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Abstract: The hindrance 1n some unique first-forbidden beta decays 1s related to the repulsive 7' = 1
particle-hole force Calculations are performed for "N, 3%Ar and 'K The qualitative trend
agrees with experiment, but not the numerical results.

1. Introduction

The question of how correlations are produced and how they affect physical prop-
erties 18 basic to the understanding of nuclear structure. With the shell model as a
starting point, the wave function 1s a pure configuration which has relatively weak
correlations Stronger correlations are built up by adding more configurations to the
pure shell-model wave functton.

The correlations can be divided 1nto two kinds. One first thinks of the short-range
correlations mvolving very highly excited configurations, produced by the singular
behavior of the nuclear force at short distances. In this paper we will be concerned
with some longer range correlations, which depend on the average properties of the
nuclear force. These correlations will be evident in the measurement of operators
connecting the physical states To make quantitative calculations, we should choose
nucler which can be described easily n the shell model.

The shell model works quite well 1n the neighborhood of doubly magic nuclei,
especially if all the active particles and holes wteract 1n velative T = 1 states. The
force m configurations of maximum 1sospin 1s generally weak enough so that one
configuration domunates in a calculation with configuration mixing [see for example
ref. 1)1, From this we would expect that the correlations would not be too strong for
such nuclei. In fact one particular model, the pairing vibrational model described in
ref 1), successfully explains much data in high-T nucler assuming no particle-hole
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correlations at all. As will be seen 1 this paper, configuration mixing can and does
produce substantial particle-hole correlations for T = 1 paiwrs. The main empirical
question 1s to find operators that will be sensitive to the relative positions of particles
and holes; the operators considered in ref ') do not have the required sensitivity

An 1deal operator meeting thus specification is the local operator which annthilates
a T = 1 particle-hole pair. It 1s such an operator that enters the transition amphtude
for forbidden beta decays. Thus we expect to gain mformation on particle-hole correla-
tions by studying beta transitions such as

Hp—1h, T = 13 > |T = 03, @
B
2p—1h, T = 3> - |1p, T = 15,

;
I2h—1p, T = 3> — [1h, T = $). @)

A theoretical study of some transitions of type (1) has been made by Warburton and
collaborators #:3). In this paper we shall investigate some transitions of type (2).

The physics of particle-hole correlations 1s very simple and follows from the fact
that the T' = 1 particle-hole force 1s repulsive. The eigenfunctions tend to have the
particle and hole separated as much as possible in the nucleus. The transitton matrix
element of a local operator 1s hindered, since 1t 1s proportional to the amplitude of
the hole at the particle coordinate.

The hindrance 1n the matrix elements of beta decay operators is very well known
and appears in all regions of nucleides, whenever there are several active particles.
The allowed Gamow-Teller operator ¢ has been most extensively studied * *). We
will consider the first forbidden unique beta decay operator,

My = lZfih[Y’(f”z)G]L:Z- ©)

This operator has been calculated for nucler 1n the calcium region by Oquidam and
Jancov1®). These authors diagonalized a shell-model Hamiltoman, using only f; and
d; 1n the wave functions. A later treatment 7) included more configurations, but the
wave functions were not calculated by Hamultonian diagonalization. Hindrances
were found 1n both cases. Besides the calculations of Warburton ef al., there 1s a
recent study ®) m a shell-model framework on first forbidden decays in the region
around 2°®*Pb The correlation effects 1n the nucler considered in this study do not
have the same character as in the decays (1) and (2) above, and there 1s no hin-
drance. Further discussion of this point 1s deferred to the concluding section.

We shall consider two unique first-forbidden decays, *°Ar(87) *°K and *"N{$~)
170(g.s.), and one umque first-forbidden electron capture process, **Ca(ec)*'K.
The ft value for umque transitions 1s given by eq (7.34) of Konopinskt’s treatise )

DAZ[2n+D!F? ’ (4)

Futy = A M.
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where Ac 1s the Compton wavelength of the electron, D 1s Fermu’s universal time
constant 1)

_272°h"ln2 6250

2

D 2.5 a
gameC gda

= 4131 sec ®)

and the beta moment 1s defined as the square of the matrix element for the transition
J, M Jf:

M,Y* = {LT)MI" 1T D% (6)
The expermmental f; ¢ values and derived S-momenta are listed m table 1.

TasLe 1

Expermental beta moments for first-forbidden decays

Nuclear decay Partial half-life fity M?
(ns) (fm?)
17N — 170(g s.) 268 s-1-40 % [ref. 13)] 356 0.12
39Ar — 3K 269y 1.12 0.04
4iCa— 41K 8§ x10%y 2.72 0016

The beta moments obtained are all smaller than the order of magmtude we would
guess from the dimensions of the nucleus. As we shall see 1n the next section, the
moments are also much smaller than the pure shell-model estimates.

