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Introduction - computational challenges

I Low-rank properties of nuclear interactions

• Matrix decompositions in momentum space

• Impact on nuclear observables 

II Advanced tensor formats

• Decompositions in single-particle bases 

• Compression and accuracy
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Theme:
How well can nuclear interaction 
models be compressed for given 

basis and tensor format?



Introduction:
Computational challenges 
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Current status of ab initio nuclear structure
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100Sn: studied in detail
Morris et al., Phys. Rev. Lett. 120, 152503 (2018)

138Xe: exploratory study
Arthuis et al., Phys. Rev. Lett. 125, 182501 (2020)
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Many-body frontiers: heavy nuclei
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208Pb

Improved normal-ordering techniques
Miyagi et al., arXiv:2104.04688 (2021)

Requirements
Larger model spaces

https://arxiv.org/abs/2104.04688
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Many-body frontiers: open-shell nuclei
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Ne/Mg chains from deformed CC
Novario et al., PRC 102, 051303 (2021)

Requirements
Symmetry-broken bases
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Many-body frontiers: higher precision
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Triples amplitudes in CC
Miorelli et al., PRC 98, 014324 (2018)

Requirements
Tensors with higher modes

Three-body corrections in IMSRG
Heinz et al., PRC 103, 044318 (2021) 
Yao et al., PRC 103, 014315 (2021)
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Computational implications
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GB

TB

PB

Memory scaling of many-body tensors in various bases

m-scheme: ‘spin-unrestricted’
J-scheme: ‘spin-restricted’

Deformation
Grasping static correlations from  

breaking spatial symmetries is expensive!

Higher precision
Better wave function representations require 

 treatment of higher-mode tensors!
Heavy nuclei

Reaching convergence as a function of 
modelspace size is challenging in heavy nuclei!
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Fighting the exponential wall

Option I:
Subspace selection

Reduction

Hred ⇢ Hfull
<latexit sha1_base64="vq4b5Mbv00OllKnUwipZ4vaIjWU=">AAACRnicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqEfBi8cIxgSyIcxOOnFw9sFMrxiW/RO/xpOgP+BPeBPx5mzMwSQ2NBRV1XR3BYmShlz33SktLC4tr5RXK2vrG5tb1e2dWxOnWmBTxCrW7YAbVDLCJklS2E408jBQ2AruLwu99YDayDi6oVGC3ZAPIzmQgpOletVTP+R0J7jKrvKeT/hImcZ+znyTBgaJzcuDVKm8V625dXdcbB54E1CDSTV61W+/H4s0xIiE4sZ0PDehbsY1SaEwr/ipwYSLez7EjoURD9F0s/F/OTuwTJ8NYm07IjZm/05kPDRmFAbWWZxrZrWC/E/rpDQ472YySlLCSPwusv8xilkRFutLjYLUyAIutLS3MnHHNRdkI53eovFh6ousMFpbXrFZebPJzIPbo7p3XD+6PqldnExSK8Me7MMheHAGF3AFDWiCgCd4hld4c16cD+fT+fq1lpzJzC5MVQl+AFRDtCk=</latexit>

Hfull
<latexit sha1_base64="BQv+XWANPccqTVkhugyDcZwS7X4=">AAACJ3icbVBNS8NAEN34WetX1IMHL8EieCpJLeix4KXHCvYDmlI222m7dPPB7qRYQn6NJ0F/izfRoz/Dm5s2B9v6YODx5g0z87xIcIW2/WVsbG5t7+wW9or7B4dHx+bJaUuFsWTQZKEIZcejCgQPoIkcBXQiCdT3BLS9yX3Wb09BKh4GjziLoOfTUcCHnFHUUt88d32KY0ZFUk/7LsITJsNYiLRvluyyPYe1TpyclEiORt/8cQchi30IkAmqVNexI+wlVCJnAtKiGyuIKJvQEXQ1DagPqpfMH0itK60MrGEodQVozdW/Ewn1lZr5nnZm56rVXib+1+vGOLzrJTyIYoSALRbp/ywMrSwNa8AlMBQzTSiTXN9qsTGVlKHObHmLhOnSF0lm1La0qLNyVpNZJ61K2bkpVx6qpVo1T61ALsgluSYOuSU1UicN0iSMpOSZvJI348V4Nz6Mz4V1w8hnzsgSjO9fVaqnlw==</latexit>

