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Dyson-Schwinger Equations: EoM of Green functions

Classical Mechanics

Quantum Field Theory

Principle of Least Action
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Eauations of Motion (EoM)

Euler-Lagrange Equation

Dyson-Schwinger Equation
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4+ Complicated integral equations
4+ Coupled tower of all equations



N
Dyson-Schwinger Equations: Equations for hadron properties

1. One-body gap equation:

» Gluon propagator

Quark-gluon vertex

4-point scattering kernel

3. Form factor equations:

/é\ ............. » 6-point Green function

2R, F(Q%) = /O< G(fi)....i/\-@:-\"-"




Dyson-Schwinger Equations: The simplest approximation
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Rainbow diagrams of quark propagator: I (k, p) =
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Ladder diagrams of 4-point Green function:
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Dyson-Schwinger Equations: Failures of the simplest approximation

1.6 \
4+ Heavy ground states: light, (4| % POG .
e.g., rho-as mass splitting; _ "
> *
9' 1.2 7
= | ,
@ 1.0 .
= | ,
0.8+ * -
. " [ . 0-6 ‘ | ‘I ‘I
4+ Radial excitation states: light, P a n P
e.g., pion’, rho’, excited baryons; 2071 O A
1.8 -
> 16" B - -
L - — 'S J
% 14— o -
72 - L 2 'S *
S 12, -~ .
4 Hadron spectrum: systematically 100 |
wrong ordering and magnitudes. 08 | | | | | | ]
N(21)+ (2\7)~ (2\3)1- (2§)' 4(2§)+ 4(2§)‘ 4(21)+ 4(2\7)‘



Rainbow-Ladder (Impulsion)

|. DCSB in quark-gluon vertex

Il. Symmetries of the kernels

[Il. Current conservation in FF




I. DCSB in quark-gluon vertex: Ward-Green-Takahashi ldentities

Gravitational
Force on M
....... due to m1

----- :i@
o F2

Gravitational

Force on M
due to mz2

Resultant gravitational Force on M

[Ty q) Jap = {VusPus@u} X {1, ¥+, V- q, 0pg}

4+ The WGTIs express the curls and
divergences of the vertices.

4+ The WGTls of the vertices in
different channels couple together.

4 The WGTIs involve contributions

from high-order Green functions.

0 Gauge symmetry: vector WGTI

igu Ty (k,q) = §7 (k) — S-l(p)\

Q Chiral symmetry: axial-vector WGT,

V-

q, T4 (k,q) = 87 (k)iys + iy (p) — 2émT's (k, )

0 Lorentz symmetry + : transverse WGTls
- - VXxo

4Tu(k0) ~ 6 Tu(kp) = S Do +owS K 4

+ 2iémI,, (k,p) + t>‘e,\,,,,pI‘,‘;1 (k,p)

+ A;Yv(kap) ]

.04 (k,p) — . T4 (k,p) = S~ (p)ofs — 05 S (K)
+ tz\ez\;wpI‘p (kap)
+ V#f}/ (k,p), UZV = Ows

He, PRD, 80, 016004 (2009)



I. DCSB in quark-gluon vertex: Solution of WGTIs Qi et o, PLB 722, 364 (2013)

4 Defining proper .projection tensors and Quilu k. p) =S~ (k) — S~ (p).
contract them with the transverse WGTIs, e -
one can decouple the WGTIs and obtain q-tt-I'(k,p) =Ty, [ST (R0, — 0, ST (K]
a group of equations for the vector vertex: +t%q- T'(k.p) + T}, Vi, (k. p),
TI}V = %EauVﬂtaqﬂID, T;%V = %EaMVﬂ’YaQﬂ . q-ty-r'k.p)= Tz"[s_l(p)agv o agl’s—l(k)]

+y-tq-T'k,p)+ T, Vi, k. p).

4+ It is a group of full-determinant linear equations and a unique solution:
PEull(k’p) = FEC (k,p) + FE (k,p) + FEP (k,p)

4 The quark propagator contributes to the longitudinal and transverse parts. The DCSB
terms are highlighted. |

0 A+ B

A
FEC(kap) = Yu2a + tufTA 2¢<x,y)=%[¢<x>+¢<y)],

PX) — )

AA AA Ap(x,y) = X—y .
T _ T 2 T T
Fu(k,p)—+%q - — (uld 1 =2t4) -~ AT x, 1

q2

4 The unknown high-order terms contribute to the transverse part, i.e., the longitudinal
part has been completely determined by the quark propagator.



I. DCSB in quark-gluon vertex: Summary

€ The Lagrangian symmetries are able to constrain structures of the fermion—
gauge-boson vertex, and even determine some structures uniquely.

