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Functional differentiation of the Brueckner-theory equations gives a prescription for calcu-

lating the effective interaction in a Fermi liquid. The many terms that result from the dif-

ferentiation are calculated for the liquid-He system using Qstgaard's reaction matrices. He

is strongly interacting in the sense that the defect wave-function probability if is large, of the

order 0.56. As a result, many of the terms contribute substantially to the total. Of the Lan-

dau parameters fo, f~, and zo, only zo is in reasonable agreement with experiment. We pa-
rameter fo is too small. This is known to be due in part to the neglect of three-body clusters.
We find a small value for f~, implying that the effective mass m is close to one. Larger
effective masses could be obtained by treating low-momentum-transfer processes more care-
fully and by summing higher-order diagrams.

Here f and z are the interactions in the dimen-
sionless units f= [(kE/2s')(m/k ')]f.

It has recently been shown that most of the ef-
fective mass comes from low-energy correla-
tions. ' In this situation, it is more useful to
work with particles not dressed with the corre-
lations. Schrieffer and Berk' thereby obtain an
expression for the susceptibility which does not
use the low-energy contribution to f, .

Naively, one would expect to be able to make a
direct association between the Landau-interaction
parameters and the Brueckner effective interac-
tion (k,k, i G}k,k, ). It is easy to see that the re-
lationship is actually more complicated' by
noting that the prediction of a theory for the
Landau parameters is made by substituting the
expression for the energy of the theory in Eq. (1).
Thus, only in the Hartree-Fock approximation
would there be a direct correspondence between
the effective interaction and the two-body force.

When using the Brueckner theory, only the
combination of parameters giving the compres-
sibility and sound velocity is straightforward to
calculate. This is because the variation is with
respect to density, and the density is a natural
parameter of the theory, entering via kF, the
Fermi momentum. One simply computes the
total energy for various densities and differen-
tiates numerically. Unfortunately, the other
parameters are not so easy to get at by numeri-
cal differentiation. Brueckner estimated f, from
the G matrix alone and z, from several of the
terms in 8'(E/V)/Bn, sn, ."

In this paper, we shall make a complete dia-
grammatic expansion of the Brueckner theory to
find the contributions to the Landau parameters.
It is then possible to make a consistent calcula-
tion of all the parameters measurable in Eq. (3).
It is particularly interesting that calculations
done of the specific heat (Ref. 7) find a large
value of f, from a class of diagrams but assume

INTRODUCTION

The bulk properties of liquid He' can be
parametrized by the phenomenological theory of
Landau. ' The parameters required are the di-
agonal matrix elements of the effective interac-
tion between atoms at the Fermi surface. One
would like to calculate bulk properties starting
from a realistic interaction between He' atoms.
This was attempted with reasonable success by
Brueckner and collaborators. ' Several more
recent calculations' ' follow essentially the same
theory, with improved approximations for some
higher-order correlations. Another method has
been recently described' based on cluster ex-
pans ions techniques.

The Landau parameters are defined as

s, s, 8'(E/ V )
Bn Bn

k, ' k, =cosa, Ik. (=k

(1)
f =-2(2I+I)J+ (f (8)+f (8})P (cos8}dcos8,

s =-,'(2I I)f (f (8) f(8))P (cos8-)dcos8.

In Eq. (1), the total system energy per unit
volume is varied with respect to the number of
particles per unit volume. The k and s are mo-
mentum and spin indices of the particles. The
parameters are connected with the experimental-
ly measured sound velocity, specific heat, and

magnetic susceptibility by'

p, '/g = (x'5'/mk )(I+a ) .

s2 (@2k 2/3m2)(I &f +f )F 1 0

c = (m*k /3k')K'T, m/m" = (1 —,'f ), (3)—
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that there is already a large f, from the Brueck-
ner diagrams. It would also be interesting to
compute z, and f„which may also be measur-