Hred
<latexit sha1_base64="LNjhN5mAO/Jm9NKoxkmAxdyDTJw=">AAACJnicbVDLSsNAFJ3UV62vquDGTbAIrkpSC7osuOmygn1AG8JketsOnTyYuSmWmJ9xJei3uBNx52+4c9J2YVsPDBzOPZd75niR4Aot68vIbWxube/kdwt7+weHR8Xjk5YKY8mgyUIRyo5HFQgeQBM5CuhEEqjvCWh747ts3p6AVDwMHnAagePTYcAHnFHUkls86/kUR4yKpJ66PYRHTCT0U7dYssrWDOY6sRekRBZouMWfXj9ksQ8BMkGV6tpWhE5CJXImIC30YgURZWM6hK6mAfVBOcksf2peaqVvDkKpX4DmTP27kVBfqanvaWeWVq3OMvG/WTfGwa2T8CCKEQI2PzSIhYmhmZVh9rkEhmKqCWWS66wmG1FJGerKlq9ImCz9IsmM2pYWdFf2ajPrpFUp29flyn21VKsuWsuTc3JBrohNbkiN1EmDNAkjT+SZvJI348V4Nz6Mz7k1Zyx2TskSjO9fXvenFQ==</latexit>

• Solve many-body problem for 
selected subspace

• Gauge importance based on 
computationally cheap measure

• Scaling reduction in practice
<latexit sha1_base64="MzaYwAHs2Gb2qQe6RIp//TC4kEM="></latexit>

Np ! �Np

• Danger: potential bias from the 
selection procedure (typically PT)

• Many successful applications in 
various many-body frameworks

CI, CC, SCGF, ….



A. Tichai May 202111

Fighting the exponential wall

Option II:
Tensor factorization

T

• Employ different representation 
using decomposition techniques

• Scaling reduction in practice
<latexit sha1_base64="7Kb2WDD5c0tMlALFu0xInR94Arw="></latexit>

Np ! Np0

• Challenge I: calculation of factors 
can be numerically demanding

• Size of rank controls accuracy of 
the tensor factorization

• Challenge II: taking full advantage 
requires reformulation of many-body 
approach 

example for tensor hypercontraction format



Part I
Revealing low-rank structure

Tichai, Arthuis, Hebeler, Heinz, Hoppe, Schwenk, arXiv:2105.03935 (2021)
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Matrix decompositions
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• Prototype of a matrix factorization: singular value decomposition (SVD) 

• Key question: how many singular values do we need to keep for good accuracy?

left/right singular vectors

singular values (non-negative)
<latexit sha1_base64="H6nNZ63DwyGADR14pMNH5jPDmqE="></latexit>

V = L�RT with � = diag(s1, ..., sn)

• Truncated singular valued decomposition: keep only largest singular values

<latexit sha1_base64="HPAGzJ2OEhLi+4s6ZsMBlKfbbgQ="></latexit>

Ṽ = L̃�̃R̃T with �̃ = diag(s1, ..., sRSVD ,0, ...,0)

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

<latexit sha1_base64="ea8H2XJ3pPXJ9VFrpAYCU+Wt5pU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWNE84BkCbOznWTIzO460xsIId/hTfRfvIlXwV/x5CTZg0ksaCiquqmmgkQKg6777aytb2xubed28rt7+weHhaPjuolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILB7dRvDEEbEUePOErAV6wXia7gDK3kt1HIEGj7QfQU6xSKbsmdga4SLyNFkqHaKfy0w5inCiLkkhnT8twE/THTKLiESb6dGkgYH7AetCyNmALjj2dPT+i5VULajbWdCOlM/XsxZsqYkQrspmLYN8veVPzPa6XYvfHHIkpShIjPg7qppBjTaQM0FBo4ypEljGthf6W8zzTjaHtaSOlBrAD1aJJfDNcwnNiyvOVqVkn9suSVS+79VbFSzmrLkVNyRi6IR65JhdyRKqkRTp7IM3klb86L8+58OJ/z1TUnuzkhC3C+fgH1HqLI</latexit>

