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Abstract: The hindrance m some unique first-forbidden beta decays is related to the repulswe T = 1 
particle-hole force Calculatmns are performed for 17N, ZgAr and 4~K The quahtatlve trend 
agrees with experiment, but not the numerical results. 

1. Introduction 

The quest ion o f  how corre la t ions  are p roduced  and  how they affect physical  p r o p -  

ertles is basic  to  the unders tand ing  o f  nuclear  structure.  W i t h  the shell mode l  as a 

s tar t ing point ,  the wave funct ion ~s a pure  conf igura t ion  which has relat ively weak  

corre la t ions  St ronger  corre la t ions  are bml t  up  by  add ing  more  configurat ions  to the 

pure  shel l -model  wave fnnct ton.  

The corre la t ions  can be dwlded  into two kinds.  One first th inks  o f  the shor t - range  

corre la t ions  Involving very highly exci ted configurat ions,  p r o d u c e d  by  the s ingular  

behav ior  o f  the nuclear  force at  shor t  &stances .  In  this pape r  we will be concerned  

with  some longer  range corre la t ions ,  which depend  on the average proper t ies  o f  the 

nuclear  force. These corre la t ions  will be evident  m the measurement  o f  opera to r s  

connect ing  the physical  states To make  quant i ta t ive  calculat ions,  we should  choose  

nuclei which can be descr ibed easily in the shell model .  

The  shell mode l  works  quite well in the ne i ghbo rhood  o f  doub ly  magic  nuclei, 

especially i f  all the active p a m c l e s  and  holes in teract  in relat ive T = 1 states. The  

force m conf igura tmns o f  m a x i m u m  lsospm is general ly  weak enough so tha t  one 

conf iguranon  domina tes  m a ca lcula t ion  with  conf igurat ton mixing [see for  example  

ref. 12)!. F r o m  this we would  expect  that  the corre la t ions  would  no t  be too  s t rong for  

such nuclei. In  fa2t one p a m c u l a r  model ,  the pa i r ing  w b r a t m n a l  mode l  descr ibed  m 

ref  1), successfully explains much  da ta  m hlgh-T nuclm assuming no par t ic le -hole  
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correlations at all. As wl!l be seen in this paper, configuration mixing can and does 
produce substantial particle-hole correlatlons for T = 1 pairs. The main empirical 
question is to find operators that will be sensmve to the relative positions of particles 
and holes; the operators considered in ref 1) do not have the required sensmvlty 

An Ideal operator meeting this specification is the local operator which annihilates 
a T = 1 particle-hole pair. It is such an operator that enters the transition amplitude 
for forNdden beta decays. Thus we expect to gain information on particle-hole correla- 
tlons by studying beta transitions such as 

i l p - l h ,  Z = 1> ~ [Z = 0), (1) 

[ 2 p - l h ,  Z = 3)  --+ ]lp, Z = ½), 
p 

[ 2 h - l p ,  r = 3> _+ Ilh, Z = ½>. (2) 

A theorencal study of some transitions of type (1) has been made by Warburton and 
collaborators 2, 3). In this paper we shall lnvesngate some transitions of type (2). 

The physics of particle-hole correlations is very simple and follows from the fact 
that the T = 1 particle-hole force is repulsive. The exgenfunctions tend to have the 
particle and hole separated as much as possible m the nucleus. The transition matrix 
element of a local operator is hindered, since it ~s proportional to the amphtude of 
the hole at the particle coordinate. 

The hindrance in the matrix elements of beta decay operators is very well known 
and appears in all regions of nucleldes, whenever there are several active particles. 
The allowed Gamow-Teller operator o" has been most extensively studied 4, 5). We 
will consider the first forbidden unique beta decay operator, 

M1 = Z z-+r,[Y'(P~)a] L=2" (3) 

This operator has been calculated for nuclei in the calcmm regmn by Oquldam and 
Jancovl 6). These authors dlagonahzed a shell-model Hamlltoman, using only f~_ and 
d~ in the wave functmns. A later treatment 7) included more configuratmns, but the 
wave functions were not calculated by Hamlltonlan dlagonalIzatlon. Hindrances 
were found in both cases. Besides the calculatmns of Warburton et al., there is a 
recent study 8) in a shell-model framework on first forNdden decays In the regmn 
around Z°spb The correlation effects in the nuclei considered in this study do not 
have the same character as in the decays (1) and (2) above, and there is no hin- 
drance. Further discussion of this point is deferred to the concluding section. 

