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Key Directions for Nuclear Physics

• Limits of nuclear existence

• Evolution of nuclear structure towards the drip lines

• Nucleosynthesis in stellar (or cosmic) environments

• Tests of fundamental symmetries 

[from
 J. Erler et al., Nature 486, 509 (2012)]

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.
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Progress in Ab Initio Calculations
HH, Front. Phys. 8, 379 (2020)

 Nuclear interactions are                        
a large source of poorly quantified 

uncertainty
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The Nuclear Many-Body Problem in a Nutshell

• non-relativistic many-body Schrödinger equation

• this talk: configuration space methods 

• nuclei are compact, self-bound objects

• rotational symmetry

• translational (& boost) symmetry: at least need 
decoupling of intrinsic and center-of-mass d.o.f.

• Hamiltonian: low-energy QCD

• (approximate) chiral symmetry

• neutrons & protons interact via pion exchange (and 
contact interactions)

• composite, effective degrees of freedom: 3N, … forces 
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting

Interactions from Chiral EFT

• organization in powers                allows systematic improvement

• low-energy constants fit to NN, 3N data (future: from Lattice QCD (?))

• consistent NN, 3N, ... interactions & operators (electroweak 

transitions!) 

[figure by H. Krebs]
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The Similarity Renormalization Group

Review:  
S. Bogner, R. Furnstahl, and A. Schwenk, Prog. Part. Nucl. Phys. 65, 94 (2010)


E. Anderson, S. Bogner, R. Furnstahl, and R. Perry, Phys. Rev. C 82, 054001 (2011)

E. Jurgenson, P. Navratil, and R. Furnstahl, Phys. Rev. C 83, 034301 (2011)

R. Roth, S. Reinhardt, and H. H., Phys. Rev. C 77, 064003  (2008)

H. H. and R. Roth, Phys. Rev. C 75, 051001 (2007)
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SRG in a Nutshell

• flow equation for Hamiltonian                                : 

• choose         to achieve desired behavior, e.g.,

to suppress (suitably defined) off-diagonal Hamiltonian

• consistent evolution for all observables of interest

Basic Idea
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis
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Operator Bases for the RG Flow

• choose a basis of  operators  to represent the flow 
(make an educated guess about physics):

{Oi}i∈ℕ

H(s) ≡ ∑
i

h i(s)Oi , η(s) ≡ ∑
i

ηi(s)Oi .

• close algebra by truncating induced terms (if necessary)

[Oi , Ok] = ∑ ciklOl + …

• flow equations for the coefficient (coupling constants):
dh i

ds
= ∑

k
fik(h , η) Ok
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chiral NN + 3N

N3LO + N2LO  (3H fit)

SRG in Three-Body Space
SRG Evolution in Three-Body Space

chiral NN+3N
N3LO + N2LO, triton-fit, 500 MeV
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[figures by R. Roth, A. Calci, J. Langhammer]
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SRG in Three-Body Space
SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space

α = 0.020 fm4

Λ = 2.66 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
(E, )

28

26

24

22

20

18

↓
E′

↓

0

.

(E
′ ,
′
)

NCSM ground state 3H

0 2 4 6 8 101214161820
Nmx

-8

-6

-4

-2

0

2

.

E
[M

e
V
]

22

SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space

α = 0.020 fm4

Λ = 2.66 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
(E, )

28

26

24

22

20

18

↓
E′

↓

0

.

(E
′ ,
′
)

NCSM ground state 3H

0 2 4 6 8 101214161820
Nmx

-8

-6

-4

-2

0

2

.

E
[M

e
V
]

22

SRG Evolution in Three-Body Space

α = 0.040 fm4

Λ = 2.24 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
(E, )

28

26

24

22

20

18

↓
E′

↓

0

.

(E
′ ,
′
)

NCSM ground state 3H

0 2 4 6 8 101214161820
Nmx

-8

-6

-4

-2

0

2

.

E
[M

e
V
]

23

SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
(E, )

28

26

24

22

20

18

↓
E′

↓

0

.

(E
′ ,
′
)

NCSM ground state 3H

0 2 4 6 8 101214161820
Nmx

-8

-6

-4

-2

0

2

.