�̃
<latexit sha1_base64="6NQekIbRRq4lj+luB53MPW6A1HM=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZaaIuhEKbly2YB/QDiWT3mlDk8yQZArD0C9wJ/ov7sStf+CvuDJtZ2FbDwQO59zLuTlBzJk2rvvtbGxube/sFvaK+weHR8elk9OWjhJFoUkjHqlOQDRwJqFpmOHQiRUQEXBoB+OHmd+egNIskk8mjcEXZChZyCgxVmrc90tlt+LOgdeJl5MyylHvl356g4gmAqShnGjd9dzY+BlRhlEO02Iv0RATOiZD6FoqiQDtZ/NDp/jSKgMcRso+afBc/buREaF1KgI7KYgZ6VVvJv7ndRMT3vkZk3FiQNJFUJhwbCI8+zUeMAXU8NQSQhWzt2I6IopQY7tZShlCJMCodFpcDlcwmdqyvNVq1kmrWvFuKm7julyr5rUV0Dm6QFfIQ7eohh5RHTURRYCe0St6c16cd+fD+VyMbjj5zhlagvP1C2DEna4=</latexit>=

<latexit sha1_base64="EDj/6dYICOfvnkPsEpbZ36aOKF8=">AAACF3icbVC7SgNBFJ31GeMramkzGASrsBtELQM2lhHMA5IlzM7eTYbMPpi5G1iW/Qk70X+xE1tLf8XKyaMwiQcGDufcy7lzvEQKjbb9bW1sbm3v7Jb2yvsHh0fHlZPTto5TxaHFYxmrrsc0SBFBCwVK6CYKWOhJ6Hjj+6nfmYDSIo6eMEvADdkwEoHgDI3U7aOQPtD2oFK1a/YMdJ04C1IlCzQHlZ++H/M0hAi5ZFr3HDtBN2cKBZdQlPuphoTxMRtCz9CIhaDdfHZvQS+N4tMgVuZFSGfq342chVpnoWcmQ4YjvepNxf+8XorBnZuLKEkRIj4PClJJMabTz1NfKOAoM0MYV8LcSvmIKcbRVLSUMoQ4BFRZUV4OVzApTFnOajXrpF2vOTc1+/G62qgvaiuRc3JBrohDbkmDPJAmaRFOJHkmr+TNerHerQ/rcz66YS12zsgSrK9f3tCgmw==</latexit>

Ṽ
<latexit sha1_base64="1jp2hpaB3yOMmXKy4oHutdIGlqo=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gahmwsbCIYB6QhDA7uZsMmdldZu4GQtifsBP9FzuxtfRXrJwkW5jEAwOHc+7l3Dl+LIVB1/12chubW9s7+d3C3v7B4VHx+KRhokRzqPNIRrrlMwNShFBHgRJasQamfAlNf3Q385tj0EZE4RNOYugqNghFIDhDK7U6KGQf6EOvWHLL7hx0nXgZKZEMtV7xp9OPeKIgRC6ZMW3PjbE7ZRoFl5AWOomBmPERG0Db0pApMN3p/N6UXlilT4NI2xcinat/N6ZMGTNRvp1UDIdm1ZuJ/3ntBIPb7lSEcYIQ8kVQkEiKEZ19nvaFBo5yYgnjWthbKR8yzTjaipZSBhApQD1JC8vhGsapLctbrWadNCpl77rsPl6VqpWstjw5I+fkknjkhlTJPamROuFEkmfySt6cF+fd+XA+F6M5J9s5JUtwvn4BzhigkQ==</latexit>