REVIEW OF BRUECKNER THEORY

'kk"= 'kk-"
1 2 1 2

d3K -i'
3, k4&kF !2v)'

e V(~')4
k

(r')
x (d'r') 1 2

ek +ek -ek -ek

where k„k, = —,'(k, +k, )+K and Ck k (r)
=exp[i(k, +k, )r] From. this wave function, the
6 matrix is defined as

In the Brueckner theory, the two-body wave
function is determined from the Bethe-Goldstone
equation

terms. These terms can be represented by
graphs in the usual way. The interacting parti-
cles 1 and 2 are denoted by external lines and
intermediate states by closed lines. A G-matrix
interaction appears as a wavy 1.ine. A new sym-
bol is needed for the hole-energy derivative
BAf/Bn&. We use a dark triangle for this to in-
dicate that it is not symmetric betweeni and j,
and also, that many elementary graphs are sum-
med to give the self-consistent interaction
Bhf/ Bn&. The equations for the hole interaction
[Eqs. (A8) and (A9)] are integral equations. Once
this interaction is obtained, the equation for f
[Eq. (A7)] is simply perturbation theory.

The graphs representing all but the last term
in Eq. (A7) are given in Figs. 1 and 2. The four
graphs in Fig. 1 are simpler in that they do not
involve the self-energy. We now discuss these
term by term, starting with the G matrix itself
[Fig. 1(a)].

G-MATRIX

G ' '= fd ~4 (r)V(r)@„„(r).
4 1 2

(5)

In practice, partial waves are calculated se-
parately, giving the partial-wave G matrix

ek(particle) = (k '/2m)k',

ek(hole) = (k'/2m)k'+ A„,
d'k;

k . . (2ri)' kk .
Spin 'E 'E

(8)

After these equations have been solved self-con-
sistently, the system energy may be calculated
as

G = fj (kr)V(r)u (r)r'dr.
The choice of intermediate-state energies ek is
a sensitive point, because it involves the corre-
lations of a particle with others while it is in-
teracting with a second. Recent treatments of
three-body clusters lead to the prescription that
hole energies are to be purely kinetic, " i. e. ,

The G-matrix elements we use were calculated
by Qstgaard' from the Yntema-Schneider poten-
tial. This calculation treated the c.m. in an
average way, which appears to be a reasonable
approximation. The Fermi momentum was taken

0
at, k~=0.78 A ', which gives near self-consis-
tency" for the hole energy with m*=1.0 and
b =0.4. The G matrix in the range required for
calculating f is quoted in Table 1 up to the L =2
partial wave.

/

,/

FIG. 1. Some graphs contributing to the particle-
hole interaction in the Brueckner theory. These are
the simplest graphs: All remaining contributions in-
volve the self-consistent hole energies of Brueckner
theory.

E 1 P d'k, d'k,
G

k,k, (9)
V 2 . . . kl'k2 kF(2v)' (2z)' k,k,spin i,j
The usual set of units for these equations has 'K
for E and 'K A for G. Following g)stgaard, we
divide by k '/m = 16.36'K A' so the units become
A for C and A ' for E. Landau's dimensionless
units are related to these by 2v'/kF -25.0 A.

In the Appendix, we take the functional deriva-
tions of (E/V) with respect to particle number.

The equation for f, Eq. (A7), has 13 different

S5 I(

FIG. 2. Graphs with first derivatives of the hole en-
ergy, which are required for a complete calculation of
the Landau parameters in the Brueckner theory.
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(k/kZ),

0.0 0.25 0.50 0.75 1.00

TABLE I. G-Matrix Elements. The Fermi momentum

and hole energy are taken as ky = 0.78, eh l = (8 /2m)2

x (k —0.4k+ ). Each set of three entries in the table

gives, respectively, the S-wave, P-wave, and D-wave

parts.

of multipole order 0, 1, and 2, as may be seen
from Fig. 3. The strength of the 0 and 1 multi-

poles is given in the first row of Table G. The
contributions to both f, and f, are the wrong sign,
as is the case in Ref. 6, Fig. 5. The contri-
bution to z, is strong enough to induce ferro-
magnetic instability. Brueckner's original cal-
culation gave a contribution to f, of the proper
sign, probably because of the different energy
denominator he used.

