yields
2.4 MeV for r,,,, =40 fm, which is rather higher than one might guess looking at
Fig. 10. Thus the sum rules have little value for estimating the peak of the response,
because it has an extended tail going to high energy.

We now examine the strength function for the more realistic three-body model,
in which the binding energy is due to the pairing interaction. There is practically
no change in the continuum EWSR, because the bound-bound contribution
depends mainly on the probabilities for the particle to be in the various single-
particle orbitals. The p,, probability is 77%, so the independent particle model,
which assumes 100 %, should be good enough to estimate this correction.

The integrated stength need not be close to the value calculated in the
independent-particle model. First of all, the radial wave functions are not
characterizable by a definite single-particle binding energy, and the expectation of
? in the single-particle density must be calculated anew. The three-body model
gives a neutron density with the expectation value {r’) shown in Table IIL It
coincides accidentally with the value obtained in the independent-particle model.
Although the asymptotic falloff of the single-particle density (discussed in Section 5)
was found to be faster in the three-body model than in the single particle model
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(with E, = E,), this is compensated by an effectively larger nuclear radius; the best
fit to the single-particle density was obtained with a p,,, state bound by 0.3 MeV
and a 20% larger nuclear radius.

The last term in Eq. (7.3), which vanished in the independent-particle model, will
contribute to the integrated strength in the three-body model. In the limit of very
strong correlations, this term would be equal in magnetiude to the first two terms
and would double the integrated strength. However, the correlation is actually not
so strong. The values quoted in Table IIl gives an increase of 43%. The total
integrated strength obtained from Eq. (7.3) is shown in the last column of Table III

To get more detailed information about the distribution of the dipole stength, we
should calculate the matrix elements of the dipole operator between the ground and
continuum excited states. Unfortunately, treatment of correlations in the continuum
states is more difficult. The Green’s function method for two-particle states in the
continuum requires the solution of an integral equation with a principal value
integral. The Hamiltonian matrix method requires a discrete basis, and the connec-
tion to a continuum strength distribution can only be made when there are many
eigenstates in an interval of interest.

However, we are able to calculate the transition strength distribution neglecting
the residual interaction in the final state. The formula for the differential transition
strength in this approximation is given in Appendix D. We have evaluated it for the
case with a boundary r,,,, =40 fm. The double differential cross section in the range
of 0—4 MeV is shown in Fig. 11. We see a ridge with neutron energy in the range
0.6-0.7 MeV. This corresponds to the physical process in which one nucleon is

e, (MeV)

g, (MeV)

FiG. 11.- Contour plot of the dipole strength of the correlated valence neutrons in !'Li, Eq. (D.9), as
a function of the energies of the two neutrons in the uncorrelated final state. The contour values are in
units of ¢? fm?/MeV?.



352 BERTSCH AND ESBENSEN

excited and the other remains as a spectator in the p,, single-particle resonance of
'“Li. Since 77% of the ground state probability is p,,, it is not surprising that
there remains a strong signal of the single-particle shell physics in the predicted
final state neutron spectrum. We next show the predicted differential transition
strength with respect to excitation energy,

dB(E1, 1) _ dB(E1, 1)
dE de, de,

where ¢,, is the calculated —0.20 MeV ground state energy of the pair. This
strength is displayed in Fig. 12. We see that there is a fairly broad peak at about
1 MeV excitation, corresponding to the excitation energy of the !°Li resonance.
This contrasts sharply with the independent particle model, where the peak was just
above threshold. Unfortunately, the calculation is unreliable on this important
aspect of the strength distribution. The EWSR for the strength shown in Fig. 12
exceeds the continuum sum rule by 50 %, which indicates that at least some of the
strength in the 1 MeV peak should be shifted closer to threshold. The residual inter-
action in the final state probably plays a significant role. In the initial state, the
interaction energy and the kinetic energy of the two neutrons nearly cancel, but
only the positive kinetic energy is represented in the final state in our approxima-
tion. Clearly, it is desirable to further develop the numerical aspects of this study
so that a more realistic description of the final state can be made.