L̃

<latexit sha1_base64="Ux2FCJVrHS+VyR4n+SgMsxb5q/4=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gahmwsYxiHpCEMDu5mwyZ2V1m7gZC2J+wE/0XO7G19FesnCRbmMQDA4dz7uXcOX4shUHX/XZyG5tb2zv53cLe/sHhUfH4pGGiRHOo80hGuuUzA1KEUEeBElqxBqZ8CU1/dDfzm2PQRkThE05i6Co2CEUgOEMrtTooZB/oY69YcsvuHHSdeBkpkQy1XvGn0494oiBELpkxbc+NsTtlGgWXkBY6iYGY8REbQNvSkCkw3en83pReWKVPg0jbFyKdq383pkwZM1G+nVQMh2bVm4n/ee0Eg9vuVIRxghDyRVCQSIoRnX2e9oUGjnJiCeNa2FspHzLNONqKllIGEClAPUkLy+Eaxqkty1utZp00KmXvuuw+XJWqlay2PDkj5+SSeOSGVMk9qZE64USSZ/JK3pwX5935cD4Xozkn2zklS3C+fgHYIKCX</latexit>

R̃
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Intermezzo - basis representation

• Momentum-space matrix element are cast into partial-wave-decomposed form

14

• Conservation of symmetries: SVDs in each of the different partial-wave channels

• Momentum-space matrix elements conserving center-of-mass momentum
(no spin/isospin for simplicity)

<latexit sha1_base64="AKOh5WAo1OHR+B1q2ln+cBxieuI="></latexit>

h ~k1 ~k2|VNN| ~k3 ~k4i = h~q ~K |VNN|~q0 ~K 0i = �( ~K � ~K 0)h~q|VNN|~q0i

• Coupled channels appear when L ≠ L’ and induce a 2-by-2 block structure

‘Subblock’ approach:
(Perform four SVDs on Vij)

‘Full’ approach:
(Perform single SVD on two-by-two block matrix)

(e.g. deuteron 3S1-3D1 channel)<latexit sha1_base64="n8WrA3meppY0FyzpGzRJJgZqvsg="></latexit>

V =

✓
VLL VLL0

VL0L VL0L0

◆

linear dimension: ~107

<latexit sha1_base64="E7eIR3OzSB3znQIOLIgXkPhU078="></latexit>

hq(LS) J;TMT |VNN|q0(L0S) J;TMT i
linear dimension: ~100 per channel
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Interaction benchmark
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Rapid initial suppression  
of singular values 

(R=5-10 is an excellent approximation)
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Interaction benchmark
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Model I Model I + SRG Model II Model III (local)

Singular spectrum preserved  
by SRG evolution

Similarity renormalization group 
(see Heiko’s talk!)

Size of singular values vs. SVD rank

<latexit sha1_base64="COFH6e+RyEeq4iQKQEHORepfjqk="></latexit>

H(s) = U(s)H U
†(s)
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Interaction benchmark
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different suppression details
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Interaction benchmark
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qualitatively different from model I/II 
(no low-rank decomposition possible!)

Size of singular values vs. SVD rank
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Deuteron calculations

19

• Ground-state energy and wave 
function converge rapidly with 
SVD rank

• Chiral truncation order has no 
impact on the quality of results

• 1%-accuracy threshold reached 
at SVD ranks R=4-6

• Quality of results independent 
of ‘decomposition mode’

subblock vs. full

Deuteron ground-state properties vs. SVD rank
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Many-body applications I - nuclear matter

20

Symmetric nuclear matter vs. SVD rank
• Systematic convergence of 

energy per particle with SVD 
rank: HF and MBPT

• Slightly larger error observed 
with increasing density but 
relative error is constant

• Rank-5 approximation yields 
virtually exact reproduction of 
untruncated calculation
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• Lack of saturation due to 
missing three-nucleon forces 
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Many-body applications II - finite nuclei

21

Large-scale medium-mass calculations vs. SVD rank

• Systematic convergence of 
energy per particle with SVD 
rank: HF and IMSRG(2)

• Sub-percent accuracy at SVD-
rank 5 at both truncation levels

• “SVD converges more slowly” for 
harder interactions

• Potential pathology: unbound 
mean-field solution for separable 
case (rank one)

emax=14, bare, EMN450/500 @ N3LO

• Quality of low-rank SVD 
independent of mass number
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Part II
Advanced tensor formats for 
applications in finite nuclei

