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We extend the time —dependent density-functional theory by including the self—interaction
correction (SIC) in order to determine collective electronic excitations in small metal clusters.
VVe find that Mie plasmon frequencies of sodium clusters, obtained with SIC for jellium spheres,
are in significantly better accord with experimental data than previous theories. We also find
that the correct asymptotic behavior of the eA'ective potential in SIC decreases the critical
cluster size for the onset of Landau damping of the Mie plasmon.

A spherical-jellium-background model for simple metal
clusters, combined with the local-density-approximation
(LDA) in the density-functional-theory (DFT), has suc-
cessfully explained magic numbers of stability observed
in alkali-metal clusters by a shell structure reminiscent
of the shell model in nuclear physics. In the spherical-
jellium-background model, the positive-ion cores are re-
placed by a sphere with constant charge density, which
is usually set equal to the bulk valence-electron density.
The levels of interacting valence electrons, trapped in a
Coulomb potential of the jellium sphere, show shell struc-
ture. This is one of the general features of Fermi systems
such as electrons in an atom or nucleons in an atomic
nucleus.

This simple metal —sphere picture triggered a renewed
interest in collective excitations of valence electrons in
metal clusters, namely, the plasmons. In the case of a
classical metal sphere, the dipole excitation was first de-
scribed by Mie and the corresponding resonance haM;, is
independent of the sphere size. Recent photoabsorption-
cross-section experiments have measured the Mie plas-
mon in free sodium clusters (Na~, X = 2 —40). The
energy of the observed Mie resonance for closed —shell
clusters (Nas and Na2o) is 2.5 eV, which is consider-
ably less than the classical value of 3.4 eV. The typical
absorption linewidth is 0.4 eV, showing the presence of
strong damping processes for this collective excitation.

Theoretical studies of the Mie plasmon within
the spherical-jellium-background model have been

p erformed using the time —dependent local-density-
approxirnation (TDLDA). s s Calculated photoabsorp-
tion cross sections for Was and Na2o give Mie plasmon
peaks around 2.7 eV. YVhile this result represents a shift
of the classical value in the correct direction, this energy
is still larger than the observed values. Also, TDLDA
for jellium spheres predicts the onset of Landau damp-
ing only for larger cluster sizes (K&92).s Note, however,
that the authors of Ref. 7 found a splitting of the Mie

state even in Na2o, using a difI'erent method to solve the
TDLDA equations.

In this paper, we address these problems using TDSIC,
a time —dependent, density-functional theory with self—
interaction correction (SIC). We show that TDSIC low-
ers Mie plasmon energies of closed —shell clusters (Na~,
%=2, 8, 18, 20, 34, and 40) (Ref. 10) and brings them
into much better accord with experiments than TDLDA.
In addition, TDSIC yields much more structure in the
photoabsorption spectrum, producing Landau damping
at much smaller cluster sizes.

VVe believe that the local-density approximation is pri-
marily responsible for the overestimate of the plasmon
frequency. This is seen in the following argument. In
finite systems with N electrons, each electron is screened
by the other N —1 electrons. However, in LDA (and
consequently also in TDLDA), each electron is screened
by al/ N electrons including itself. This overscreening
is more serious in smaller systems, yielding considerably
smaller static polarizabilities in metal clusters. Actually,
the inclusion of a self—interaction correction, which re-
moves the overscreening problem in LDA, has been shown
to give reasonable static polarizabilities for sodium clus-
ters within the spherical jellium model. Since the pho-
toabsorption cross section, which is dominated by the
Mie plasma resonance, is related to the static polariz-
ability through the Kramers —Kronig relat, ion, the overes-
tima, te of the Mie plasmon energy should be related to
the underestimated value of the static polarizability. This
is consistent with the finding that TDLDA for spherical
jellium gives systematically smaller static polarizabilities
than the experiment.

In LDA, one —particle states in the self—consistent
Kohn —Sham theory are the eigenstates of a hypothetical
system of noninteracting quasielectrons. Recent studies
of dressed one —electron Green's functions, based on the
GW approximation, have demonstrated that the LDA
wave functions are a very good representation of quasi-
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particle wave functions in the bulk of solids~ as well as in
finite systems. However, the LDA ionization potentials
are less satisfactory because of an incorrect asymptotic
behavior of the potential. The self-interaction correction,
which corresponds to the removal of the self—Hartree po-
tential and the self—exchange-correlation potential, gives
the correct asymptotic behavior V oc r for r ~ oo
(instead of the incorrect exponential decay in LDA) for
spherical jellium and does not affect the wave functions
to a large extent. Consequently, SIC is expected to give
better excit, ation energies below the ionization threshold,
ensuring a better density-density response function which
determines the photoabsorption cross section. A nontriv-
ial complication of SIC is the fact that the effective SIC
potential differs from state to state. Therefore, unlike
in LDA, an inclusion of time dependence in SIC is not
straightforward and has not been done.