One can get some guidance concerning the effect of correlations on the dipole
response from the harmonic oscillator model discussed in Appendix C. One can
show that the correlated final state, generated by dipole excitation, is determined by
exactly the same dispersion relation as the correlated ground state. Moreover, the

jde1 de, S(E—e,—ey+ e, (1.5)
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F1G. 12. Dipole strength of the valence neutrons in ''Li as a function of the excitation energy. It was
obtained by integrating the dipole strength distribution shown in Fig. 11 according to Eq. (7.5).
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correlated dipole response is identical to the uncorrelated response, which is a
simple 14w, excitation. The dipole response from the correlated ground state to
uncorrelated final states, on the other hand, has amplitudes to higher excitations.
Thus the EWSR is larger due to the ground state correlations, whereas the total
strength is the unchanged.

Let us finally discuss how the calculated dipole strength relates to recently
measured {ragmentation cross sections for ''Li at 800 MeV per nucleon on heavy
targets [19]. The measured cross sections are unusually large and can only be
explained by postulating large electromagnetic dissociation cross sections ggyp. In
particular, the measured (''Li, °Li) breakup cross section on a Pb target is
1310 mb, and subtracting the estimated nuclear part of this cross section a value of
6emp = 890 mb was deduced [19]. A major part of this cross section must originate
from low-lying dipole strength. Relativistic Coulomb excitation favors dipole
excitations and in particular to low excitations. The excitation of the giant dipole
resonance, on the other hand, yields a cross section that is an order of magnitude
smaller than the experimentally deduced value.

In a recent publication [15] we investigated the nuclear part of the fragmenta-
tion using an eikonal approximation and an independent particle model to describe
the density of ''Li. The independent particle model was very similar to the one we
used to deduce the dipole response shown in Fig. 10 and assumed a p,,, binding
energy of 0.2 MeV. We found that it was necessary to integrate to very large impact
parameters in order to achieve convergence, much further than the smaller
boundary mentioned in Table III. The calculated nuclear part of the (''Li, °Li)
breakup cross section was 710 mb for reactions on a Pb target. This implies the
value ogyp =600 mb, which is significantly smaller than the originally deduced
value. The sensitivity towards the assumed p,,, binding is illustrated in Fig. 4 of
Ref. [15]. Although the independent particle model differs in several respects from
the three-body model (as discussed above and in Section 5) it may not be too
unrealistic when it comes to estimating of the nuclear part of the fragmentation. In
fact, the two models give almost identical results for {r*), cf. Table III.

It is now interesting to compare this estimate to the predictions we can make
based on the dipole strength distributions shown in Figs. 10 and 12. We shall only
give the results for the larger boundary (r., =40 fm). The calculations have been
performed as described in Ref. [20]. The independent-particle model gives a dipole
cross section of 480 mb, whereas the three-body model gives 570 mb. The latter
result is in fair agreement with the value deduced above, of the order of 600 mb.
Since our three-body model does not yet have correlations in the final state we can
anticipate that a full calculation would produce an even larger dipole cross section.

8. CONCLUSION

To study pairing in weakly bound nuclei, we proposed a three-body model
Hamiltonian which can be solved over a large spatial domain using two-particle
Green’s functions. An important feature of the Hamiltonian is that the interaction
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between valence nucleons be physically sensible in both the nuclear interior and in
the far surface region. Within the constraints of a delta-function parameterization,
we achieved this by making the interaction density dependent. At low density, our
interaction reproduces the nearly bound virtual state of free nucleon scattering.
Choosing the density dependence to fit the empirical pairing in the nuclei '*C and
12B¢, we found that the interaction is reduced to nearly zero at nuclear matter den-
sity. This is in qualitative agreement with nuclear matter calculations in Brueckner
theory [21].

The interaction between valence nucleons and the core is taken as a
Woods-Saxon potential with parameters close to standard shell model values.
Unfortunately, it is not possible to use a standard parameter set without any
adjustment, because the pairing is very sensitive to the single-particle properties of
the Hamiltonian when the levels are nearly unbound. Thus, the strength of the
Woods-Saxon potential must be obtained by fitting the single-particle energies in
each case separately.

The numerical method used to solve the Hamiltonian equation is by the two-
particle Green’s function technique in coordinate space. This method is only feasible
for contact interactions (é-functions), which is the reason we used this form of
residual interaction. It permits accurate solution of the Hamiltonian equation even
for cases in which the binding energy is of the order of 100 keV. Then the wave
functions extend out to many tens of fermis, and coordinate space volumes with
radii of the order of 50 fm are necessary to get fully converged results.