Tichai, Schutski, Scuseria, Duguet, PRC 99, 034320 (2019)
Tichai, Ripoche, Duguet, EPJA 55:90 (2019)
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Tensor formats

• Tensor hypercontraction (THC): decoupling only among bra and ket indices

23

• Hybrid tensor format merging central ideas from tSVD and CPD

Hohenstein, Parrish, Martinez, Schutski, Scuseria, …

• Canonical polyadic decomposition (CPD): decoupling of all external indices

<latexit sha1_base64="o2/yc4KEJ/jJOFSWdk2i9AkLUnI="></latexit>

T̃k1k2k3k4 =
RTHCX

��
X1
k1�

X2
k2�

W��X3
k3�

X4
k4�

core tensor

<latexit sha1_base64="UB9HY4SeEAqRS7TvskGU2AoQhmk="></latexit>

T̃k1k2k3k4 =
RCPDX
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k1�

X2
k2�

X3
k3�

X4
k4�

• CPD naturally extends to higher modes but is computationally demanding
<latexit sha1_base64="r6fcJPe4zdFm2waaILzF5Vp8OBk="></latexit>

O(Nd�1 · RCPD · niter)
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How to obtain the THC format
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T

Reshaping
T

tSVD

Reshaping

CPD

one-body line

two-body line

CPD rank line

SVD rank line

SVD collapse

final THC format

implicitly depends  
on tSVD rank 
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Intermezzo - basis representation

• Full single-particle basis states as eigenstates of one-body operator
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<latexit sha1_base64="Acd+bw7xRIFeleFSUboTt1hI0D4="></latexit>

|ki ⌘ |nk(�ksk)jkmjk tki

• Introduce spherical state via reduced index without angular-momentum projection 
<latexit sha1_base64="X9Vj5cs8OPgRBT3c6goao+48lW0="></latexit>

|k̃i ⌘ |nk(�ksk)jktki

• Employ angular-momentum coupling to obtain eigenstates of J2 operator
<latexit sha1_base64="z1j4XvhXUl9Ek9h1xGaoDC++SBg="></latexit>

|k̃1k̃2(JM)i ⌘
X

mk1mk2

Å
jk1 jk2 J
mk1 mk2 M

ã
|k1k2i

<latexit sha1_base64="7d2DVxoYP0KgGjBPdDvPRiPTo5Y="></latexit>

hk̃1k̃2 J|Õ|k̃3k̃4 Ji =
X

mk1 ...mk4

ōk1k2k3k4
Å
jk1 jk2 J
mk1 mk2 M

ãÅ
jk3 jk4 J
mk3 mk4 M

ã
• Final matrix elements are stored in angular-momentum-coupled form

m-scheme  
matrix elements

J-scheme 
matrix elements

Clebsch-Gordan  
coefficients
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THC results

• Fast convergence for most channels
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THC decomposition of matrix elements in HF basis

Tichai, Schutski, Scuseria, Duguet, PRC 99, 034320

• Intermediate values of two-body 
angular moment converge slower

• Rapid decrease of decomposition 
error near critical rank

• Computationally cheaper than CPD

<latexit sha1_base64="ukurBCc9Sr0d/Cj6nmBit7JvCNc="></latexit>

hk̃1k̃2 J|Hintr.|k̃3k̃4 Ji

Next step:
Test impact of THC  

on observables!
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Energy denominators

• Analytical CPD factorization can be obtained via inverse Laplace transform
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<latexit sha1_base64="8BeiOx0VRtNUZu/p/GLAOHqHLMQ="></latexit>

D�b�j =
1

�� + �b � �� � �j

• Perturbation theory expressions naturally involve energy denominators

<latexit sha1_base64="1DR8E0PfttejMwGCMuDF5YMh4Yw="></latexit>

D�b�j =
Z �

0
e�t(��+�b�����j)dt

• Extension to higher-mode tensors can be done in the same way

• Integration with very high precision using constant (system-independent) mesh size

• Decomposition factors are obtained via numerical quadrature

<latexit sha1_base64="ANucs/IFZw+Yib+JmUp0j0oYYx8="></latexit>

D̃�b�j =
X

s
��s�bs�s��s�js Braess, Hackbusch,  

IMA J. Numer. Anal. 25, 685 (2005)
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THC-factorized MP2