0.0 4.2 16.2 31.7 42.9 43.8

0.25

0.50

0.75

1.00

18.7

42.1

63.5

75.2

27.0 37.8 44.9
—13.6 —17.6
-1.5
44.6

—17.4

-3.8
47.3

—24.2
—3.8 —10,5

—12.6
-4.3
47.7

—18.4
—13.7

62.0 57.8
—11.3 —16.5
-4.2 —13.5

71.7 64.0

—12.0
—20,7

52.1
—1.4 —0.5 + 4.0
—3.5 —12.2 —20.7

42 8
—4.5
~ 3 ~ 7

41.7
—5.5

—12.4

40.2

0.0
—20.9

37.4
11.9

—23.1

CORE-EXCITATION GRAPH

The second term in Eg. (A7), which is de-
picted in Fig. 1(b), gives the interaction of two
particles via an excitation of the Fermi sea. 'The

main physical effect of the graph is to include the
interference of a valence particle with a core ex-
citation. Therefore, the graph is mostly repul-
sive. Physically, there is also an attractive part
corresponding to the coherent spatial polariza-
tion of the Fermi sea, as in electron screening.

1.25

1.50

74.1

61.9

70.0

58 ~ 3

61.4
16.8

—7.8

51.1

48.7
23.3

—13.8

40.1

33.2
27.6

—15.8

26.9

TABLE II. Contribution of Brueckner-theory graphs
to Fermi liquid parameters. Graphs are shown in

Fig. 1. The interaction parameters are in units of
27' 5 /k~m.

1.75

2.00

41.7

19.1

16.6
—0.6

39.4
20.3
1.0

18.2
20.&

17

30.4
—2.1

34.7
36.9
3.6

16.3
36.6
8.3

39.2
~ 3 ~3

27.4
47.2
7.8

13.2
46.8
17.0

41.4
~ 2e3

18.5
43.6
13.1

9.3
48.2

26.5

Graph

d

Self-energy
insertions
Total
Experimental
(Ref. 6)

—0.95
2.93

(17.0)
—0.27
(-0.97)

0.97
—1.14

1.54

3.5

—0.57
0.13

(2.8)
0.44
{1.34)

—0.08
—0.04

Zp

—1.75
—0.04

0.26

0.52
—0.18

-0.12 —1.71
2.0 —0.9

—0.54
0.71

—0.44

0.34

0.01

0.08

P (2l+1)G, ,
l odd

f =G (even)+G (odd) = Qi(2l+1)G

f = 2G (odd)

(1O)

giving f(a)=G +3G, z(a)=G —G . (11)e 0' 0 e

For the more complicated graphs considered
later, it is also convenient to use Racah algebra
to recouple the spin from the particle-particle
channel to the particle-hole channel.

The G matrix by itself has strong components

The t" matrix is given in terms of the particle-
particle symmetry; to convert to the particle-
hole form of the Landau parameters, use defini-
tion (2) e ~

iO

00

f -i0

cos 8
00 -IO

FIG. 3. Interaction
between particles on

the Fermi surface due

to the G matrix, Fig.
1(a). The strength of
the interaction is in
units [(m/A ) (k~/2m )],
and 6 is the angle be-
tween the momentum
vectors of the two

particles taken from
the center of the Fermi
sphere. Compare Fig.
4, Ref. 4.
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This is most prominent in nonforward scattering
matrix elements but is also present in the attrac-
tive part of the contribution to z [Eq. (14)].

With the spin sums and external factor of 4 re-
quired by Eq. (A7), the detailed expression for
the graph is

f (b) =4 f [dsk/(2w)']E '(G '+3G '),

z(b) = 8f [d'k/(2w)']E '(G '+G G ) .