The two-particle binding energies we obtain with the density dependent contact
interaction are in reasonable accord with the empirical data of the nearly unbound
p-shell nuclei. Thus '°He is predicted to be unbound, in agreement with experiment,
and the weak binding energy of ''Li is reproduced. We also examined the sd-shell
nucleus “Be, which is bound by 1.3 MeV. The appropriate single-particle energies
are not known in this case, but our Hamiltonian predicts binding for d-wave
resonance energies as high as 3 MeV. However, in view of the approximations in
our model, the good agreement for the !'Li binding is somewhat fortuitous. We
have ignored finite range effects in the interaction and set its stength to give an
infinite scattering length. We have also ignored effects of core recoil’ and core
excitations, treating all core effects by the phenomenological density dependence of
the interaction. The calibration of this interaction to reproduce the two-neutron
binding in '?Be and '*C introduces some uncertainty, since our model is probably
less reliable for more tightly bound nuclei. Some of these limitations, with respect
to the free interaction and the core recoil, could be overcome using the Fadeev
method, as for example in Ref. [22].

One of the theoretical interests in these weakly bound nuclei is the possibility to
observe the very extended three-body bound states predicted by Efimov. According
to Efimov’s theory, the scattering lengths in the three-body problem set the size of

! Upon the advice of the referee, we estimated core recoil effects by replacing the mass m of a nucleon

in the Hamiltonian by an effective mass of m(4 —2)/(4 —1). With the other parameters recalculated to
reproduce the physical constraints, we found the binding energy in 'Li reduced from 200 to 100 keV.
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the scale for the extension of the most weakly bound states. We found no evidence
in our numerical study for an extra state state in 14Be. However, with our numerical
limitations we cannot rule it out as a possibility. But certainly in ''Li the single-
particle resonance energy is too high to support an additional state.

We examined the wave function of ''Li in some detail, asking how well simplified
models and pictures describe its form. An especially convenient model is the
independent particle model using the Woods-Saxon potential and an adjusted
separation energy. To describe the asymptotic behavior of the single-particle
density, we found that the optimum separation energy is slightly greater than the
physical two-particle separation energy. However, the radius of the adjusted
potential should be somewhat larger than what the usual parameters give, so the
r.m.s. radius of the single particie density is actually quite close to that obtained in
the weak binding shell model, taking the standard shape of the Woods-Saxon
potential but adjusting its depth to make the neutron separation energy equal the
physical two-particle separation energy.

The two-particle density shows very strong correlations between the valence
nucleons at large distances; the relative wave function follows the free-scattering
wave function quite closely. Thus the di-neutron model, treating the ''Li as a
neutron pair of fixed internal structure, has at least qualitative validity.

We applied the model to the dipole excitation strength function, which is one of
the interesting measured properties of !'Li. In the calculation, we used the fully
correlated ground state wave function but ignored correlations in the final state.
This model predicts a rather large Coulomb breakup cross section, as was found
experimentally. However, the interaction should be included in the final state,
which is probably feasible within the present calculational framework. This
improvement would provide a credible model to describe the correlations between
final state neutrons in Coulomb fragmentation which can also be studied
experimentally.

APPENDIX A: Two-PARTICLE WAVE FUNCTIONS

The two-particle wave functions used to calculate the ground state and the dipole
response of the correlated pair are constructed by coupling two single-particle wave
functions to a total angular momentum of J, with J=0 and J= 1, respectively. We
shall discuss these two cases separately in the following.

Ground State, J=0

The ground state of the correlated pair has angular momentum J=0 and
positive parity. The / and j quantum numbers of the two shell model states must
therefore be identical, whereas the radial quantum numbes (#, n’) can be different.
Our j-coupled single-particle states follow the usual phase convention,

l/Irtljm(r) = ¢n[j(r) Z (lmléms | ]m) Ylm/(f) me’ (Al )

m.m;g
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where ¢, is a radial wave function and g, is a spin function. The two-particle wave
function is obtained by coupling to J=0,

YIr(ti')lj(rl’ rl) = Z (jm.]_m | OO) l//nljm (rl) l//n/lj—m(rZ)‘ (Az)

This wave function is not antisymmetric if #» # n’. We will return to this point later
on.