• Simple MP2 tensor network replaced by more complicated factorized topology
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FIG. 10. (Color online) Data compression factor RC reached by the THC decomposition of the nuclear Hamiltonian. Calculations
are performed in an emax = 4 single-particle space with a chiral Hamiltonian expressed in the HF basis and including the 3N
interaction in the NO2B approximation. Left panel: the THC decomposition is performed using the same rank in all J blocks.
Right channel: the THC decomposition is performed using the same error in all J blocks.
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FIG. 11. Tensor network of the second-order energy equation in its original (left) and factorized (right) forms. Objects in green
correspond to the THC factors of the intrinsic Hamiltonian whereas objects in blue correspond to the CPD factors generated
from the inverse Laplace transform of the energy denominators.

IV. GROUND-STATE ENERGIES

To benchmark the performance of tensor-decomposed
tensors in many-body calculations, second-order MBPT
calculations of closed-shell nuclei are performed as a sim-
ple testbed.

A. Second-order many-body perturbation theory

The central quantity of present interest is the second-
order (Rayleigh-Schrödinger) MBPT correction to the
ground-state energy obtained from the so-called Møller-
Plesset partitioning [44, 45]

E
(2) = ≠1

4
ÿ

abij

HabijHijab

‘a + ‘b ≠ ‘i ≠ ‘j
, (19)

where roman labels a, b and i, j denote particle and hole
states, i.e., single-particle states that are unoccupied and
occupied in the HF reference Slater determinant, respec-
tively. Furthermore, ‘k refers to HF single-particle ener-

gies. Equation (19) is the leading correction providing
the bulk part of dynamic correlation e�ects in closed-shell
nuclei when starting from SRG-evolved chiral Hamiltoni-
ans [7, 40].

Making use of angular-momentum coupling techniques,
Eq. (19) is rewritten under the working form

E
(2) = ≠1

4
ÿ

J

Ĵ
2

ÿ

ãb̃ı̃ä̃

H
J
ãb̃ı̃ä̃

H
J
ı̃ä̃ãb̃

‘ã + ‘b̃ ≠ ‘ı̃ ≠ ‘ä̃
, (20)

where x̂ ©
Ô

2x + 1 [46]. Working with a spherically-
restricted HF solution, single-particle energies are m-
independent, i.e., ‘p̃ = ‘p.

The computational complexity of a many-body frame-
work is related to the number of internal summations
required to evaluate the contractions between the tensors.
Second-order HF-MBPT involves two particle and two
hole summations, i.e.

E
(2) ≥ n

2
p n

2
h , (21)

where np and nh denotes the number of particle and hole
states, respectively. Without distinguishing them, second-

Conventional formulation 
(3 tensors)

Factorized formulation 
(14 tensors)

• General feature: factorized many-body frameworks becomes more complicated

Extension to non-perturbative method non-trivial!
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THC-MP2 results

• Improved accuracy of correlation energy for higher decomposition ranks
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FIG. 12. (Color online) Relative error �E
(2) of the tensor-decomposed second-order ground-state energy correction for 4He,

16O and 40Ca. Calculations are performed in an emax = 4 single-particle space with a chiral Hamiltonian expressed in the HF
basis and including the 3N interaction in the NO2B approximation. Left panel: the THC decomposition is performed using the
same rank in all J blocks. Right channel: the THC decomposition is performed using the same error in all J blocks.

for an accuracy of ‘ = 10≠1 according to Tab. I. This is
worse than the naive O(N4) scaling of the original second-
order correction. However, the aim of the present work is
not to derive a low-scaling approximation of an already
low-cost many-body method but rather to benchmark
the propagation of the decomposition error of many-body
tensors on nuclear observables (see Sec. IV D below). One
has to move to more expensive methods to begin with
to generate a reduction of the numerical scaling. In
this context, it was of example claimed that third-order
MBPT can be carried out in O(N4) instead of the usual
O(N6) when using a THC-decomposed electron repul-
sion tensor [2]12. This analysis is not presently carried
out since the J-coupled third-order formulas require an
angular-momentum recoupling of the particle-hole dia-
gram that is incompatible with the standard coupling
order of J-coupled matrix elements. This will require an
analysis of the THC ansatz for Pandya-transformed [48],
i.e. particle-hole-recoupled, matrix elements.