2. Nuclear physics

To evaluate the nuclear matrix elements, we want to include the mmportant correl-
ations, but otherwise keep the wave functions as simple as possible. Pure configura-
tions are used for the single-particle state. For the 2p-1h and 2h-1p states, we would
like to mclude all configurations keeping the particles and holes in the same major
shell. This truncation of basis 1s natural for the shell model; other configurations
would require the excitation of a particle across the major shell gap. Wave functions
with mixing in the major shells have been published for two of the nucle1 we consider,
namely 'K [ref. **)] and 17N [ref 1©)]. Only the largest components of these wave
functions are quoted 1n the references. In using these wave functions, much of the
mterferences effect from the small components will be left out. Therefore we also
computed wave functions ourselves using the G-matrix force of Kuo and Brown *7).
A matrix diagonalization was performed for the largest components of the wave
functions These are listed 1n appendix A. For computing the beta moment, other
configurations were added to the lowest eigenstate 1 perturbation theory.
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Two criticisms can be made at this point which throw doubt on the validity of the
truncation we have made of the shell-model space. First, polarization effects iavolving
the excitations of closed shells could easily change the single-particle matrix elements
by 10 9. In fact the allowed Gamow-Teller decays 1n mirror nucler do show rate
changes greater than this. Second, recent calculations **) show that the shell gap
could actually be much smaller than we esttmate from separation energies. A small
gap would be associated with strong configuration mixing across the closed shells

It 1s worth presenting some details of the Hamiltoman dynamics to make the inter-
ference effect more understandable. Given the two-body interaction between shell-
model states,

{J112V11s Jadss
the Hamiltonian matrix 1s

(1355 THILGL i3 1T = t123+ < Vopp + T (7)
where we have defined single-particle energies,
8123 = 011-022:033 O (81 +8,—83), ®)
the interaction between particles
<Vp> = 033 011:{J1 J2lV1J1 J2dL (9)

and finally the particle-hole mnteraction,
(L=(= 1) 75Pys) (A= (= 1Py
/1+517 \/1+(512
% 2 U012 133 LRYUG 1213 LK 2 35 Va2 35710, (10)

< Vph> -

In the last equation the Racah coefficients are 1n Jahn’s unitary form. The main part
of the dynamics comes from the particle-hole interaction. The 7' = 1 particle-hole
mnteraction can be expressed 1n terms of the n-p particle interaction by the Pandya
relation

- 2741
-1 14 1 — V 1 Jitiztjstia
<Juiz Whis s Dk ; 2K+ 1( )

XU(J1 )2 Jada> KDIT 1RIVIIS 15, (11)

To compare phases of the interaction with the phases of the beta moments 1t 1s useful
to write the particle-hole interaction 1n L-S coupling,

G1dz'Ws sty = 2;«11 {5 lz)L( )S>J<(ls Y1315 14)1;(1 1>
X <l lZ l( 1)81 smglet (%_ nplet”3 l—t >L (12)
For a short-range force this L-S coupled matrix element 1s

ANV 4, = (1;01,0]L,)(i5 01, 0]LO) x radial integral. (13)
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The beta decay matrix element connecting a 2p-1h state to the single-particle bears
a relation to the matrix elements of the force between 2p-1h states, written out 1n the
preceding two equations. The beta matrix element from appendix B is

G 195 VI (Y )9, Y = (=) 7 U(j, j, Jjs; LK)

P | 22 D),

1,01, OILO)<¢2|"L|¢3>- (14)

Now compare eq (14) with (10), (12) and (13) keeping only the L-multipole of the
particle-hole force. As far as the angular momentum factors go there 1s a proportion-
ality between products of beta-decay matrix elements for two configurations and the
nuclear interactions between the configurations. We also expect the radial integrals
to keep a phase relation: single-particle wave functions peak on the surface !*) and
the phase of mtegrals 1s essentially determined by the phase on the surface.

As 15 well known 1n other collective phenomena, this phase coherence tmplies that
the beta moment will be enhanced or hindered depending on the sign of the particle-
hole force in the appropriate multipole. Since the T = 1 force 1s repulsive in all
natural parity multipoles, we get a hindrance. This 1s the microscopic mechanmsm of
the effect. We now return to numerical results.