E
[M

e
V
]

26

3H ground-state (NCSM)

λ =  1.33 fm-1

suppression of 

off-diagonal coupling 
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[figures by R. Roth, A. Calci, J. Langhammer]
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Transforming the Hamiltonian

• reference state: single Slater 
determinant

�
�
⇤⇤�

⇤⇤�
⇥

excitations relative 

to reference state:

normal-ordering
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a,b, . . . : � > �F

i, j, . . . : � � �F

p,q, . . . : full basis
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations

⇥⇥Ǫ
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Flow Equation

d
dsH(s) =

�
�(s),H(s)

�
, e.g., �(s) �

�
Hd(s),Hod(s)

�

/VK
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Flow Equation

d
dsH(s) =

�
�(s),H(s)

�
, e.g., �(s) �

�
Hd(s),Hod(s)

�

/VK

Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling
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Decoupling

off-diagonal couplings 
are rapidly driven to zero
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non-perturbative 
resummation of MBPT series 

(correlations)
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• absorb correlations into RG-improved Hamiltonian

• reference state is ansatz for transformed, less correlated 
eigenstate:
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Decoupling
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)
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Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.



Selected Results
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IMSRG-Improved HF and PHFB

HF / PHFB 
define


reference

IMSRG 
evolve


operators

HF / PHFB 
extract


observables

• closed shell: HF Slater determinant

• open shell: number-projected HFB state

• evolve Hamiltonian and observables with  
MR-IMSRG


• decoupling in A-body space

• calculation is trivial, energy can be directly 
read off the evolved Hamiltonian
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Consistent Ground-State Energies

consistent ground-state energies for the same interaction 
(and comparable Lattice EFT action)

�� �� �� �� �� �� �� �� ��
-���
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-���

-��

-��

-��
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]

IT-NCSM
MR-IMSRG(2)
VS-IMSRG(2)
CCSD
Λ-CCSD(T)
ADC(3)
Lattice EFT

HH, Front. Phys. 8, 379 (2020)
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Valence-Space IMSRG

HF 
define


reference

IMSRG 
evolve


operators

Valence CI 
extract


observables

•  defines meaning of P (=valence) and 
Q(=core + non-valence excitation) spaces

• evolve Hamiltonian and observables

• decouple P and Q spaces

• determines core part of w.f.

• determines valence part of w.f.
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Consistent Ground-State Energies
S. R. Stroberg, A. Calci, HH, J. D. Holt, S. K.Bogner, R. Roth, A. Schwenk, PRL 118, 032502 (2017)
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Transitions
N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324

• B(E2) much too small: missing collectivity due to 
intermediate 3p3h, … states that are truncated in IMSRG 
evolution (static correlation)

N. M. PARZUCHOWSKI et al. PHYSICAL REVIEW C 96 , 034324 (2017)

FIG. 6. Convergence of the first 2+ excitation energy and B(E2)
(in e2 fm4) to ground state of 14C. VS- and EOM-IMSRG methods
[columns (b) and (c) respectively] are compared with NCSM [column
(a)] and experiment [78].

converged values. Hence the utility of the IMSRG:
For light nuclei such as 14C, convergence is obtainable
without extrapolation, and for heavier nuclei, we expect to
be able to identify convergence trends clearly enough to make
extrapolation procedures relatively painless compared to the
prohibitively large uncertainties one would incur when exact
methods such as NCSM are used. Of course, the effect of the
additional NO2B approximation must be fully investigated.

As a final test in the p shell, we analyze the isobaric
neighbor nucleus 14N. Here the EOM-IMSRG requires the use
of a charge-exchange formalism, i.e., ladder operators which
exchange one neutron for a proton. Figure 7 displays the 01

+

FIG. 7. Convergence of 01
+ excitation energy, B(M1) (in µ2

N ) to
ground state, and magnetic dipole moment of 14N. VS- and EOM-
IMSRG methods [columns (b) and (c) respectively] are compared
with NCSM [column (a)] and experiment [77,83].