(12)

In this equation and the similar ones below, the
integration is over all internal hole lines. Be-
cause of possible collective effects in the inter-
mediate particle-hole bubble, it is also worth-
while to express the graph in a form with definite
symmetry of the intermediate particle-hole wave
function

f (b) = f [d'k/(2w)'] (F '+3Z '),

z(b) = f [d'k/(2w)'](- Z'+F'),

with F=G +3G, and Z=G —G
e 0' 0 e '

Just from the signs here, it may be seen that a
repulsive f and an attractive z are both enhanced
in higher order. "

Computation of this graph requires G matrices
with incoming momentum in the range 0 &k &kF
and outgoing momentum in the larger range 0&k
& 2kF. The integral is easy to evaluate by com-
puter; a 225-point mesh gave accuracy better than
1% for the three-dimensional phase-space integral.
The result for the interaction f is plotted as the
full line in Fig. 4. For any force, f is repulsive,
as can be seen immediately from Eq. (12).

We also find that f drops to zero in the forward
direction. This is a consequence of the asym-
metric treatment of the energy denominator: Al-
though the phase space goes to zero as the mo-
mentum transfer decreases, the energy denomina-
tor would also vanish with a symmetric treatment
and give a finite limit for the contribution of the
graph.

In the paramagnon models of Berk and Schrief-
fer and Doniach and Engelsberg, ' it is just the be-

OTHER G-MATRIX GRAPHS

The hole-hole correlation, Fig. 1(c), is at-
tractive with the same spin sums as for particle-
particle scattering

f(c) =- f [d'k (/2)w']E '(G '+3G ')

z(c) = f [d'k/(2w)']E '(G ' —G ').
e 0

(14)

havior of this process in the forward direction that
gives the large effective mass observed at the low-
est temperatures. They calculate the effective
mass by summing the graphs of the type shown in
Fig. 5(a) and finding the momentum dependence.
This is completely equivalent" to calculating the
parameter f, with the graphs of type Fig. 5(b).
In their picture, f is sharply peaked in the for-
ward direction. This gives a repulsive f, and
also affects f, so that bf, -bf», . Thus, from Eq.
(3), we see that the compressibility, or equiva-
lently the speed of sound, is not affected by these
low- momentum processes.

Because of the great sensitivity of f, to the treat-
ment of low-momentum effects, we also computed
the Brueckner-theory graph Fig. 1(b) setting the
energy gap 4 equal to zero. This is shown by the
broken curve in Fig. 3. We now get a finite con-
tribution at cose =1 but by no means the forward
peaking found in the paramagnon picture. The
difficulty is that there are also singularities
arising from the part of phase space corre-
sponding to forward scattering in the crossed
channel. " Just by exchanging particles, a low-
momentum-transfer singularity becomes a singu-
larity for some high-momentum-transfer pro-
cess.

The multipole contributions to f and g in the
Brueckner theory are tabulated on the second
line of Table II. Most of the experimental f,
comes from this graph. As mentioned above,
f, comes out small because of the energy gap.
When calculated without the energy gap, f, is
much larger, as indicated in parentheses in the
table.

k

FIG. 4. Spin-symmetric
interaction between particles
on the Fermi surface due to
the rearrangement term
Fig. 1(b). Solid line is
Brueckner-theory result;
dashed line is computed the
same way but with no en-
ergy gap.

IOQ

0 I
I

0
cose

FIG. 5. Higher-order
diagrams not in the
Brueckner theory needed
to obtain the very large
effective mass at low

temperature. The graph
(a) is a self-energy mod-
ification of the single-
particle Green's function
calculated in Ref. 9.
The equivalent graph in
the Landau theory is (b)



184 FERMI- LIQUID PARAME TERS OF He'

-0.5

-& 0+

-& 5+

-2 0--

cos 8
0.0

FIG. 6. The spin-
symmetric interaction

f between particles on
t:he Fermi surface due

to the hole-hole cor-
relation, graph (c) in

Fig. 1. Solid line is
result of Brueckner
theory, and dashed line
is computed without the

energy gap.