D. Results

To measure the impact of the tensor factorization, the
relative error on the second-order energy correction is
introduced

�E
(2) ©

--E(2)
THC ≠ E

(2)
--

--E(2)
-- , (29)

which goes to zero in the limit of an exact THC decom-
position. Because of the highly-accurate decomposition
of the analytically known tensor D in MBPT(2), the er-
ror presently propagates entirely from the approximation

12 In the cited paper there is no discussion on the scaling of the THC
rank as a function of single-particle basis size. We expect that
the authors assume a linear dependence rTHC ≥ N . Additionally,
it is to be noted that a di�erent approach was used to obtain the
THC factors involving density-fitting techniques.

made on the Hamiltonian tensor. Figure IV C displays
�E

(2) as a function of the THC decomposition error
for doubly closed-shell nuclei 4He, 16O and 40Ca. The
Hamiltonian tensor is the same as the one employed in
Secs. III C and III E.

The right panel of Fig. IV C displays �E
(2) as a func-

tion of the error ‘ on the Hamiltonian tensor introduced
in Sec. III E. A global trend is visible such that lower
values of ‘ yield lower �E

(2). However, this behaviour is
non-monotonic since a better global approximation of the
Hamiltonian might still lead to larger deviations on the
level of individual tensor entries, which might eventually
a�ect the value of �E

(2). One futher observes that 4He
displays 100% error all the way down to ‘ = 0.3 before
dropping abruptely to catch up with the smoother curves
obtained for 16O and 40Ca. This peculiar behavior relates
to the anomalously low correlation energy per particle in
this very light and tightly bound system [40]. Because
our focus is on mid- and heavy-mass nuclei, the particular
behavior observed for 4He is ignored when drawing gen-
eral conclusions below. Eventually, a THC approximation
error of ‘ ¥ 10≠1 is su�cient to obtain �E

(2) ¥ 10≠2

for the three nuclei under consideration. Therefore, even
though the matrix elements are only approximated to
an accuracy of 10≠1, the precision on the observable of
interest is one order of magnitude better. Even a quite
crude approximation on the matrix elements thus yields
an accuracy that is good enough to perform precision stud-
ies. Further decreasing the THC error to ‘ ¥ 5 ◊ 10≠2,
accuracies of up �E

(2) ¥ 10≠3 can be reached.
The left panel of Fig. IV C displays �E

(2) as a function
of the common rank rTHC defined in Sec. III E. While the
general behavior is similar to the right panel, the trend
is more monotonic. Eventually, a common THC rank
rTHC ¥ N

1.8 is su�cient to obtain �E
(2) ¥ 10≠2 for the

three nuclei under consideration.
In order to combine the informations provided in

Figs. 10 and IV C, the correlation between �E
(2) and RC

is displayed in Fig. IV D for both 16O and 40Ca. A clear
correlation is observed, thus confirming the expectation
that a compromise must be made between the needed

Error of MP2 as function of THC rank

• Monotonic behaviour sometimes broken and decomposition in 4He induces jumps

~1% error on E0
(for soft interaction)

• Correlation error vanishes when approaching the critical THC rank of RTHC = N2

Tichai, Schutski, Scuseria, Duguet, PRC 99, 034320

Modelspace:
5 oscillator shells 

140 basis functions
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Compression rates

• General trend: higher precision corresponds to lower compression rates
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FIG. 13. (Color online) Relative error �E
(2) of the tensor-decomposed second-order ground-state energy correction against

data compression factor RC for 16O and 40Ca. Calculations are performed in an emax = 4 single-particle space with a chiral
Hamiltonian expressed in the HF basis and including the 3N interaction in the NO2B approximation. Full (empty) symbols are
obtained by setting the THC approximation of the Hamiltonian tensor through ‘ (rTHC). The grey area indicates the region of
sub-percent accuracy on the second-order ground-state correlation energy.

accuracy and the data compression that can be reached.
Furthermore, the correlation does not depend decisively
on the variable used to set the approximation on the
Hamiltonian tensor. Eventually, a sub-percent accuracy
is typically reached while reducing the input data by one
order of magnitude. While this number is presently ob-
tained in a small single-particle model space, we expect
the data compression achieved for a given accuracy on
the observable to increase significantly with emax.

