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Force equations describing heavy ion collisions are derived from the continuum limit of time-dependent mean field 
theory. The equations mimic the actual behavior of finite nucleus TDHF quite well, and might serve as a starting point for 
a more complete theory. 

In this note we investigate a single model for low 
energy heavy ion collisions [ 1 ], based on the dyna- 
mics of time-dependent mean field theory (TDHF). 
The theory is reduced to the newtonian mechanics of  
two nuclear centers interacting via classical forces. In 
view of the many force models that have been put 
forth already [2-4]  ,it is natural to ask what the point 
is of yet another such model. Our objective is to un- 
derstand the fundamental dynamics of  the reactions, 
and this requires a model that is consistent with our 
present theoretical framework. At present, the TDHF 
is the best justified theory at a fundamental level, al- 
though it is obviously incomplete in several respects 
and needs to be extended. Because of the computa- 
tional difficulties of the theory, extensions are un- 
manageable unless a simple modelling is found for 
TDHF itself. Our efforts are directed to that end. 

The most important dynamic variable in a simpli- 
fied description is the separation coordinate between 
the colliding nuclei, r. We begin with a precise defini- 
tion of that quantity. Consider a plane between the 
two nuclei chosen so that the expectation of  nucleon 
number on each side remains fixed. Calling the two 
sies A and B, the separation coordinate may be de- 
fined as the integral over the single-particle density, 

r = f p ( r ' ) r ' d 3 r  ' - f p ( r ' ) r ' d 3 r  ' . (1) 
A B 

In a like manner the momentum of one of the nuclei 
may be de?reed 
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f -'~ "+t . t PA = d3r((V - V ) / 2 0 p ( 1 ) ( r ,  r )[r=r '  • 
A 

(2) 

The dynamic equation is found by taking the time de- 
rivative of eq. (2), using the hamiltonian to evaluate 
the derivative of the wave function. In TDHF the 
hamiltonian is a single-particle operator and the dyna- 
mic equation becomes 

d P A  _ 1 f v¢((7 - * v ) / 2 i ) H ¢ i  
d t  i i 

A 

-- (H¢*) ((~ - ~)/2i)¢i] d3r .  (3) 

Here @i are the single-particle wave functions and H 
is the TDHF hamiltonian. The terms in eq. (3) involv- 
ing the kinetic energy operator are simplified in the 
usual way using integration by parts, leaving a surface 
integral. We assume that the mean field potential de- 
pends only on the single-particle density, permitting 
an arbitrary functional dependence on that density. 
The contribution of the short range part of the poten- 
tial field can then also be expressed as a surface inte- 
gral on the dividing plane. The resulting equation for 
the acceleration has the form 

dP A r 
= J d2r[~i'II+ h(p ~ U / ~ p  - U)] 

dt 
s 

, fd3r fd3r' p P ( r ) p p ( r ' ) e 2  (r  - -  r ' ) .  
A B I r -  r'l 3 

(4) 
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The first term is a surface integral involving the par- 
ticle momentum flux tensor 

IIa# = ~- i ~ q~*((7 - ~) /2i)a((7 - 7)/2i)o~bi, (5) 

and a potential field contribution, which is expressed 
in terms of the potential energy density associated 
with the short-range part of  the interaction [5 ], U. 
The dividing plane is denoted by S and the normal to 
this surface by ti. The Coulomb force is given by the 
second integral in the equation. Eq. (4) is expressed 
in a form particularly convenient for reduction to 
classical dynamics. We expect on physical grounds that 
the force between the two nuclei depends only on the 
state of the system at the surface of contact, except 
for the long range Coulomb interaction. Eq. (4) has 
this form, with the first term in the surface integral 
arising from the exchange of nucleons between two 
nuclei. The second term is the force arising from the 
nuclear potential field. At large separations, the 
potential dominates because the potential field ex- 
tends farther than the particle densities. At close con- 
tact, the two terms tend to cancel, and the residual 
force depends sensitively on the momentum distribu- 
tion of the nucleons and the compressibility modulus 
associated with the hamiltonian. 

In principle, the full TDHF wave function is still 
needed to calculate the right-hand side ofeq .  (4); our 
model is a set of  simplifying assumptions about how 
the TDHF behaves. We shall approximate the TDHF 
density matrix by its value in bulk nuclear matter, 
together with a surface correction. Parametrizing the 
contact surface S as a circle of radius r n, eq. (4) is re- 
duced to 

d P A / d t  = 7rr2h • [l-l+ 1 ( p 6 U / 6 p  - U)]NM 

+ 2~Ornti  + ( Z i Z 2 e 2 / r 2 ) h .  (6) 

The bulk contribution is given by the first term on 
the right, with the subscript NM denoting a nuclear 
matter approximation. The surface contribution is 
proportional to (~, which we take to be the empirical 
surface energy, a = 0.9 MeV/fm 2. For the calculations 
below,we treat the Coulomb interaction in the mono- 
pole-monopole approximation, which is quite accu- 
rate for lighter nuclei. 