pulsive than the G matrix of Table I for the same
incoming and outgoing momenta. Denoting the
off-energy-shell interaction by G', the expres-
sions for the graphs are

d'k~ d'k, 1 1
(2s)'(2»)' E E' e e 0 0 '

(15)

In what is called the T-matrix approximation, '
this graph and further iterations are included

along with the particle-particle correlations in

defining the basic interaction. It could be im-
portant to include higher iterations because there
can be a singularity for low-momentum transfer.
Low-momentum-transfer processes give an at-
traction at the point cos8 = —1 and contributes
this to f, with the proper sign and to f, with the

wrong sign. As in the previous case, the value
for f, depends critically on the energy denomina-

tor for small momentum transfer. However,
even with an energy gap there is a sizable contri-
bution to f„as may be seen from Fig. 6 and the
third row of Table II.

The next graph [Fig. 1(d)] has the sign of the
intermediate interaction. This is an off-energy-
shell interaction, which is larger and more re-

The graph may be interpreted as follows: %'hen
a particle is added at k„ the probability of other
particle orbits being occupied increases because
the core particles which mould normally corre-
late at k, part ot tee time mus~ correlate else-
where. Therefore, it is more difficult to add a
particle at some other point, and the effective in-
teraction is repulsive. As is reasonable from
this argument, the contribution to f is very smooth
as a function of angle.

+ 2

FIG. 7. Graphical representation of Eq. (AS}.

SELF-ENERGY INSERTIONS

Before computing the terms in Eq. (10) with hole interactions, we must solve Eqs. (A7)-(A9) for the
hole interactions. The integral equation for 8A, /&n3 can be expressed diagramatically as in Fig. 7, The
inhomogeneous part of this equation gives the hole energy as the sum of the interaction energy and the re-
arrangement energy. By the Hugenholtz-Van Hove theorem, "this should be negative on the average. In
fact, the two terms give an average repulsion because we have not chosen a self-consistent kg. Thus,
the signs of the contributions we calculate for f from the insertions will be suspect.

To better understand the structure of the above equation, spin sums can be performed and a multipole
expansion made in terms of the angle between the momentum vectors of the two particles. This yields a
set of equations for the different spins and multipolarities, depending on a function of only one variable,
the length of the hole momentum vector

(k) = a "&(k) —[4w/(21+1)] (2»)-3 f k "dk 'K (k, k ') a (k') —Ai (k) f [d'k'/(2»)'K„(k, k '), (16)

where we have defined
sn (k) sa (k)

61 (k) =——,'(2l+1) f dcos8 P (8 ) +(-1)
24 '7f

K(k'- 1
kk kki

) =J (2v)3 E2 [(~kk I ) + ( 1) (G I ) ] P (cos8)dcos8
particles kk 2l+1 l kk' '

6'0&- inhomogeneous part of Eq. (A8).

(18)

There are two pieces to the kernel of this equation. The last term just multiplies 4 by a number, and
therefore will cut down all the multipoles by some constant factor. Neglecting the second term in Eq. (18)
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for the moment, the solution is

(k) = [1+K (k)]
' 6 "&(k), with Kf (k) = f [d'k'/(2s)']K (k, k') . (20)

The physical interpretation of this factor is that the strength of the hole has been renormalized by the pos-
sibility of virtual excitation. The integral of the kernel is closely related to the defect wave-function prob-
ability of Brandow"

= K = p f [dsk /(2 )'][-',G '+ —,
' G ')/E'] . (2l)

This is the lowest-order probability for a given hole orbit being empty. By considering more graphs than
the Brueckner theory yields, Brandow obtains a renormalization factor

P= 2/[l+(i+4K~)'i'] (22)

Qlstgaard's G matrices yield the value" K=0.56 for a hole at kF =0, to be compared with K=0.25 for
nuclear matter. " Thus, He' is a much more strongly interacting than nuclear matter.