In the present work, the efFective potential V~& (r) in
the Kohn —Sham equations is replaced by the SIC eff'ective

potential for the particle in the highest occupied state,

V,rr' (r) = U,rr (r) —VH[pHo(r)] —V„,[pHo(&)] (1)

Here, UH[pHo(r)] and V„~[pHo(r)], respectively, are the
Hartree and exchange-correlation potential associated
with the density pHO of the electron in the highest occu-
pied state. The LDA effective potential V,& is the sum
of the Coulomb potential of the positive jellium back-
ground and the total electron density, and the exchange-
correlation potential. This potential V,& will be used
not only for the highest occupied state, but also for all the
other states. The reasoning behind this approximation is
that the highest occupied states have the largest polariz-
ability and influence the dielectric response of clusters to
the largest extent. Since the new potential is still local

I

and state independent, the extension from SIC to TDSIC
is straightforward, similar to the extension from LDA to
TDLDA. In spite of its simplicity, Vsn c(r) still retains irn-
portant properties for calculating the Mie plasmon. The
correct asymptotic behavior at r —+ oo, which assures a
better description of excitations to unoccupied states, is
guaranteed for all states. Moreover, the ionization po-
tential, which is given in DFT (and consequently also in
SIC) by the energy of the highest occupied state, is ex-
pected to be better than in LDA. Even though the Mie
plasmon is a collective motion of all electrons, the most
important component is the excitation from the highest
occupied state to the lowest unoccupied state, which is
described better in TDSIC than in TDLDA.

In TDSIC, the independent —particle density —density
response function is given by

+@'(')@,*(r')G'(' r' s* —~)] (2)

where @;(r) and s; are the wave functions and energies
obtained using SIC, and G is the SIC (retarded) one-
electron Green's function. Since the system has a spher-
ical symmetry, G is given by the product of the two dif-
ferent solutions of the boundary —value problem of the
Schrodinger equation with V,& (r) One of. the solutions
should be regular at r ~ 0 and the other should be reg-
ular at r —+ oo, with outgoing —wave behavior for the
retarded G. In the calculation of the latter solution,
the long —range Coulomb tail of V,& must be treated
adequately.

The density —density response function y is related to
x' by

y(r, r';u) = y (r, r';u) + dr" dr"'y (r, r";w)K(r", r"')y(r"', r';u).

The kernel Ix is the functional derivative of the effec-
tive potential, given by

b V,rr(r)
~~(r')

The expression for the TDLDA kernel A involves the
LDA effective potential V,&

Since the potential is modified by SIC, the kernel
should be changed accordingly. However, for the sake
of simplicity, we did not use the definition in Eq. (4), but
simply reduced the interaction by a state —independent
factor. Our model for I~ is

.-LDASIc( ) J.-LDA(

In Table I, the ionization potentials for Na~ clusters,
obtained using SIC for spherical jellium, are listed to-
gether with the results obtained from LDA and GW,
and with experimental values. Our results are based

on the value pj, ~
= 3/4wrs for the charge density of the

constant jellium background corresponding to r, =4 a.u.
The absolute values of the energies of the highest occu-
pied state in GW for spherical jellium are very close to
LDA values for the total —energy differences between Na~
and Na~+ in the ground state. These values are also be-
lieved to be close to the ideal ionization potentials of the
jellium spheres.

It has been known that the LDA highest occupied state
is too shallow to give correct ionization potentials, and
that the full state —dependent SIC calculation gives much
better ionization potentials. As can be seen from Table
I, the present simplified SIC also works well, giving bet-
ter ionization potentials than LDA. This improvement is
attributed to the removal of the static self—screening in
LDA by SIC. In Fig. 1, we have shown the SIC effective
potential in Na8. This potential is considerably deeper
than the LDA effective potential, and yields increased
binding energies for occupied states.
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I ~00$00oqs~~yyalOO TABLE I. Ionization potentials for Na~ in the spherical-
jellium-background model, obtained from the absolute values
of the energies of the highest occupied states in LDA, SIC,
and the GW approximation.
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The dotted line is the LDA effective potential, V,& . The
vertical solid line shows the radius of the jellium sphere.

In order to investigate the manifestation of
the Mie plasmon in the photoabsorption spectrum,
we calculate the dynamical polariz ability n(~)
= —e2 J'Idrdr'zy(r, r';su)z', where ~lmn(~) is propor-
tional to the photoabsorption cross section. In Fig. 2,
we show our results for Imn(~) in Nas and Na4o, ob-
tained using TDLDA and TDSIC. In the case of Nas,
TDSIC gives a much richer structure in the high —energy
region of the polarizability than TDLDA. The origin of
this richer spectrum is the long —ranged Coulomb tail in
the effective SIC potential which "pulls down" discrete
excitations from the continuum. Also, the TDSIC spec-
trum shows a prominent peak around 2.5 eV. AVe find this
peak to be at least one order of magnitude stronger than
others and regard it as a Mie plasmon peak. The peak
at 1.7-eV, which is roughly 10 times weaker than that
at 2.5 eV (note the logarithmic scale in Fig. 2), is also

Cluster size
N

1
2
8
18
20
34

Reference 15.
Reference 18.