Equations (A.1)-(A.2) are not the most convenient to calculate the wave func-
tion. A simpler formula can be obtained by evaluating (A.1)-(A.2) in a reference
frame in which the z-axis points in the direction of #,. Then

Yy (Fr=2)=/(21+ 1)/4R 6, o. (A3)

Inserting this into (A.1), with m=m, and m, = — (m, + m,), we obtain

Gy (r1) Gy (r2) Y A D EDCE Y (02), (A4)

ml mym;
4TC my, my

where 0,, is the angle between the two position vectors. The C coefficients in (A.4)
are given by

Crme =~/ 20+ 1(jmy j—my | 00)(103m, | jmy)(I— (my+my)smy | j—my).  (AS)

V(X 1) =

nn'ly

One can show that the latter expression is

(_1)l+1/2+m2 2j+1

ci = A6
my,mg 2 2l+1 ( a)
ifm +m,=0,and if m; +m,=+11itis
Y J+ m3 .
cl =L Z_M_ (A.6b)

e 2 20+1

We shall also need the two-particle wave functions at r=r, =r, to compute the
effect of the zero-range residual interaction. This part of the wave function turns out
to be much simpler. Thus inserting 7, =7 in Eq. (A.4), and using the relation (A.3)
for the spherical harmonics and (A.6a) for the C coefficient, leads to the result,

buy (1) By (1) 2f+“ 1P =W B (AT)

\/4—7_[ (‘1) \/— XipXip—

The spin part is seen to be an =0 state. This is typical when r, =r,. The two-par-
ticle wave function does contain an S= 1 component when r, #r,. In that case the
angular dependence provides an antisymmetry between the two particles. In order
to achieve a fully antisymmetric wave function we would therefore only have to

w(2) ( )=

nn'lj
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symmetrize the radial part of the wave function. This is automatically taken care of
if we include both combinations of wave functions in our space of two-particle
states.

Excited States, J#0

The two-particle shell model states used to calculate excited states of the pair can
be constructed the same way as done above for J= 0. Here we shall use a different
and more elegant method to calculate the local (ie., r;=r,) two-particle wave
functions. It is based on the helicity representation in which the angular and spin-
dependent part of the single-particle states are given by (cf. Chap. 3A-1 of Ref. [7]),

2j+1 A
1 = o= 3. ) D7) st (A8)

Here a(ljh)=(—1)"*+VDU=1=12) i5 3 phase factor and # is the helicity, i.e., the spin
projection on the direction of 7. It is simple to couple such two states to a total
angular momentum state (JM),

|JM > = Z (Jimyjomy | IMY |1 jimy ) |1 jomy ). (A9)

mymy

One can use a well-known sum rule for D-functions, which holds when #, = #,(see
Ref. [7, Eq. (1A-43)]). One can then project the result on total helicity H, and
obtain

V@i + D2y +1)

JMH ) = Y. (ihijohy | JH) D3y (F)
8 Pt
x oy (hy) ay(hy) X;,II)X;,?- (A.10)

The total two-particle state has to be antisymmetric. This can only be achieved
by requiring that the spin part is antisymmetric, since the coordinate part is
automatically symmetric when the positions of the particies are identical. This
implies that the total helicity H has to be zero. It is now easy to work out the result.
Multiplying by the radial part of the wave function we obtain

o
J2 5)

. Ri+1/ .1
W;ﬁ}(r):¢nlllj](r) ¢n2[2j3(r) YJM(r)(_l)Il JISTI (.]1 EJO
x%(h/zx—l/z—xg;/zx(&%)- (A.11)

(1),,(2)

We note that this result is identical to (A.6) for J=0.
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APPENDIX B: HAMILTONIAN DIAGONALIZATION

The ground state of the correlated pair can be found by diagonalizing the
Hamiltonian (3.1). This is rather straightforward for a zero range interaction since
the calculation of the matrix elements only involve the two-particle shell model
wave functions at identical positions, which are given in Eq. (A.7). Thus we obtain
the following Hamiltonian matrix,

{mynilyjy| H [nynslsy jy)
=0d(nynil jy; nzn’2]2j2)(8n11|j1 +8n;1,j,)+ (‘“1)[1+12

N+ D@ja+1)
8n

X [ dr 126 1,1,07) B (1) 0ea(7) B (D) B (. (B1)

The radial single-particle wave functions are solved in a finite box, so the con-
tinuum is discrete. Moreover, the Hamiltonian matrix is diagonalized in a truncated
space with

et ey < E,, (B.2)

where we have chosen E, =40 MeV as discussed in Section 2.
The ground state wave function is given by the sum

Wgs(rls l'2) = Z ann'[j Wﬁ,?[j(rl’ r2)’ (B3)

nn'lj

where a,,,; are elements of the (normalized) eigenvector of the Hamiltonian matrix,
associated with the lowest eigenvalue. The general expression for the two-particle
shell model wave functions is given in Appendix A, Eq. (A.4).