In mean field theory, the density matrix for two 
colliding slabls of  nuclear matter is described by two 

intersecting Fermi surfaces which may become distort- 
ed from spherical shape by potential field effects. If  
the compressibility of nuclear matter is that of  a free 
Fermi gas, which seems to be close to the empirical 
situation, then the surfaces are just the Fermi spheres 
of  the individual slabs. The particle flux tensor was 
evaluated to lowest order in the relative velocity of  
the two Fermi spheres, Unto by Randrup [6] to give a 
momentum flux across the surface 

~ 3  ~A -I- h 0 [11+1 Co~U/15p- U)]  NM ='{gPOFm(nn't)nm t)nm)" 
(7) 

Here u F is the Fermi velocity. Randrup further replaced 
Onm by d r / d t ,  in effect assuming that all parts of  the 
nucleus have the same motion. This reduces the force 
to a linear friction. However, the Fermi surface in 
mean field dynamics depends on the motion of the 
boundary of the nucleus at an earlier time, resulting in 
a lag [7] between the center of  mass motion and the 
local Fermi surface at S. The delay time is certainly 
more than the nucleon transit time, and is less than 
twice the transit time. Within these limits, we shall 
leave the delay time as a parameter, writing it as 

t D=Ott0, t 0=2R/o  F,  

where 1 < Ot < 2. The transverse part o f  Ohm has con- 
tributions both from the center of  mass motion and 
from the internal angular momentum of the individual 
nuclei. Our model for v n m is then 

I )nm( t  ) = ( d r / d t ) ( t  - tD) +'s(R A I A /1  A -- R B I B / I B )  , 
(8) 

where R, I, and I are the radii, angular momentum, 
and moment of  inertia of the nuclei, and s is a unit 
vector in the reaction plane. The angular momentum 
can be found from the integration of the force equa- 
tion, so the only need for a finite nucleus TDHF cal- 
culation is the determination of the evolution of  the 
neck radius. 

The dynamics of  the neck region are quite different 
when the two nuclei approach each other than when 
they rebound. The TDHF calculations show that the 
motion of the nuclei in the approach phase is close to 
that of rigid spheres [8], with the overlap region of 
the spheres defining the neck size. The neck only ex- 
ceeds the geometric overlap slightly at the closest ap- 
proach point. The geometric overlap assumption was 
used in refs. [2] and [3]. We shall improve the para- 
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meterization by  assuming that the nuclear surfaces are 
sections of  spheres with centers separated by the dis- 
tance r, joined by a cylinder of  such a radius to make 
a constant volume solid. The neck radius is obtained 
from the equation, 

r 2 ( r  - 2rx) = [r 2 + ~(R - rx)2] (R - r x ) ,  (9) 

where r x = (R 2 - r 2 )  1/2. 

We emphasize that this parameterization is strictly 
for convenience in fmding the r n o f  TDHF: we do 
not imply that the system evolves with a constant 
volume or that it has a particular shape. 

The neck evolution in the rebound phase is quite 
different. The neck shrinks rather slowly as the nuclei 
separate; the TDHF calculation o f  Dhar and Nilsson 
[8] obtains a neck shrinkage rate of  1/3 o f  the separa- 
t ion rate. To establish a function for the neck size in 
the rebounding phase, we assume a shape o f  two half  
spheres connected by two conical surfaces. The radius 
at the junct ion of  the two cones is determined by fix- 
ing the volume o f  the system. The equation for r n in 
the rebound phase is 

rn = { [r2R 2 _ 4 r ( r R  2 _ 4R3)]  1/2 _ R r } / 2 r .  

Despite the crudeness of  these geometric assumptions, 
the model  fits the neck evolution o f  the TDHF calcu- 
lation o f  Dhar and Nilsson quite well, as may be seen 
from fig. 1. 