We shall consider two unique first-forbidden decays, 39Ar(fi-) 39 K and ~ 7N(fl-)  
170(g.s.), and one unique first-forbidden electron capture process, 4~Ca(ec)*lK. 
The f t  value for umque transmons is given by eq (7.34) of  Konopmskfs  treanse 9), 

D22c'[(2n + 1)!!]2 (4) 
f .  t~ = 4z~(M.)2 , 
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where 2 c is the Compton wavelength of the electron, D as Fermfs universal time 
constant to) 

2rc3h 7 In 2 6250 
D . . . .  4131 sec (5) 

and the beta moment as defined as the square of the matrix element for the transition 

J ,  -+ Jr :  
<Mn> 2 = ([(Je)M.]S'IJ,) z. (6) 

The experimental f t  t values and derived/%momenta are listed in table 1. 

TABLE 1 

Expertmental beta moments for first-forbidden decays 

Nuclear decay Partlal half-life fl t~ M 2 
(ns) (fm u) 

17N ~ 170(g S.) 268 s4-40 ~ [ref. 13)] 3 56 0.12 

agAr -+ 39K 269 y 1.12 0.04 

4ICa---~ 4~K 8 × 104 y 2.72 0 016 

The beta moments obtained are all smaller than the order of magnitude we would 
guess from the dimensions of  the nucleus. As we shall see m the next section, the 
moments are also much smaller than the pure shell-model estimates. 

2. Nuclear physics 

To evaluate the nuclear mamx elements, we want to include the important correl- 
ations, but otherwise keep the wave functions as simple as possible. Pure configura- 
nons are used for the single-particle state. For the 2p-lh and 2h-lp states, we would 
like to include all configurations keeping the pamcles and holes in the same major 
shell. Thin truncation of basis is natural for the shell model; other configurations 
would require the exeltanon of a particle across the major shell gap. Wave functions 
wlth mixing in the major shells have been published for two of the nuclei we consider, 
namely 41K [ref. 1 s)] and l VN [ref 16)]. Only the largest components of these wave 

functions are quoted 111 the references. In using these wave functions, much of the 
Interferences effect from the small components will be left out. Therefore we also 
computed wave functions ourselves using the G-matrix force of Kuo and Brown 17). 
A matrix diagonahzatlon was performed for the largest components of the wave 
functions These are listed in appendix A. For computing the beta moment, other 

configuranons were added to the lowest elgenstate in perturbation theory. 
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Two criticisms can be made at this point whmh throw doubt on the validity of the 
truncat,on we have made of the shell-model space. First, polanzatmn effects revolving 
the exmtatlons of closed shells could easily change the smgle-partmle mamx elements 
by 10 ~ .  In fact the allowed Gamow-'[eller decays m mirror nuclei do show rate 
changes greater than this. Second, recent calculations 14) show that the shell gap 
could actually be much smaller than we estimate from separanon energies. A small 
gap would be associated with strong configuration mixing across the closed shells 

It is worth presenting some details of the Hamfltoman dynamms to make the inter- 
ference effect more understandable. Given the two-body interaction between shell- 
model states, 

<Jl J2lglJ3 j4>ar, 
the Hamfitoman matrix is 

<[(Jl Jz)LJ; *]JIH[[(/; j ; )L) ; -  1iS> = elza + (Vp,> + <Vph>, (7) 

where we have defined single-particle energies, 

8123 = a,1,622, aaa, aL~,(81 +82-- ea), (8) 

the interaction between particles 

<%> = a3,, a  ,<sl s2F vial ,  a,2>  (9) 

and finally the partmle-hole interaction, 

(Vpu> = ( 1 - ( -  1)s*+sz-ZP,2 ) ( 1 - ( -  1)s'*+a'z-r'e~,2, ) 61 r 

x/1 "1- a 12 \/1 + 61, 2, 

X ~, U(J 1 j2Jj3; LK)U(jI,j2, JJ3,; LK)<j2 Jal[V[Jz, Ja, l>K (10) 
It 

In the last equation the Racah coefficients are in Jahn's umtary form. The main part 
of  the dynamms comes from the partmle-hole interaction. The T = 1 partmle-hole 
lnteractmn can be expressed m terms of the n-p particle interaction by the Pandya 
relation 

V 2 J + I  (_l)S,+s~+s~+s4 
<al a;llVls  = - 

x v ( s l  s a,s , gs)<sgs lViags >, 0 1 )  