V. DISCUSSION

We conclude with a last set of comments

1. Applications presented in this work are restricted
to angular-momentum-coupled matrix elements in
a symmetry-adapted single-particle basis. Recently,
it was shown that the use of a Bogoliubov reference
state breaking U(1) symmetry in Gorkov SCGF [13],
Bogoliubov CC [16] and Bogoliubov MBPT [21, 22]
is highly beneficial to account for static correla-
tion e�ects in open-shell superfluid nuclei while still
resorting to single-reference methods. While it is
of strong interest to extend tensor factorizations
to such frameworks it remains yet to be seen how
the Hamiltonian matrix elements expressed in the
symmetry-broken quasi-particle basis authorize e�-
cient low-rank decompositions. In particular, while
an e�cient THC was presently shown to heavily rely
on a natural grouping of indices, no such natural
grouping exists for matrix elements in the quasi-
particle basis. While the first tests in open-shell
oxygen isotopes do not reveal such issues [49], the
analysis needs to be performed systematically. This
work is under way.

2. Appendix A briefly discusses that the THC decom-
position of the HF matrix elements can be obtained
by either performing the THC decomposition on

the interaction tensor represented in the HF basis
or by convoluting the THC factors of the interac-
tion tensor generated in the HO basis with the HF
expansion coe�cients. Of course, the second option
is highly preferable given that it is universal, i.e.,
it relies on a system-independent factorization of
the Hamiltonian that can be performed once for
a chosen emax and from which nucleus-dependent
quantities can be obtained via a basis transforma-
tion whenever necessary. However, the two steps of
(i) decomposing the tensor and (ii) basis transforma-
tion are non-commutative in principle given that the
approximation on the Hamiltonian tensor can influ-
ence the results of the HF calculation. Therefore,
it is not guaranteed that the same decomposition
error is achieved in both cases. The comparison of
both approaches needs to be investigated whenever
the factorization of the mode-6 tensor associated to
the 3N interaction becomes possible.

3. Results obtained in this paper reveals higher THC
ranks for the nuclear Hamiltonian tensor than for
the electron repulsion tensor in quantum chemistry.
While not necessarily surprising given the di�er-
ent nature of the interactions under consideration,
the di�erence regarding the e�ciency of the tensor
decomposition is believed to be mainly driven by
the coupling scheme employed. While the electron-
electron repulsion tensor is stored in an ’m-scheme
analogue’, the nuclear interaction is processed in
J-coupled or JT -coupled schemes. This prepro-
cessing of symmetry properties lowers the (relative)
number of non-zero entries in the tensor, which
eventually leaves less redundancies to exploit in the
factorization. Correspondingly, it is of interest to
benchmark the THC decomposition on m-scheme
matrix elements in the near future. This will any-
way be necessary to employ tensor-decomposition
techniques in many-body methods allowing for the
breaking (and the restoration) of SU(2) symmetry

Correlation between MP2 error and compression rate

<latexit sha1_base64="4mLsWF3sHTgnx0OpK6am3h7DMiQ="></latexit>

RC =
full storage

compressed storage

‘physical’ accuracy

• Significant compression rates obtained in high-precision regime (ΔE < 1%)

Modelspace:
5 oscillator shells 

140 basis functions

• Much larger compression rates expected in large model spaces
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Conclusions

31

• Novel exciting tool to lower computational resources in many-body theory

Tensor decompositions

• Tensor formats can easily adapt to various situations/symmetries

• First applications show promising performance in nuclear physics

Future work

• Implementation of large-scale codes to reach larger model spaces

• Adaption of many-body toolchain to factorized tensor representations 

• Development of new tensor formats specific to nuclear theory applications

• Novel exciting tool to lower computational resources in nuclear theory
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