TABLE 2
Theoretical beta moments with shell-model wave functions

Nucleus Pure configuration Hindrance with Experimental
M2 (fm?) configuration hindrance
mixing
quoted wave our wave
functions functions
17N 096 1/20 1/24 1/8
39Ar 111 1/500 1/35
41Ca 0.55 1/35 1/1000 1/35

The theoretical beta moments are summarized in table 2. The first column shows the
pure shell-model prediction for the beta moment. This prediction uses the lowest
configuration with the valence pair coupled to J = 0. Such a wave function 1s a good
representation of the pairing vibrational model. The radial integrals were evaluated
with harmonic oscillator wave functions, using size parameters ¥ = 0.27 and 0.33 for
the Ca region and N respectively *®). As compared with Woods-Saxon wave functions,
this 15 accurate to within 5 9; for all cases except with the loosely bound 2s particle
m '"N. Since this orbit did not play a great role in the beta moment, we preferred to
stay with the simple harmonic oscillator model
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The hindrance factor with respect to pure configurations,
h = <M>ﬁuxed/<M>;2)ure (15)

1s gtven for the published configuration-mixed wave functions ** %) n the second
column The third column shows the hindrance with our wave functions, including
small components The cancellauon 1s only moderate for 1N, but near perfect for
the two nuclet near “°Ca Experimentally there is more hindrance for *’N than we
predict. The experimental hindrance is stronger 11 the heavier nucler. but there 1s not
the near-perfect cancellation of the matrix element that we predict

3. Concluding remarks

We have seen 1 the previous section that the unique forbidden beta decay process
1s particularly sensitive o the 1ole of correlations in nuclear structure. The hindrance
in the decay rate 1s essentially due to the repulsion between particles and holes mn the
T = 1 channel of p-h 1sospin coupling. On the basis of correlations 1t 1s possible to
establish the hierarchy of table 3 for hindraaces for various types of decays, explained

TABLE 3
Qualitative behavior on hindrances for various types of shell-model transitions

Type of transition Hindrance
1O |1p> —|Ip> none
@ 20> - [2p> none
(3) |1p-1h> — |1p-1h)> ?
4) {1p-1h> — |0> weak
(5) [2p-1h> —~ |{1p>

|2b-1p> — |1h> strong

below. Transitions of the first three kinds were studied by Damgaard ef al. ®). There
are no strong correlations 1a the first case and no hindrance. In the second case there
are correlations between valence particles due to the attraction between particles.
However with similar correlations in parent and daughter there is no net effect. In the
third case they studied, 2°8T1(5%) — 2°3Pb(57), one transition 1s between particle-
hole states of quite different kinds. The parent nucleus has a T = [ particle hole pair
with a repulsive interaction, while the daughter nucleus has a vibratioa-like particle-
hole state which would be correlated *°) We therefore expect a hindrance. In fact
the authors did find a cancellation 1 matrix element to the collective state; however
the correlation in the parent nucleus was just too weak to ascribe the effect to spatial
correlations.

The fourth case, studied by Warburton ef @/, has definite correlation effects.
Hindrances of £ for *°N and 1 for *°K were reported. This cancellation 1s moderate
and would be stronger with a stronger force. Instead of a stronger force, we can get
better canczllation by turming to case (5). When iwo valence particles are well-
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correlated, they will coherently repel the hole and double the effective strength of the
repulsion. We will not attempt to trace this idea through the Racah algebra, but
merely mention that 1t seems to work m the Ca region. In the O region 1t does not
work well. The *5C beta decay seems to have practically full single-particle strength .
The trouble with the O region 1s that the holes are primarily p,. This makes 1t a special
case because correlations are not easy to build. The p; holes in 13C extend uniformly
over the nuclear surface and cannot coherently repel the particle.

Other operators are used also to test correlations. Most important are the electro-
magnetic operators, which with electron scattering can probe the correlations as a
function of excrtation energy. However measurement of the large amplitudes, such
as to the giant dipole state, does not provide as stringent a test of the nuclear
forces. We have seen that the small amplitudes to the ground states of higher 1sospin
are very sensitive to the strength of the force The electromagnetic analog of the first
forbidden umque beta decay 1s the M2 operator. This has been studied by Kurath
and Lawson who found sizable hindrances wm transitions between low states 2°).
They used aligned coupling wave functions which readily provide anticorrelations
between particles and holes. Shell-model hindrance has been discussed by one of
us 1) for another operator, the two-particle transfer operator in the reactions

projectile+|2p, T = 1> — |ip-1h, T' = 1) +reaction product. (16)

As mught be 1magined, 1t 1s not easy to extract information about particle-hole correla-
tions from such a complicated process as (16). Another experiment which tests p-h
correlations 1s muon capture 22) such as n

g~ +[0> = [1p-1h) +v.
If feasible, the following w-capture process
n” +[1p) — 12p-Th)+y

would provide an interesting experimental test of correlation.

