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I. SCOPE

These problems are about the production of nuclei with
large angular momentum, and the analysis of the gamma-ray
spectrum emitted when such a nucleus de-excites. The analy-
sis uses the quantum mechanical formula for rotational en-
ergy:

RAI(J+1)

E=—r— (M

where E is the nucleus’ excitation energy, J is its angular
momentum quantum number and / is its moment of inertia.
The only specific nuclear physics knowledge called upon is
for nuclear dimensions, that the radius of a nucleus is ap-
proximately given by R = 1.2 X A'” fm where A is its mass
number, and familiarity with units used in nuclear physics,
MeV for energy and fm for length. In these units £
= 197.3 MeV fr/c, e*/(4mey) = 1.44 MeV fm, and the
mass M 4 of a nucleus of mass number A is 9314 MeV/c2.
The problems are suitable for courses in quantum mechanics,
modern physics, or nuclear physics.

II. ROTATING NUCLEI

Nuclei that are not spherically symmetric exhibit gamma-
ray spectra analogous to those of rotating molecules. The
1975 Nobel Prize in Physics was awarded to Aage Bohr
(Niels Bohr’s son), Ben Mottelson, and James Ramwater for
their work on the rotational behavior of nuclei.! With the
development of heavy-ion accelerators nuclear physicists
have produced highly deformed nuclei carrying a large
amount of angular momentum, of the order of 50 # and
higher. The gamma-decay spectrum of such a nucleus has a
very simple appearance—it consists of uniformly spaced
lines.

I1I. THE PROBLEMS

Just such a pattern of evenly spaced peaks appears in the
gamma-ray spectrum of the nucleus 152Dy shown in Fig. 12
The pattern strongly indicates that the transitions are be-
tween levels in a rotational band.’ These nuclei were pro-
duced in a rapidly rotating state by fusing 205-MeV nuclei of
48Ca with '%8Pd in the heavy-ion reaction®

BCas+ 1BPdgy— g Dyss+ 4n.
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A. Angular momentum

To see the effectiveness of heavy-ion collisions in produc-
ing high-spin states in nuclei, estimate the angular momen-
tum brought in by the above reaction by answering the fol-
lowing three questions:

(1) What is the total energy of the nuclei in the center-of-
mass system given that the beam energy in the experi-
ment was 205 MeV?

(i)  What are the Coulomb energy of the ion pair and the
energy associated with the angular momentum, where
you take the separation of the nuclei to be r and the
angular momentum of the relative motion to be A.J?

(iii) Assuming that the two nuclei fuse on a trajectory
which brings them just into contact (which you can
show corresponds to a closest distance of approach
equal to r = 10 fm), what are the Coulomb energy, the
energy of angular motion, and finally the angular mo-
mentum (in units of #)?

B. Estimating the rotational energy

To get a sense of the magnitude of energy associated with
a rotating nucleus, estimate the rotational frequency of the
lowest rotational state and assume that frequency corre-
sponds to one quantum of rotational energy. For specificity
do this for dysprosium-152, '**Dy, ignoring its shape by tak-
ing the moment of inertia to be M R? and assuming it pos-
sesses one unit of angular momentum, J=1.

C. Transition energies

From Eq. (1), derive the formula for the energy of the
gamma ray emitted when the nucleus goes from level E; to:
(a) level E;_|; (b) level E;_;.

D. Spacing of gamma energies

Now find the energy spacing between successive gamma
rays by comparing the energies of successive transitions,
again with the two assumptions: (a) J takes on successive
integral values; (b) J changes by two units with each transi-
tion.

E. Numerical evaluation

Evaluate the spacing in MeV for 152py assummg the mo-
ment of inertia is that of a rigid sphere, I = 2M R?/5. Use
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Fig. 1. The gamma-ray spectrum from the nucleus '**Dy, first reported in
Ref. 4. The horizontal axis shows the energy of the gamma ray and the
vertical axis the number of gamma rays detected. The peaks marked with the
triangle sign correspond to transitions which are notr members of the rota-
tional band.

your result to decide whether AJ = 1 or AJ = 2 better ex-
plains the pattern of decays shown in Fig. 1. Why might you
expect the moment of inertia of this rotating nucleus to be
larger than that of a rigid sphere?

IV. SOLUTIONS

A. Angular momentum
(1) The relation between center-of-mass (c.m.) and lab en-
ergy is
Mr

Foy =t

Elabv

where the projectile and target are denoted by the subscripts
p and T, respectively. This yields £, =142 MeV.
(i)
ZZ,e*

daeyr’

_ﬁZJ(J+1)

coul = rot” 2 ’

2ur

where u = MM, /(M + M) is the reduced mass.
(i) Eou=132.5 MeV; E. i = E . — Ecou=9.5 MeV;

[E 2ur?
I~ r_o‘j'u_
A

\/9.5 MeV X 2X33.2X931 MeV/c2X(10 fm)?
(197.3 MeV fm/c)?

=

=39.

B. Estimated rotational energy

The angular frequency corresponding to one unit of angu-
lar momentum is estimated from [w=# from which w
= #/I. The quantum of energy corresponding to w is fiw
= #%/I. Taking ] ~ MR? where M = 152 X 931 MeV/c? and
R=15213X1.2 fm gives
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B 1972 MeV? fm?%¢?
T 152X 931 MeV/¢2x 152%3% 1.2% fm?
~0.007 MeV=7 keV,

an energy much smaller than that characteristic of single-
particle states in nuclei.

hw

C. Transition energies

hJ
AEa:E/—EJ—l:_[_’

RA2J-1)
AEb:EJ_EJ—2:—I——'

D. Spacing of gamma energies
ﬁZ
AAEa=AE(J)~AE(J—1)=—I—, )

2

4
AAEb:—I'—. (3)

Notice that in both cases the spacing is constant like the
uniform ‘‘picket fence’’ pattern you see in Fig. 1. The result
is convincing evidence for the presence of rotation.

E. Numerical evaluation

In nuclear units, the quantity 2/I is given by:

e (197.3)?
T = 08030 (150 (1271527 MY
~0.0168 MeV. | W

This is the predicted spacing for AJ = 1 transitions; the pre-
diction for AJ = 2 transitions is AAE, = 0.067 MeV. InFig.
1 there are 18 peaks in the interval 690—1490 keV, so the
experimental spacing is AAE ~ 0.048 MeV. This is clearly
too large for AJ = 1 transitions, and it is somewhat smaller
than the predicted spacing for AJ = 2. In fact, AJ = 2 is cor-
rect: The rotational band of this nucleus has only even values
of J. The moment of inertia is larger than the above estimate
mainly because the nucleus is not spherical but is strongly
deformed (called ‘‘superdeformed’’ in the literature, see, for
example, Ref. 5. These states were first discovered in 1986
by Twin et al.*).
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