FIG. 8. Results of EOM-IMSRG(2,2) and VS-IMSRG(2) calcu-
lations of the 21

+ excitation energy (a), and the B(E2; 21
+ → 01

+)
value (b) for several closed-shell nuclei in the sdand pf shells. Due
to experimental values that vary by several orders of magnitude, the
B(E2) values are scaled such that experiment is unity. Computations
are performed at h̄ω = 20 MeV and emax = 12. Experimental results
are taken from [78].

excitation energy for 14N, the ground-state magnetic dipole
moment, and the M1 transition strengths B(M1; 01

+ → 11
+)

and B(M1; 12
+ → 01

+). The agreement among methods is
moderate, with the exception of the transition B(M1; 01

+ →
11

+) to the ground state. We note that this relatively weak
transition, which is an analog of the Gamow-Teller β decay
of 14C, was found to result from a subtle cancellation between
various contributions [62,84], so that small errors on an
absolute scale appear large on a relative scale. Regardless,
the disagreement between VS-IMSRG and EOM-IMSRG will
be investigated in the future.

D. sd and f p shell systems

Ultimately, the power of IMSRG approaches to excited
states and effective operators will be the ability to describe
these properties in medium- to heavy-mass regions where
exact methods are not computationally tractable. In this section
we investigate the quality of these calculations for several
medium-mass nuclei, again using the electric quadrupole and
magnetic dipole operators as case studies.

1. Electric quadrupole observables

Figure 8 displays the first 2+ excitation energies and
B(E2; 21

+ → 01
+) strengths for several nuclei in the sdand

pf shells. We find excellent convergence properties, as we did
in the p shell, and we see reasonable agreement with experi-
ment for the excitation energies. However, transition strengths
are generally underpredicted by an order of magnitude. These
results are strikingly consistent between the two methods. A
tentative explanation for the diminished strength in 22O and
48Ca is provided by the lack of valence protons. In order to
describe the transition in these nuclei, valence neutrons must be
dressed consistently as quasineutrons possessing an effective
charge.

034324-8
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In-Medium GCM
J. M. Yao, et al., PRC 98, 054311 (2018),  PRL 124,  232501 (2020)

GCM 
define


reference

IMSRG 
evolve


operators

GCM 
extract


observables

• no-core (or valence space) GCM 
calculation to prepare reference state

• evolve Hamiltonian and observables with  
MR-IMSRG


• decoupling in A-body space

• no-core GCM calculation using evolved 
Hamiltonian


• calculate GCM wave functions, observables
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Collectivity in  Magnesium Isotopes

• improved B(E2) values compared to plain GCM or VS-IMSRG

• dynamical and static correlations included

• induced 2B quadrupole operator small in IM-GCM but dominant 
in VS-IMSRG

• GCM reference equips IMSRG operator basis with capability to 
capture collectivity

Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.
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J. M. Yao, HH, in preparation
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Testing Fundamental Symmetries
“Standard” Double Beta Decay

>�

>�

L�

L�

�̄L

�̄L

• neutrinos are Dirac particles 


• Standard Model valid

Neutrinoless Double Beta Decay

>�

>�

L�

L�

�L(= �̄L)

• neutrinos are Majorana 
particles 


• beyond Standard Model: 
new physics
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 Decay of 48Ca0νββ

• consistency between IM-GCM and IM-NCSM

• nuclear matrix element insensitive to spread of spectrum

• “lore” based on phenomenological interactions may be 
misleading (scale/scheme dependence)
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101

138

125

201

IMSRG+GCM IMSRG+NCSM48Ti

EM1.8/2.0, h̄Ω = 16 MeV
J. M. Yao et al., PRL 124,  232501 (2020); PRC 103, 014315 (2021)



Application: 0⌫�� from 48Ca to 48Ti (preliminary results)

The value from Markov-chain
Monte-Carlo extrapolation is
M0⌫ = 0.61+0.05

�0.05
The neutron-proton isoscalar pairing
fluctuation quenches ⇠17% further,
which might be canceled out partially
by the isovector pairing fluctuation.