For the Brueckner theory, the kernel K(k, k') is smooth as a function of hole momentum, as may be
seen from Tables XI, XII, and XIII of Ref. 6. So in practice, the kernels can be taken as constants and
Eq. (A8) solved as an algebraic equation. This would no longer be the case in a theory without the energy
gap.

For numerical evaluation of the function Kfs(k, k'), it was not convenient to integrate kp over all mo-
mentum space. %e instead used the relation

f[dsk /(2s)'](G/E)'=-, '(sG/sa). (23)

This requires SG/Sb, which was obtained numerically from glstgaard's tables and is plotted in Fig. 8.
The results for the integrals are quoted in Table III.

The hole interaction with the approximation Kf(k, k ') = constant is

(k)=[l+(2t+i)-'K +K ]-'d, &'&(k). (24)

Numerical values are given in Table IV. The spin symmetric interactioxi is small from the cancellation
of the two terms in 4' '. The spin antisymmetric interaction is large, implying that the higher-order
graphs [Eq. (A7)] will be important.

TABLE III. Integrals of hole probability ELS .

Multipolarity
L=O L=I

ks /2

Spin S=O (f)
S=1 (z)

0.56
—0.34

—0.07
0.12

k'/ks

1
15 20

TABLE IV. Self-consistent hole interaction computed
with Eq. (25) and averaged over all holes. Units are
dirnensionless as with f and z.

FIG. 8. The derivative of the 6 matrix with respect
to the single-particle energy. Graphs are shown for
hole relative momentum $k& and k&, as a function of
particle relative momentum. Solid line is BG/Be& and
broken line is 3BGp/Be . . Units are A. .Z'

Spin S=O
S=1

0.23
—1.73

—0.34
0.25

Multipolarity
L=O I =1
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CONTRIBUTIONS TO f FROM HOLE SELF-ENERGIES

193

There are eight terms in the expansion for f that involve the first-order derivative of self-energies.
These terms are shown graphically in Fig. 2. The first two graphs S1 and S2 involve valence-hole lines,
and are easily computed within our previous approximation

f, {$1)=-[2/(21+1)]K, ~, , (25)

(26)

K (k ) = f [d k. /(2w J ][d k. /(2vJ]([G. .™(even)] +3[G..™(odd)]j(E '),

where k&, k& &kg and km )k~. This graph contributes to f,

fl (82) = —2I7

These expressions include the factor of 2 from Eq. (A7). The second term is just a renormalization of
the hole strength in f. Both these graphs give large contributions tabulated in Table V.

The third self-energy graph 83 has a valence-particle line. Defining the probability of a particle orbit
being full

f ($3)= [4/(2l+1}]K (26)

Numerically, K+(00}—0.12 when calculated from the definition Eq. (29). This is probably too small; we

should have the equality

d'k. 2m3 K k. = F d'k. 2m' E' k.
F + 00 j (29)

to conserve the number of particles. This does not hold because the G matrices were not calculated with
the exact Pauli principle.

The remaining graphs in Fig. 6 are of higher order and tend to be small. The expressions used to esti-
mate these graphs are

f (84+$5)=[2/(2l+1)j[K +(2l+1) Kl ] &f ~zp&E ',

8G ™
f (86) =[2/(2l+ 1)](p/2)Z1 se E G.2j 1 2j I

Es
(30)

I e I

2
2~ee~""@=

i()eie~~"'rJ* er, i ] '*ee z 'I '*, '
i

'ee r'mm '*)„I.
Es

The average intermediate-state energy denominator was found to be
{Z')=(1/1.36) A',

showing that the particles are most likely to be excited to just above the Fermi sea.
(31)

SECONDWRDER SELF-ENERGY INSERTIONS

The last term in f is

TABLE V. Contributions to f in Brueckner theory
with self-consistent hole energies. The graphs are
shown in Fig. 6.

d%. dsk. sd, (k.)