The Hamiltonian matrix (B.1) is symmetric in the radial quantum numbers »# and
n’ of the two-particle wave functions. The amplitudes a are therefore also symmetric
in n and »’. One can in fact use this property to reduce the dimension of the
diagonalization problem. Thus one could instead use a symmetrized set of two-
particle wave functions,

vV 2— 6nn’
T (‘P;(sz)lj(rn r)+ W}S’Zn)lj(rla ry)), (B4)

and only include states with »' <n. This has been done in the numerical calcula-
tions but we shall not do it here since the notation becomes more cumbersome. We
note, however, that this wave function is antisymmetric with. respect to an inter-
change of the two particles, as discussed in Appendix A.

We shall now give the expressions for the one- and two-particle densities in the
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ground state. The wave function (B.3) has four components, associated with the
different orientations of the particle spins (m,, m,),

1
Wgs:_ Z ‘Il;gnslmzxsl)xgz)' (B.5)
AT mymy
The expression for ¥Z', can be obtained from Eqgs. (A.4), and it can be written in
the following way,
lIIﬁtslmz = Z C:jrlumz Yl. —(my + m3) (fZ) Z ann'[i¢nlj(r1) ¢n’lj(r2)' (B6)
ij nn'

The coefficients C Z,lmz are given in Egs. (A.6a)-(A.6b). We note that

P = — (Y5 )% (B.7)

The two-particle density obtained from (B.5) is, therefore,
2 gs 2 gy 2
p2(ry, l'2)=E(|¥11/2_1/2| +|¥’1/21/2| ). (B.8)

This density depends on three variables, which are r,, r, and the angle 6,, between
r, and r,, since we have chosen the z-axis to be identical to the direction of r, in
Appendix A. The two terms in (B.8) are the $=0 and the S=1 components,
respectively, of the ground state density.

The single-particle density is easily obtained by integrating over the coordinates
of one of the particles. From (B.6) and (B.8), and using the explicit expressions
(A.6a) and (A.6b) for the C coefficients, one obtains

1
P1 (r) = E Z Z ann'ljamn’lj¢nlj(r) ¢mlj(r)' (Bg)
i nn'm
We shall not give the expressions for the S=0 and the $=1 compoénents of the
single-particle density. They are more complicated since they involve overlap
integrals of states with different 7 quantum numbers.
Finally, integrating over r we obtain the normalization

[arpi(r)= 3 loumyl2=1. (B.10)

ljnn’

APPENDIX C: PAIRING FOR SEPARABLE FIELDS

It is very useful to have a simple way to test the numerical pairing calculations
based on the two-particle Green’s function method. One example is the case where
the pairing matrix elements are separable. We shall here consider this example in
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detail and illustrate it for a harmonic oscillator, single-particle potential combined
with a density-independent, zero range pairing field. The correlated wave function
is a solution to the integral equation

P(r,r)= —fdri dryGP(E, 1y, 1a, 11, 15) Do (1, 15) P(ri,15),  (C.1)

where vy is the residual pairing interaction and G is the independent, two-par-
ticle Green’s function defined in Eq. (3.2). The solution to this equation requires in
addition a determination of the energy eigenvalue E,, which enters as the energy
variable in the Green’s function. Let us assume that the matrix elements of the
pairing interaction are separable,

<l//p1 ‘//pzl veﬂ' |¢pil//pé> = UO Cpl P2 Cpi 1Z8 (Cz)

The solution to the integral equation can be written as an expansion on two-
particle wave functions,

V= Z Boi ¥ o ¥ s (C3)

P1P2

Insering this expression into Eq. (C.1) and making use of the separable form (C.2)
leads to the equation

UOCPle
=——->2_ ) C, B, C4
ﬂpl P2 em_*_gm_Epiné Pll’zﬂl’ll’z ( )

This equation is obviously fulfilled if we choose

CPl P2 (CS)

Boip= >
€p) + Epy— E

and require that the energy, E=E,, is determined by the dispersion relation

)2
1+ ) —22—=(. C.6

p%z €yt Ep— E, ( )
The associated eigenfunctions (C.3) are then determined by the expansion coef-
ficients (C.5) evaluated at E=E,.