To compare phases of the mteractmn with the phases of the beta moments it is useful 
to write the pamcle-hole mteracnon m L-S couphng, 

<J ,  J ;  *l V[ J3 J4" 1 >.r = Z <(11 ½)s'(I3 ½)sz[(lt I2)g(k½)S)j<(13 ½)s3(I4 ½)s41(13 14)L(½½) s >S 
LS 

x ( l t  -1 sl np Z 1-1 12 i(__1 ) ggsmglet__(g " np -S)Vmp,et]13 a >L. (12) 

For  a short-range force this L-S coupled matrix element ~s 

<1~ IZ'IVllaI44>L = (IlO120lLo)(laO14OlI-O)xradIalintegral. (13) 
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The beta decay matrlx element connecting a 2p-lh state to the single-particle bears 
a relatmn to the matrix elements of  the force between 2p- lh  states, written out m the 
preceding two equations. The beta matrix element f rom appendix B is 

<{(J~ J2)LJ; ~}Sl{rL(yr~a)KJa}s> = (-- i) J' +K-Su(j~ J2 YJ3 ; LK) 

× ' V 
2(212+1)(213+1) 

13) (zz) > 4~r(ZL+l) (1201301LO)<Oz[rC[(~3>. (14) 

Now compare eq (14) with (10), (12) and (13) keeping only the L-multapole of  the 
pamcle-hole force. As far as the angular momentum factors go there is a p r o p o m o n -  
ality between products of  beta-decay matrix elements for two configurations and the 
nuclear mteracnons between the configuratmns. We also expect the radial integrals 
to keep a phase relation: slngle-pamcle wave functmns peak on the surface l~) and 
the phase of  integrals as essentially determined by the phase on the surface. 

As as well known in other collective phenomena, this phase coherence implies that 
the beta moment  will be enhanced or hindered depending on the sign of the pamcle-  
hole force m the appropriate mulnpole. Since the T = 1 force as repulsive in all 
natural parity multapoles, we get a hindrance. Th~s as the microscopic mechamsm of 
the effect. We now return to numerical results. 

TABLE 2 

Theoretical beta moments with shell-model wave functions 

Nucleus Pure configuration I-Imdrance with Experimental 
M 2 (fm 2) configuration hindrance 

mixing 

quoted wave our wave 
functlons functions 

17N 0 96 1/2 0 1/2 4 118 

agAr 1 11 11500 1/35 

4~Ca 0.55 1/35 1/1000 1/35 

The theorencal beta moments are summarized an table 2. The first column shows the 
pure shell-model predlcUon for the beta moment.  This prediction uses the lowest 
configuration with the valence pair coupled to J = 0. Such a wave functmn as a good 
representation of the pairing vibrational model. The radial Integrals were evaluated 
with harmonic oscillator wave functions, using size parameters V = 0.27 and 0.33 for 
the Ca region and N respectively 1 s). As compared with Woods-Saxon wave functmns, 
this as accurate to within 5 9~o for all cases except with the loosely bound 2s pamcle  
m 17N. Since this orbit dad not play a great role m the beta moment,  we preferred to 
stay with the simple harmomc oscillator model 
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The hindrance factor  with respect to pure configuratmns, 

h 2 2 = ( M )  . . . .  d / ( M ) p u r e  (15)  

Is given for the pubhshed configuration-mixed wave funcuons ~s, z6) in the second 
column The third column shows the hindrance with our  wave functions, including 
small components  The cancellation is only moderate  for z7N, but  near perfect for 
the two nuclei near ~'°Ca Experimentally there is more hindrance for  17N than we 

predict. The experimental hindrance IS stronger in the heawer nuclei, but  there is not  
the near-perfect cancellation o f  the m a m x  element that  we predmt 

3. Concluding remarks 

We have seen m the previous section that  the unique forbidden beta decay process 
is particularly sensltp~e to the lole o f  correlations in nuclear structure. ~Ihe hindrance 
m the decay rate is essentially due to the repulsion between particles and holes m the 
T = 1 channel of  p-h lsospm couphng.  On the basis of  correlations it IS possible to 
establish the hierarchy of  table 3 for hmdra:~ces for various types of  decays, explamed 

TABLE 3 

Qualitative behavior on hindrances for various types of  shell-model transltmns 

Type of  transition Hindrance 

(1) [lp) -+ ]lp) none 
(2) 12P) ---'-12p) none 
(3) ]lp-lh) -+ [lp-lh) 
(4) [lp-lh) -+ 10) weak 
(5) [2p-lh) -,'-Ilp) 

[2h-lp) ~ ]lh) strong 

below. Transitions of  the first three kinds were studmd by Damgaa rd  et al. 8). There 
are no strong correlations in the first case and no hindrance. In  the second case there 
are correlations between valence particles due to the at traction between particles. 