(2v)'(2s)' I' I Sn, an,
where both integrations are over hole momenta.
Now, since this has an integral over the hole
momentum ki, we can within our approximation
integrate over i in the equation defining
S&(kf)/Snlen2, Eq. (A9). The second-order
seJ.f-energy can then be eliminated, giving

(32)

f= [ I7,„/(1+2K~)]-P(b)+2[f(c)+f(d)

+f(S4+S5)+f($6)+f(87+88)]) . (33)

This is a renormalization of all previous graphs

Graph

$1
$2
$3
$4
$5
$6
$7
$8
Second order
self-energy
graph
Total

fp

—0.25
—0.25

0.13

0.38

—1.15

—1.14

—0.02
0.37

—0.01

0.04

—0.04

Zp

—1.21
1.87

—0.08
0.30

—0.48
0.07

—0.01
0.01

-0.18

0.02
0.27
0.05

—0.03

-0.30

0.01
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proportional to the number of internal hole lines
they contain. The effect is sizable with Kpo 0 56
as may be seen from the entry in Table III.

It is interesting to note that for very large K«,
the net contribution to f from all graphs becomes

f=f(a) + —,'f(&), (34)

i. e. , only the G matrix itself and the core polari-
zation graph contribute when the probability that
a hole is empty becomes large.

CONCLUSION

The Brueckner theory of the Landau parame-
ters [Eqs. (1) and (9)j gives a complicated set
of expressions for the parameters. However,
it is encouraging that numerically, only a few
effects which are physically evident are important
in the results. The first graphs give strong can-
tributions but have simple interpretations. Most
of the self-energy graphs are negligible, except
insofar as they renormalize the hole strength.

To compare with experiments, we take the E
parameters at 0.28 atm from Ref. 6, and re-
express them in terms of the unrenormalized f
in Eq. (3}. However, we have not included f, in
the determination of z, from the magnetic suscep-
tibility, following Ref. 8. Agreement with the
Brueckner theory is poor. The parameter f, is
half of its experimental value. The worst dis-
crepancy is with f„which is small and of the
wrong sign. %'e consider that all of these parame-
ters stand on an equal footing, so that if one is
off, agreement for another must be fortuitous.

Much of the trouble can be traced to the energy
gap which artificially damps virtual excitations
at low energy. To justify the gap for a calcula-
tion of the ground-state energy, it is noted that

terms neglected with the gap can be included at
some later stage by calculating three-body
clusters. These three-body clusters then give
a small contribution to the total energy. However,
even though the energy of the three-body cluster
might be small, its derivatives with respect to
particle number need not be.

Several ways are possible to improve the cal-
culation. If we just use the G matrix as it is in
a random-phase-approximation perturbation cal-
culation to lowest order, we would again get the
graphs in Fig. 1(a)-1(c)but without the energy
gap. Table II shows that this would have a large
effect of the right order of magnitude to explain
the discrepancy.

More systematically, Brandow suggests divid-
ing the phase space into a core part and a valence
part and using perturbation theory in the valence
band. Although simple in principle, this method
has a practical difficulty in separating the valence
contribution from the high-energy contribution in
a term such as the graph in Fig. 1(b). It might
also be possible to make some explicit calculation
of the three-body clusters. There would be very
many terms, most of which would be negligible.
without better understanding, a formal functional
differentiation of the three-body cluster equations
would be very laborious. Finally, it might be
useful to return to Brueckner's original scheme
and use particle energies defined with off-energy-
shell G matrices.
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APPENDIX

(Al)

Landau's parameters require the second functional derivative of the total energy with respect to parti-
cle number. From the definition Eq. (9), we find for the first derivative

~ ~

d'k. d'A. d'k. BG.. ~

BnI 2m' 1j 2m' 2m' Bn,
g 2

To find SG/en, Eqs. (4) and (5} are formally combined to

G = V —V(Q/E)G, where Q is Pauli operator,

and E = (a'/2m)( '+k, ' —kk' —kk, ') —A„—Ak, ,

G = (1+ VQ/E) 'V.