LDA

3.3
3.3
3.2
2.8
3.1
2.8

SIC Gw-

5.5

4.o
3.3
3.7
3.2

5.1
46

4.o
4.]
3.8

Expt b

5.1
4.9
4.1

2.7

present in the spectrum when we compute the absorption
using y instead of g. Thus the 1.7-eV feature represents
a noncollective excitation, specifically, from the cluster's
highest —occupied state to its second lowest unoccupied
state.

The energy of the Mie resonance is lower than that
obtained using TDLDA, a consequence of t, he result
that several of the lower unoccupied states experience
a stronger shift to larger binding energies than the high-
est occupied state. The effect of SIC on the individual
levels can be analyzed using Eq. (I). The self—Hartree
term, which dominates the net shift towards higher bind-
ing energy, is partly compensated by the self—exchange-
correlation term. The self—Hartree correction of the high-
est occupied states is very eFiciently reduced by the
exchange-correlation correction which is local and works
mainly inside the jellium sphere. For the lower unoc-
cupied states, on the other hand, the reduction of the
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FIG. 2. Imaginary part of the dynamical polarizability log~p[lmn(~) jR ], shown on a logarithmic scale for (a) Nas and (b)
Na40. The smooth curves have been determined by including a small imaginary part in the frequency u. The TDSIC results,
given by the solid line, have been shifted by +7 and the TDLDA results, given by the dashed line, have been shifted by +3 for
the sake of better comparison. The radii of the jellium spheres are R(Naa)=8. 00 a.u. and R(Na4p)=13. 68 a.u. The ionization
thresholds are shown by vertical arrows.
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(relatively smaller) self—Hartree term by the exchange-
correlation correction is far less significant. Hence the
net shift towards higher binding energies is larger for the
lower unoccupied states than for the highest occupied
states. The consequence of this eKect is a net red shiA
of the excitation energies. This results in a larger static
polarizability and a smaller Mie plasmon energy.

In the case of Na40, the TDSIC spectrum shows a dense
band of strong peaks at 2.0—3.5 eV, and the identifica-
tion of the Mie plasmon from the "strongest resonance"
is impossible. (Lower excitations around I eV are again
identified as particle —hole pair excitations. ) This rich
spectrum obtained by TDSIC is quite different from the
TDLDA result for the same cluster. The inadequate
treatment of the Coulomb potential in TDLDA results
in a rather clear peak at 2.6 eV corresponding to the Mie
plasmon. The lowering of the unoccupied states by the
Coulomb tail of Vs&~+ in TDSIC also results in the onset
of Landau damping at much smaller cluster sizes than in
TDLDA.

In Table II, we present Mie plasmon energies calcu-
lated by TDLDA and TDSIC. In Na2, TDSIC gives a
moderate red shift of the Mie plasmon as compared to
TDLDA. In Nas, the self—interaction correction yields
a significant red shift of the plasmon from the TDLDA
value, resulting in a very good agreement with the exper-
iment. The tendency of SIC to red shift TDLDA values
for the Mie resonance persists also in the larger clusters.
For larger Naiv (IV ) 8), the specific form of the kernel
[Iz =

IIELD+

or I4 = I~sic in Eqs. (3) and (5) ] is found
to play only a negligible role.

In conclusion, we have proposed TDSIC, the time—
dependent density-functional theory with self-interaction

TABLE II. Mie plasmon energies (eV) of Na~ clusters in
the spherical jellium model. Theoretical values obtained us-
ing TDLDA and TDSIC are compared to experimental data.
For Na20, the calculated values are the average of three (two)
strong peaks in TDSIC (TDLDA). In Na4O, the strong Landau
damping makes an identification of the Mie plasmon impos-
sible (see Fig. 2).

Cluster size Mie plasmon energy (eV)
TDLDA TDSIC Expt.

2
8
18
20
34
40

2.57
2.72
2.78

(2.80)
2.83
2.56

2.49
2.51
2.53

(2.64)
2.56

2.51

2.46

Reference 3.

correction. This formalism gives Mie plasmon energies
of Na~ which are in much better agreement with ex-
perimental data than the previous quantitative first—
principles theory, TDLDA. In general, SIC corrects the
self—screening present in LDA, yields the correct asymp-
totic behavior of the eA'ective potential and increases
the polarizability of clusters. The corresponding time—
dependent theory TDSIC lowers the energy of the Mie
plasmon for all cluster sizes. In addition, TDSIC is found
to decrease the critical cluster size for the onset of Lan-
dau damping of the Mie plasmon.
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