However  with similar correlations in parent  and daughter  there is no net effect, in  the 
third case they studied, Z°STl(5+) ~ 2°sPb(5- ) ,  one t r ansmon  is between partmle- 

hole states o f  qul'te different kinds. The pa ten:  nucleus has a T = 1 particle hole pair 
with a repulsive interaction, while the daughter  nucleus has a vlbratioa-ilke particle- 
hole state which would be correlated 19) We therefore expect a hindrance. In  fact 
the authors  did find a cancellation m m a m x  element to the collective state; however  
the correlation m the parent  nucleus was just too weak to ascribe the effect to spatial 

correlatmns. 
Tile four th  case, studied by Warbur ton  et a l ,  has definite correlation effects. 

Hindrances  o f  ½ for 16 N and ½ for ~°K were reported. This cancellation is moderate  
and would be stronger with a stronger force, instead of  a stronger force, we can get 
better cancellation by turmng to case (5). When  two valence particles are well- 
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correlated, they will coherently repel the hole and double the effective strength of the 
repulsion. We will not at tempt to trace this idea through the Racah algebra, but 
merely rnenUon that  it seems to work m the Ca region. In the O regmn it does not 
work well. T h e ,  5 C beta decay seems to have practically full slngle-partmle strength ,. 
The troub!e with the O region is that the holes are primarily p~. Th~s makes st a special 
case because correlations are not easy to bmld. ~ he p~ holes in 15 C extend umformly 
over the nuclear surface and cannot coherently repel the particle. 

Other operators are used also to test correlatmns. Most important  are the electro- 
magnetic operators, which with electron scattering can probe the correlations as a 
function of excltatmn energy. However measurement of  the large amphtudes, such 
as to the giant d~pole state, does not provide as stringent a test of  the nuclear 
forces. We have seen that the small amplitudes to the ground states of  higher Isospm 
are very sensmve to the strength of the force The electromagnetic analog of the first 
forbidden umque beta decay is the M2 operator. Tbas has been studied by Kurath  
and Lawson who fou.nd sizable hindrances m transitmns between low states 2o). 
They used ahgned coupling wave functions which readily prowde anticorrelations 
between partMes and holes. Shell-model hindrance has been discussed by one of  
us e~) for another operator, the two-pamcle transfer operator m the reactions 

projecti le+ [2p, T = 1} -+ ]ip-lh,  T = 1}+react ion  product. (16) 

As maght be imagined, it is not easy to extract mformatmn about  particle-hole correla- 
tions f rom such a complicated process as (16). Another  experiment whmh tests p-h 
correlations is muon capture 22) such as in 

# - + 1 0 )  --+ I l p - l h ) + v .  

I f  feasible, the following re-capture process 

~- +lip> -+ 12p-lh>+~ 

would provide an interesting experimental test of  correlation. 
In conclusion we wish to stress that even ff the physms of the hindrance of the for- 

bidden beta decay is understood, to get a numerical agreement with experimental 
values requires a much more refined description of the nuclear structure itself For  
example, correlations m the closed shell core will also interfere destructively with the 
single-particle transition amplitude. Taking into account all the uncertamtms, accu- 
rate reproduction of the experimental data cannot be expected. 

The authors wish to thank A Aroma and E. Konopmskl  for communications, and 
E. K Warbur ton for pointing out an error m the original manuscript One of the 
authors ( A . M )  is partmularly grateful to Professor Herman Feshbach for the hos- 
pltahty of  the Center for Theoretical Physics at M.I.T. 

r N o t  only Is this  decay nonunlque ,  but  the s t anda rd  a p p r o x i m a t i o n  is no t  vahd.  We hesi tate  to  
discuss it further 
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Appendix A 

Wave functions were computed for 17N, 39Ar and 41K with eqs. (8), (9) and 
(10). Single-partmle energies, eq. (11), were determined from separation energies of 
one-particle and closed-shell nucleL The interaction in eqs. (9) and (10) was taken to 
be the "bare"  G-matrix interaction of Kuo and Brown. 