The potential V has no implicit dependence on particle number, so differentiating Eq. (A2) gives

(A2)

(A8)
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8G 8(Q/E)
G Q aG

en Bn E en

Following Ref. 22, we now use Eq. (AS) to solve for aG/an.

G
8(Q/E)

G
en Bn

With the indices and integrations explicit this is

(A5)

U
kl

en
g

m1 1 ij
kl E ml

I II 2 ~ ~ e~ ~ e~ ~

(2v)' k E m'm" an, 8n,k, , k ~&k~
(A6)

where k1+km =k& -
k& and km I +km & =ki +k

To get the equation for f, substitute (A6) into (Al) and differentiate once more. To abbreviate the result,
we collect terms that are equal and leave the integrations implicit. For the purpose of integration, parti-
cle orbits are labeled by m, n and hole orbits by i,j.

8E 12 ml 1 f2 121 ij m21 nl'1 ij
an, an, 12 f2 E ml ij E 12 ij E m2 E nl

mm' 1 f2 8A, an, , mm' 1
(

nl)' 1 ij 86,
i2 E mm' an, Bn, ij E' mm ' E n1 en,

ij E m1 en2 ij E mm' E' nn' en, an, an,

. . &a. 8~. Ba.mm' 1 ij i i j mm ' 1 ij i
ij E' mm' Bn, Bn, Bn, ij E' mm' Bn &n,

(A7)

The terms of third order involve off-energy-shell interactions denoted by primes. To find ahf/anl and
8 &;/anlan2, we must satisfy the equations obtained by differentiating Eq. (8).

ea.
Z

eng

i1 m1 I ij mm' 1 ij i j
iI sg E m1 sg E' mm

(A8)

&2+
i

4G m11G 12
2G 121G 12

8G m21G IG
Bn,&n, i2 E m1 ij E ij ij E m2 E nl

~ . &b, . ea. Ba. &a. &a.mm' I n11 ij i mm' 1 nn' 1 ij i j i j
ij E' mm ' E nl Bn, ij E' mm ' E' nn' Bn, en, Bn, Bn,

—2G. . E, G, + + —2G. ~G, -+

ea. as. &b, . 84.m11 ij i j mm' I ij i j
ij E' m1 Bn, Bn, ij E' mm ' en yen2 Bn] &n2

(A9)

We now have a closed system of equations, which are approximately solved in the text.
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The current-current commutation relations, satisfied by the microscopic currents, are
used to determine the algebraic properties of the basic hydrodynamic variables in quantum
hydrodynamics. Using a Hamiltonian as suggested by the microscopic theory, a new system
of hydrodynamic equations is obtained which contained the classical hydrodynamic equations
including vortex motion in the classical limit. The concept of the Quid velocity in quantum
mechanics of many particles is also discussed.

I. INTRODUCTION

Recently, Dashen and Sharp' have discussed
the possibility of formulating relativistic-field
theories in terms of currents. In other words,
currents themselves are treated as fundamental
dynamical variables rather than the underlying
canonical fields. The motivations for initiating
such a program are due to the success of current
algebra in correlating the various properties of
hadron physics. As a starting point of this me-
thod, they used the nonrelativistic quantum-field
problem as a guide. In particular, the Hamilto-
nian can be rewritten in terms of currents by
using a formal procedure. The substitutes for

the equal time canonical commutation relations
are the equal time commutation relations among
currents which then provide a complete dynami-
cal theory. The main emphasis of this type of
theory is the algebraic structure of the equal
time current-current commutation relations.

As pointed out by Dashen and Sharp, the use of
currents as coordinates are not new for nonrela-
tivistic problems especially in hydrodynamics.
On the other hand, we find that the implications
of the algebraic structure of the equal time cur-
rent-current commutation relations satisfied by
the microscopic currents had not been fully ex-
plored in quantum hydrodynamics. Unlike the
problems in hadron physics, a hydrodynamic sys-


