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The recently discovered radioactive decay of heavy nuclei by emission of carbon and neon is described
by a model containing elements from both the theory of a decay and that of fission. A key ingredient is
the inertial mass, which depends on the superfluid pairing gap of the nucleus. The potential energy is es-
timated from macroscopic considerations. Theory and experiment fit together in a reasonable way to

give an overall picture of exotic decay.

PACS numbers: 23.90.+w, 25.85.Ca

Exotic radioactivity, the decay of nuclei! by the emis-
sion of particles heavier than the a, poses a challenge to
explain the process within the existing framework of
theory.>3 On one hand, in the Gamow theory of a de-
cay,* one first determines the probability to form the a
particle by calculating the overlap of wave functions.
The a particle is then propagated in a potential which is
dominated by the Coulomb field, giving a tunneling for-
mula for the decay rate.

On the other hand, the theory of spontancous fission is
quite different,’ although it is nothing more than ra-
dioactivity by cmission of a heavy nucleus. The dynam-
ics of barrier penetration now occurs not as a particle in
a Coulomb field, but by shape changes of a many-
particle system through shapes that are energetically
very unfavored. Here, not only is the energy of a shape
configuration needed but also the inertia, that is, the cou-
pling of the different shapes to each other by the
quantum-mechanical Hamiltonian.

We view the exotic-decay process as composed of two
main steps: First, the parent nucleus deforms, leading to
a shape corresponding to the two daughter nuclei in con-
tact; second, the two daughter nuclei tunnel through the
external Coulomb barrier without further change in
shape. The second step is straightforwardly calculated,
given the potentials acting between the daughter nuclei.

To treat the first step, we describe the wave function in
the intcriial region y; as a linear combination of deter-
minants ¢k, ¥; =X akox. In the simple model discussed
below, determinants describing neighboring config-
urations will differ in the crossing of two single-particle
levels, implying that the state of two particles is changed.
The deformation is assumed to be adiabatic, so that level
crossings do not lead to excitation but simply bring the

nucleus from one local minimum to the next. The mix-
ing is due to the residual interaction, which has mostly a
pairing character.® Although the pairing in nuclei pro-
foundly affects the inertia of the system with respect to
large shape changes, it is not strong enough for the sys-
tem to reach the classical inertia of the superfluid limit.

In our model we will consider explicitly the mixing of
configurations of different shapes. We first enumerate
the configurations, starting from the ground-state equi-
librium shape and going to the configuration of touching
daughter nuclei. We then estimate the interaction
strength connecting adjacent (nearest neighbor) config-
urations. To make contact with macroscopic descrip-
tions, a continuous coordinate & could be defined along a
path in the space of deformations, although, of course,
the local minima described by the set of determinants ¢
are discrete points. The separation of the Hamiltonian
into internal and external parts is shown in Fig. 1.

A procedure for counting the states in an approximate
way is given by Bertsch.” It is based on the behavior of
the nucleon distribution function in phase space when
the nuclear shape is changed. One deforms the system in
small steps, each of them chosen so as to give an integral
number of particles moved across the Fermi surface. At
these points the particles are put back below the Fermi
surface, restoring the spherical shape of the Fermi sur-
face. The number of steps corresponds to the number of
level crossings in a more exact treatment. For example,
in the case of quadrupole deformation, the collective
variable & coincides with the quadrupole deformation pa-
rameter B. The number of particles m moved in a
configurational change of a nucleus of mass A4 is

m=AB(5/12x) % A. 1)
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FIG. 1. Potential-energy plot of the decay *Ra to 'C
+ 2%Pb. On the left are shown the configurational energies of
the thirteen shape configurations in our model. These are
joined smoothly at 10 fm to the potential energy of the separat-
ing daughter nuclei. The dashed line indicates the total energy
of the system.

For the case of pairing, m =2. This procedure has been
checked by a comparison with microscopic determina-
tions of the configurational changes along a deformation
coordinate. Namely, we take a single-particle energy-
level diagram and count the level crossings at the Fermi
surface. In particular Figs. 7 and 8 of Bolsterli et al.®
show 29 crossings between y=0 and y=0.2
[B=2y(% 7)'2] counting the levels of both protons and
neutrons (Z =95, 4=245). Equation (1) gives 32
jumps, which only differs by 10%.

In the present problem the deformation field must car-
ry an initial spherical shape into a final shape that
matches the daughter configuration of two touching
spheres as closely as possible. We construct the field
from a sum of pure multipole fields, so that the transfor-
mation preserves the local density. The coefficients are
determined to match all multipole moments up to A =10.
The generalization of Eq. (1), now obtained numerically,
then gives the number of transitions n. The number of
steps’ needed to reach the touching-daughter config-
uration starting from the parent ground state is 13 in the
case of 'C emission, 23 in the case of **Ne emission,
and 30 in the case of 32S. Thus to form a '*C on the sur-
face of 2*’Ra one has to move 26 particles.