The separation into two nuclei at the end o f  the 
rebound phase can take plac e by two different me- 
chanisms. I f  the neck is too narrow in relation to its 
length, an instability driven by surface tension will 
cause the neck to pinch off. However, fast hydro-  
dynamic flow is possible only when the single-particle 
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Fig. 1. Relat ionship between neck radius r n and separation 
distance r for  2°Spb + 2°sEb collisions at 800 M e V  cm energy 

a n d  z e r o  i m p a c t  p a r a m e t e r .  T h e  s o l i d  l i n e  i s  t h e  p r e s e n t  

model, and the dashed line is from ref. [8]. 

wave functions are nodeless, requiring a small neck 
radius. We assume scission to occur when r n < 1 fm. 
There is another mechanism for neck breakage when 
the nuclei rebound at high velocity. An instability 
develops with respect to density fluctuations when 
the bulk density falls below a critical value. Accord- 
ing to ref. [9] this happens in mean field theory 
when the separation velocity exceeds 0.06c. We shall 
assume that  the neck snaps when the velocity is ex- 
ceeded. 

So far we have only considered the forces acting 
after the nuelei touch. Before they touch, the dyna- 
mics is well described by potential  models, such as 
the proximity  potential  [10] or the Bass potential  
[11 ]. We shall use the Bass potential  to describe the 
interaction before the nuclei touch. Particle exchange 
will also be included, using the parameterization o f  
ref. [12]. 

We shall first examine the detailed motion in the 
collision 40Ca + 40Ca, to see how well our reduction 
to force dynamics works. We compare with TDHF 
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Fig. 2. History of 4°Ca + 4°Ca collision at 80 MeV cm energy 
and zero impact parameter. The solid line shows the velocity 
as a function of separation distance, and the dashed line is a 
TDHF calculation by Weiss [ 13 ]. The dashed-dotted line 
shows the result of the force model in which the particle mo- 
mentum flux is treated as a linear friction. 
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calculations by Weiss [13] in which r is evaluated as a 
function o f  time. In fig. 2 we plot dr/dt as a function 
o f t ,  for a collision under conditions giving fusion. 
The figure shows the nuclei slowing down as they ap- 
proach. At r = 10 fm the nuclear attraction is felt and 
the rate o f  slowing down diminishes. However, at r = 
6.5 fm there is a sudden reversal o f  velocity, as if the 
nucleus had hit a hard wall and bounced elastically. 
The strong repulsive force at that point is due to the 
particle exchange. Our model reproduces that behavior 
with a memory time constant ct = 1.8 as shown by the 
dashed line. Under the assumption of  extreme dissi- 
pation, a ~ 0, and the repulsion does not last long 
enough to keep the nuclei from approaching to essen- 
tially form a spherical compound nucleus. That is 
shown as the dashed-dotted line in the figure. 

We next examine the boundaries of  the fusion re- 
gime for light nuclei. The TDHF fusion regime for 
28 Si + 28 Si collisions [ 14] is shown in fig. 3, compared 
with our model. The low energy edge is determined 
by the potential field dynamics. An energy sufficient 
to surmount the potential barrier will cause the nuclei 
to touch, and they will remain fused due to the sur- 
face tension of  the neck. At high impact parameter 
and energy the nuclei may scission after touching. 
The boundary line is determined essentially by the 
balance o f  centrifugal and surface forces, and may be 
described by a critical angular momentum. Finally, 
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Fig.  3.  Behavior  o f  28Si + 2SSi co l l i s ions  as a f u n c t i o n  o f  im-  
pact  parameter and initial cm energy. The outer boundary 
shows the fusion region of the force model. The TDHF fusion 
prediction [14] is shown enclosed in the dashed line. 
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Fig. 4. The experimental fusion cross section for 2°Ne + 2°Ne 
collisions compared with the force model. The decrease in 
the predicted cross section at the highest energy is due to the 
opening of the fusion window. 

there is a fusion window predicted in TDHF, which 
arises in our model because o f  the hard bounce beha- 
vior and the possibility o f  neck breakage at high re- 
bound velocities. Other force models do not have this 
characteristic feature o f  TDHF. The comparison o f  
TDHF with our model in fig. 3 shows that all the qua- 
litative features o f  TDHF can be described with force 
dynamics. 

However, actual nuclear collisions probably do not 
exhibit fusion windows. In fig. 4 we show the measur- 
ed fusion cross section [15] for 20Ne + 20Ne com- 
pared with the force model. The experimental cross 
section is rather constant, even at energies where the 
fusion window should be evident. Evidently, TDHF is 
inadequate at the higher energies. Nucleon-nucleon 
collisions will become important and may affect the 
force dynamics in several ways. For example, the 
memory time will be shorter if the system is therma- 
lized by n - n  collisions. This will reduce the magnitude 
o f  the bounce, leading to more sticking behavior. 
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