In conclusion we wish to stress that even 1f the physics of the hindrance of the for-
bidden beta decay 1s understood, to get a numerical agreement with experimental
values requires a much more refined description of the nuclear structure itself For
example, correlations 1n the closed shell core will also interfere destructively with the
single-particle transition amplitude. Taking nto account all the uncertainties, accu-
rate reproduction of the experimental data cannot be expected.

The avthors wish to thank A Arima and E. Konopinski for commuiucations, and
E. K Warburton for pointing out an error n the original manuscript One of the
authors (A.M ) 1s particularly grateful to Professor Herman Feshbach for the hos-
prtality of the Center for Theoretical Physics at M.LT.

T Not only 1s this decay nonunique, but the standard approximation is not valid. We hesitate to
discuss 1t further
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Appendix A

Wave functions were computed for 7N, *°Ar and *’K with egs. (8), (9) and
(10). Single-particle energies, eq. (11), were determined from separation energies of
one-particle and closed-shell nucler. The interaction 1n egs. (9) and (10) was taken to
be the “bare” G-matrix interaction of Kuo and Brown.

The wave functions are quoted with the coupling (h(pp)*)’ or (p(hh)*)’, with the
orbits in each major sheil identified by j.

VN =4T=3):

[V [ref. 16)1> = 0.9001%($3)°> +0.35314(31)°> +0.182[3(33)°> +0.15913(35)*>,

[W(KB)> = 0946]1(53)°> +0.156/3(33)°> +0 196/1(33)°> +0.19313(35)*>
+0.04013(31)*> +0.05313(33)*> - 0.01513(33)">.

39Ar (J = %’ T = %):
[W(KB)> = 0.848]3(33)°> —0.485|3(33)*> +0.200|3(33)*> - 0.07313(33)*>
F0.003(3(43)) —0.06215(52)°> ~0.03915(33)">.

K (J =3T= %)

W [ref. **)1> = 0.81[3(33)°> —0.4313(23)*> +0.2113(33)*> ~ 0.1313(33)">,

[W(KB)> = 0.825|3(33)°> —0.491[3(33)*> +0.2111%(3%)*> +0.03013(33)*
—0.06013(32)7)-+0.02213(33> — 0.018I3 33> +0.0021338)">.

Appendix B

CALCULATION OF BETA MOMENTS

Standard Racah techmques such as described by Edmonds ??) are sufficient to
derive a formula for the beta moments between the simple shell-model states we use.
However the expression with reduced matrix elements 1s not very transparent. Such
a formula 1s quoted 1n ref 2), their eq (A17), with an error of phase . We therefore
provide an alternate derivation 24) which 15 easy to carry out and does not have the
phase ambiguty of reduced matrix elements,

Gullbltyzy = (_1)11_11<J2H6”J1>- (B-l)

The strategy 1s to write matrix elements 1n terms of overlaps of angular momentum
eigenstates. The matrix element 1s broken down into smaller pieces by factoring an
overlap of a product of wave functions 1nto products of overlaps:

G O DR A8 (B.2)

t Nevertheless, the authors used the correct phase m numerical work.
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We now apply these principles to the beta moment for the decay
023205571 = 13>
‘Writing the beta moment as an overlap,
M = {[(G1 1245 P Y e T50) (B.3)

we first bring 1t into a form where the odd particle may be factored out. This requires
a recoupling of the 2p-1h state which 1s conveniently done with Jahn’s Racah trans-
formation matrix

M = 2 (=DM 00 T2 s LOKUG2 5D IF L[ Y6l T, (B4)
Next we factor out the odd particle 1n the matrix element and 1ntegrate

M = %(‘ 1)11+K_JU(j1 J2dja3 LON 11 110<(2 J.;l)QI'“L[(YL")K> (B.5)

= (=)0 32 J735 LEX(2 75 DXIP(Y56)%). (B 6)

The remaining 1p-1h matrix element is further reduced with an LS~y recouphng
coeflicient:

<(J2 J::l)K]VL(YLO')K> = <(Zz %)12(13 %)“I(iz l3)L(%%)1>K
X (L EYHYDED 10D 2l 1ds>.  (B.T)

Thus 18 as far as the matrix element can be reduced by factoring; the remaiming over-
Iaps must be explicitly computed.

—npvia _ /(2L +1)(213+1)
A tiyty = [ o (1015 01L0), (B3)
(33)'1e> = 2. (B9)

Combining all these equations we get the result eq. (20) of the text.
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