The next question is the value of the pairing matrix
element between nearest-neighbor configurations. Under
the influence of this force, pairs of particles are removed
at one deformation and added at an adjacent deforma-
tion. In the BCS approximation, each of these processes
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is associated with an amplitude of the type

(wpcs | Xvata) | wees) =(wacs| Xvazay| wacs)

=Y UJV,=A/G, 2)

where the operator aa] creates a pair of particles in

time-reversed states. The quantities U and V are the
BCS occupation numbers, A=12/~/4 is the pairing
gap,'® and G=25/4 MeV is the pairing strength'! for a
nucleus of mass A. The pairing matrix element between
paired states at adjacent deformations can now be writ-
ten as

v=—35G, UV, =—(A}+A})/4AG, (3)

with both neutrons and protons contributing. The factor
+ arises because only one of the four possible types of
pair jumps among upward and downward sloping levels
changes the deformation in the desired direction. Using
the estimates quoted above one obtains v=2.9 MeV,
essentially independent of A for the nuclei under discus-
sion.

If we make a Hamiltonian of a continuous coordinate
&, these off-diagonal elements lead to a kinetic term

9 9

T=-— -2 4
Y (A¢) 3¢’ 4)
and thus to an inertial mass
2G _
D=h2—"T—(A¢) 2. 5
A},"+A,3( &) (5)

The dependence on the pairing gap displayed by this
inertial mass is well known from the work of Brack et
al.® A detailed derivation is provided by Bertsch. '

To construct the Hamiltonian matrix we also need the
diagonal energy as a function of deformation. The ener-
gy cost to get to the emission point is

AE=Uc+Uy—Q+2v , 6)

where Uc and Uy are the Coulomb and nuclear poten-
tials at the touching configuration and @ is the energy
released by the exotic decay. We determine the nuclear
field from the heavy-ion potential in Egs. (40)-(43) of
Broglia and Winther.'® For the case of '*C +2%Pb, AE
is equal to about 7 MeV, showing that the energy
changes with shape are rather small. We shall assume
that the energy varies quadratically with deformation to
get for the kth diagonal element in the Hamiltonian ma-
trix

v(&) =AE (k/n)* . @)

With these ingredients the Hamiltonian defined by Egs.
(4)-(7) is diagonalized to get the amplitude of the
daughter configuration in the ground state.

We couple to the continuum states using Fermi’s
“golden rule,” treating the pairing interaction between
the last configurations as the perturbation. The formula
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for the absolute decay constant is then

r=2E g |60 2020l ®)
where a—; =(wo| ¢,—1) is the amplitude of the next to
last configuration in the ground state. The wave func-
tion ¢, represents the final configuration of touching
daughter nuclei. Its overlap with the continuum wave
function, {wg | ¢,), requires it to be decomposed into a
product of internal daughter wave functions multiplied
by a function of the relative coordinate. In the har-
monic-oscillator shell model, the latter is an oscillator
function.'* We approximate it by a Gaussian function
centered at the touching distance of the daughter nuclei
[R=1.2(47+ 44”) fml, with an oscillator frequency
given by the usual formula,'® Aw =(41/4,%) MeV. The
continuum wave function is obtained by our solving the
Schréodinger equation for the relative coordinate using
the above-mentioned ion-ion potential.

The computed daughter formation probabilities range
in magnitude from 5x107'® to 7x107% The smaller
probabilities are obtained for the decays which give
larger daughter products, because the tunneling distance
is greater when more particles are moved. This shows
the importance of internal tunneling to produce the
trends with mass 4, found in the final results. It may be
seen in the continuum limit that the formation probabili-
ty depends on the Hamiltonian parameters exponential-
ly, a®~expl—n(AE/2v)"?]. Thus a 10% change in n
and a 20% change in AE or v would produce 1 or 2 or-
ders of magnitude change in al. The final absolute tran-
sition rates are shown in Fig. 2. The radium decay rates
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FIG. 2. Logarithm of the decay constant vs the parent mass
number. The experimental data (Ref. 1), shown with circles,
are for the decays 221:222223.224.226R5 o 4Ph + '4C, 2'Pa to
207T] 4 24Ne, 22233y to “Pb + 2Ne, and *'Am to *'TI +
3Gi. The calculation from Eq. (8) is shown with triangles.

are reproduced to within 2 orders of magnitude, within
the range of accuracy of the model. The uranium decays
are underpredicted, but we have ignored the initial defor-
mation of the parent nucleus, which undoubtedly shor-
tens the tunneling path.

Finally, the data show an odd-even staggering when
compared to the predicted rates, which is easily under-
stood from the superfluid tunneling physics. As is well
known in fission theory, the odd-mass nuclei have lower
transition rates because the odd particle cannot jump
easily to other orbits. Also, only a few orbits are in-
volved in the pairing, and the blocking of one of them in
an odd-mass system significantly lowers the gap for that
species of nucleon. With a higher inertia the transition
rate is reduced. The odd-even staggering might also be
due to the angular momentum carried off by the ejectile,
but we estimate this effect to be small.
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