The wave functions are quoted with the couphng (h(pp)L) s or (p(hh)L) J, with the 

orbits in each major shell identified by j .  

17N ( or = 3, T = a): 

1~ [ref. ,6)]> = 0.900[½(~)o> + 0.3531½(½½)o> +0.1821½(_~)o> +0.1591~(~)2>, 

[O(KB)) -- 0 9461½(~)°)+0.1561½(½½)°) +0  1961½(-~)°)+0.1931~(~) z)  

+ 0.0401-~ (~½)2 > + 0.05313(-~)z> - 0.01 sIS(S})* >. 

39Ar ( :  = -~, r = -~): 

I f f (KB))  = 0.8481-}(~)°)-0.485l{(~)2)+0.200l{({½)2)-0.07313({~) 2) 

+ 0.003 [-3z (½~)2) - 0.0621-}({-~) 2) - 0.0391~(~) 2). 

~*~ (J  = -L 7" = { ) :  

I¢[ref. ~5)] )  = 0 .811z3_(½~)o)_0 .431{(½~)2)+0.211½({{)2)_0 .131_~(_~)o) ,  

1¢ (KB)> = 0.8251-}(-~½) °) - 0.4911~(-~-}) 2) + 0.2111½(~z) z)  + 0.0301~(-~) 2) 

- O.060[}(-~})z> + 0.0221½(~})2> - 0 . 0 1 8 1 } ( ~ )  2 ) + 0.0021-~ (~{ )*) .  

Appendix B 

CALCULATION OF BETA MOMENTS 

Standard Racah techniques such as described by Edmonds 23) are sufficient to 
derive a formula for the beta moments between the simple shell-model states we use. 
However the expression with reduced matrix elements is not very transparent. Such 
a formula is quoted m ref 2), their eq (A17), with an error of phase *. We therefore 
provide an alternate derivation 24) whmh is easy to carry out and does not have the 
phase ambiguity of reduced mamx elements, 

(AIIOI[J:~) = (-1)'~-'X.J2l[Oil.h). (B.1) 

The strategy ~s to write matrix elements in terms of overlaps of angular momentum 
elgenstates. The matrix element ~s broken down into smaller pmces by factoring an 
overlap of a product of wave functmns into products of overlaps: 

<(,)L~eK)'I(~'Lg,'~)s > = <¢Ll¢'L>(g,q,p'K >. (B.2) 

t Nevertheless, the authors used the correct phase m numerxcal work. 
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W e  now apply  these prmcaples to the be ta  momen t  for  the decay  

1101J2)LJ; t]J> __, IJ > 

W r m n g  the be ta  m o m e n t  as an  overlap,  

M = ( [ ( J t  j2)Lj 3 ~]JIrL([ yLtr]Kjt) J> (B.3) 

we first br ing  it into a fo rm where the odd  par t ic le  m a y  be fac tored  out. This reqmres  

a r ecouphng  of  the 2 p - l h  state which is convenient ly  done  with Jahn ' s  R a c a h  t rans-  

f o rma t ion  matr ix  

M = E (--1)JI+K-Ju(J1 j2JJ3; LQ)([jt(J2 j ;~ )Q]  IrL[j~[YLa]~]J). (B.4) 
(2 

Next  we factor  ou t  the odd  par t lc le  m the mat r ix  e lement  and  integrate  

M = ~(--1)J'+K-Ju(j!  j2Jj3; LQ)[<jIIj1)((j2jI1)°IrL[(yLa) K> (B.5) 
Q 

= ( - 1) J1 +K-Ju(J~ J2 JJ3 ; LK)<(j2 j ;  ~)rlrL(yLa)r'>. (B 6) 

The  remain ing  l p - l h  mat r ix  e lement  is fur ther  reduced  with an LS-jj r ecouphng  
coefficient: 

< 0 2  Y; x)KlrL(yLtr)r~> 1 J2 x ~ L ~1 = 

x <(12 I;~)LIYL><(½½)~Ia><¢elrLICa>. (B.7) 

This  is as far  as the m a m x  element  can be r educed  by  factor ing;  the remain ing  over- 
laps mus t  be exphcl t ly  computed .  

1/(212+1)(21 +11.., 
<(121-~X)LlYL> = ~ '  4 ~  ~t2utz0lC0),  (B 8) 

<(½½YI > = , /2 .  (B 9) 

Combin ing  all  these equa tmns  we get the resul t  eq. (20) o f  the text. 
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