We note that this procedure is similar to the pairing calculation for free particles
performed in Section 2. We also note that it is exact when the single-particle
potential is a harmonic potential (without spin-orbit) and the pairing interaction is
density-independent and of zero range. This follows from the fact that the motions
of the two nucleons can be separated into a relative and a center of mass motion.
The center of mass motion is unaffected by the pairing, and we can ignore it and
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assume that it is in the ground state of the oscillator. The pairing matrix elements
for the relative motion are

Yo (r)| vo 0(r) 1Y, (r) > = o4, (0) ¥, (0), (C7)

which has the separable from required in (C.2). We note that the matrix elements
are non-zero only for s-states. The subscript » therefore indicates the radial quan-
tum number of the s-state wave functions.

Using the well-known expressions for the harmonic oscillator wave functions it
is now a simple numerical problem to solve the dispersion relation (C.6), with
C,, »,=V¥,(0). This is done in a truncated oscillator basis which includes all s-states
with n < n,,,,. In order to test the numerical calculations based on the two-particle
Green’s function it is important to choose a truncation that is consistent with the
cutoff in the two-particle energy spectrum, E.. Thus the maximum radial quantum
number for the relative motion, n,,,, should be determined by the condition

2hwg + (3 + 2npay) o < E... (C.8)

Note that it is important to include the ground state energy for the center of mass
motion in this relation, in order to make a consistent comparison to the results
obtained from the two-particle Green’s function method.

APPENDIX D: DiroLE MATRIX ELEMENTS

We display here the electric dipole matrix elements between the ground state of
the pair and continuum excited states. Since a neutron has an effective dipole
charge of —Ze/A, the dipole operator is

Z
Dy (r)= =21 (F) (D.1)

We first need the single-particle matrix elements of the dipole operator between
bound and continuum states. The final state radial wave function, ¢j;» is normalized
to one state per unit energy. This is formally written

CP(E) | $°(E") > =S(E—E'). (D.3)

In practical terms, Eq.(D.3) requires that the continuum wave functions are
normalized to the asymptotic form

i )
pe(r) - SBETEO) ek, (D4)
r
where k=./2mE/h* and § is the phase shift. The single-particle matrix elements of

595,209/2-8
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the dipole operator are conveniently expressed in terms of the standard reduced
matrix element,

. (JmIM | j'm')
!Jm>——-—
J2j +1

The formula for the reduced matrix element of the dipole operator is given by the
formula

J'm'| Dy {cl'j’|| D |1nkj>. (D.5)

1D Iy = —eZ (=Y 253 —%|1O)J(21+1)(21 1)

[ 45,V by dr, i 1417 0d,
4]
=0, if 71—/ even. (D.6)

We are interested in the matrix element between two-particle states in which one
of the states (the ground state) has components of the form |nn'I(jj)° ), where the
single-particle wave functions have quantum numbers n/j and n'lj. The other state
has the form |(jj’)},; the single-particle wave functions here are continuum states
with energies e, and e, and orbital angular momenta / and /'. We first consider the
operator D(r,) which acts only on the second particle. Its two-particle matrix

element is given by
g g . LjII D An'l>
! ;w D Il (4] — c nlj . D7
T Y al Dag () [nn' 1) > <¢,,l¢,>——3(2j+1) (D.7)

To this must be added the matrix element of D(r,). This is given by an identical
expression except for the phase factor,

Gl Dag (x1) [nm'1035)° >
L . 'l D inlj>
=(—1Y 75| Gy ——
v f32j+ 1)
The B(E1, 1) differential in the kinetic energy of the two emitted neutrons is

related to the matrix elements, Egs.(D.7)-(D.8), and to the ground state
amplitudes a,,; by the equation

(D.8)

2

d’B(E1, 1) . (DY)

de, de,

=3y | “nn'u<(j1j2);u| Dy (ry) + Dy (r2) |nn'1(j)°>

Juj2 | nn'ly

We used these expressions to calculate the differential B(E1) strength shown in
Section 7, Fig. 11.
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