J. M. Yao FRIB/MSU Ab initio calculation of deformed nuclei 26 / 33
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 Decay of 48Ca0νββ

• NME consistent with VS-IMSRG and CC results                                        
(A. Belley et al., PRL 126, 042502, S. Novario et al., arXiv:2008:09696) 

• only weak correlation with B(E2)

• 76Ge and heavier candidates in progress

J. M. Yao et al., PRL 124,  232501 (2020); PRC 103, 014315 (2021)

not the full  
story yet: improve IMSRG 

truncations, additional GCM 
correlations, include 


currents, … 



Interfaces with Tensor Networks
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Control Problem Growth

• “obvious” operator basis for many-body problems:

{Opq , Opqrs , Opqrstu , …} ≡ {a†
paq , a†

pa†
qasar , a†

pa†
qa†

r au atas , …}

• state of the art: O(108) operators & coupling coefficients, 
next-level: O(1012) or even more  

• normal ordering “informs” the operator basis of physics, but 
doesn’t change its size

• in contrast: O(10) interaction operators (even with 3N), 
O(100) particles - there must be lots of redundancy 

➡  principal component analysis & tensor factorization 

see talk by

A. Tichai
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IMSRG Hybrid Approaches

• VS-IMSRG                                                   
[review: S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. 
Rev. Nucl. Part. Sci 69, 307 (2019)]

• IM-NCSM                                                  
[E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503; 
with R. Roth, T. Mongolia, R. Wirth…]

• unbiased 

• active-space CI / FCI: exponential 
scaling

• IM-GCM 

• requires very few states (O(10)-O(100))

• biased selection of configurations and 
generator coordinates

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables
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Density Matrix Renormalization Group

• How about IM-DMRG (or IMSRG + other 
tensor network methods)?


• aka Canonical Transformation Theory 
+ DMRG                                                     
[S. White, JCP 117, 7472; Yanai et al. JCP 124, 
194106; JCP 127, 104107; JCP 132, 024105]


• Efficient and unbiased ?

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables
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DMRG in Nuclear Physics

• valence-space / active space DMRG

• based on empirical interactions (= low-resolution)

• issues: mapping of orbitals to 1D chain, implementation 
of symmetries                                                         
[Papenbrock & Dean, JPG 31, S1377 (2004); Thakur et al., PRC 78, 041303]

• recent advances: better accounting for entanglement      
[Legeza et al., PRC 02, 051303; Kruppa et al., JPG 48, 025107]

• inclusion of continuum possible via Gamow-DMRG                         
[J. Rotureau et al., PRC 79, 014304; K. Fossez et al., PRC 98, 061302 and 
arXiv:2105.05287]

• ab initio No-Core Gamow Shell Model / DMRG based on 
RG-evolved two-nucleon interactions [J. Rotureau et al.]

• slow convergence an issue beyond mass A=8-10



H. Hergert - INT Program 21-1c, “Tensor Networks in Many Body and Quantum Field Theory”, May 20, 2021

IMSRG as a Disentangler

• IMSRG maps interacting ground state to reference state 
(here, a Slater determinant) 


• eigenstates with similar structure (fully paired) are mapped 
onto Slater determinants by the same transformation

S= − Tr ρ(1) ln ρ(1)

[figures by J. Davison]

Pre
l im

ina
r y
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IMSRG as a Disentangler

• ground-state mapping still successful for more “complex” 
Hamiltonian (pairing plus pair-breaking)

S= − Tr ρ(1) ln ρ(1)

[figures by J. Davison]
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Prospects & Opportunities

• IM-DMRG [with K. Fossez and J. Rotureau]

• entanglement-based generators for the IMSRG ?

• need to translate entanglement from wave function 
property into operator property, e.g., entangling power       
[see, e.g., Zanardi et al., PRA 62, 030301; Beane & Farrell, arXiv:2011.01278] 

• derive effective (no-core, active-space, schematic) 
Hamiltonians using SRG and IMSRG flows

• e.g., Coulomb: free-space SRG has little effect, but 
IMSRG decoupling of active space might
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Prospects & Opportunities

• Could (IM)SRG transformations be used as disentanglers 
in tensor networks?

• Computational cost benefits compared to variational 
optimization?

• Tensor network structure of the IMSRG transformation / 
wave function ?|Ψ⟩ = U(s) |Φref⟩

• relation with tensor networks, e.g., (c)MERA            
[Haegemann et al., PRL 100, 100402], …

• Unitary neural networks?

• And probably many more… I’m happy to discuss!
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