€ DCSB reshapes the appearance of the vertex, dramatically. This must result in
remarkable consequences in observables.
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Il. Symmetries of the kernels: Discrete symmetries
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4+ Permutation:  £K(gs,ks) = K* (s, k) = K (k+,97) @ K (k+,45)
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4+ Charge-conjugation:  CK(gs,ks) = K(g+,ks) = C Kf (<k+,—¢+)" C' @ C Kjy(—ks,—g:)T C*

(X?Z|K|Xj>: Xi ’=©< K >©= X3 =(5¢j

4 P and T symmetries:  PK(gs,ks) = K(qs, k+) = P K4 (qs, k+) P! ® P Ky (qu, ks) P

K=1®1 + ’)’5®’)’5 + 1®’)’5 5®1

Lorentz covariance guarantees CPT-symmetry; T-symmetry is obtained for free.
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Il. Symmetries of the kernels: Continuous symmetries

In the chiral limit, the color-singlet axial-vector WGTI (chiral symmetry) is written as

P
P,Tsu(k, P) =571 (k + g) iys +iv5 5! (k - 5)

Assuming DCSB, i.e., the mass function is generated, we have the following identity

lim P, T's,,(k, P) = 2ivs B(k") # 0

The axial-vector vertex must involve a pseudo scalar pole (Goldstone theorem)

2i7s f B (k)P P _
Py (k,0) ~ 2057 pz( Pu = f»Er(K*) = B(K*)

Assuming there is a radially excited pion, its decay constant vanishes

. 2iv5 fr, Er, (k, P) P,
P211>IJI\1/I2 F5#(k7 P) ~ P2 1 M2 < 00 f1rn =0

DCSB means much more than massless pseudo-scalar meson.

12



Il. Symmetries of the kernels: Continuous symmetries

The Bethe-Salpeter equation and the quark gap equation are written as

Tk, P)|= 2+ / Kk, 42)aar 5[5 (@ T (¢, P)S(a-V]arsr,

S~k Dy (k w3 (q, k),
B)=5"0+ |

The colorisinglet axial-vector and vector WGTls are written as

P.Ts,(k, P) + 2imDs (k, P) =S~
S-

iP, I, (k,P)

Yk )iys +iysS~H(k— )
Hky) = STH(E).

The kernel satisfies the following WGTIs: quark propagator + quark-gluon vertex

[ Koo s (S(an)ls™ ) - Vs = / Dy (I Py (g k) — S(q_)To(a—. ko),

/ Koot 3518 (@)[S™ (@ )7s + 15571 Vo = / Dy (k P (g k)15 — 758(q-) T (g k).

o 13



Il. Symmetries of the kernels: Continuous symmetries

Assuming the scattering kernel has the following structure:

1
iv-pA(p*) + B(p?)
Iy =T +%lyy TIp=Tf-T,
BZZQB+ BA:B+—B_
An =i(7 - q+)AL —i(y - q-)A-

S(p) =

I, Cr Ic,

%4 v

Ladder-like term Symmetry-rescuing term

Inserting the ansatz for the kernel into its WGTlIs, we have

/DNVVMSJ(Fj -T))|= /DW"}/NSJr (S;1 — S:l)/C+ /Dm/yu&,lfyg, 75IC_
q q

| P T 20t = [ DS {500 255 DKL+ [ D 2551+ 500K,
q q q

Eventually, the solution is straightforward:

4+ The form of scattering kernel is simple.
K5 = (2BsAa) " '[(Aa F Ba)T) &+ BsT'D). 4+ The kernel has no kinetic singularities.
4+ All channels share the same kernel.

6 14



Il. Symmetries of the kernels: Meson cloud and diquark

In Quantum Field theory (infinitely many degrees of freedom), high-order
Green functions cannot completely truncated by low-order ones (unclosed).

For example, meson cloud, e.g., pion cloud, goes into the scattering kernel:

— 0000 ——— —>——(00000—— —(O—>
000001
Y <\
Y A E> Y A E>
lo0000]
laaqo]
— 00000 }—~— —<—100000F—~— —(O—

In baryons, two quarks tend to bind together to form a particle-like soft object:

<<}

4 What is the off-shell meson and diquark?
4 How to make the system self-consistent?

a 15



Il. Symmetries of the kernels: Meson cloud and diquark

In QF T, Meson cloud and diquark are encoded in the four-point Green function:

- 1
— > —>—O—>— —>—O— > >
G® : oS : T K@ G® G(4) — Gg‘l) + G(()4) . K(2) . G(4)
-1 O O ’

The kernel can be decomposed by its orthogonal eigenbasis:
Gt =X G- K® . GP|n) (|G =6 K® =) X DT

Accordingly, the four-point Green function can be decomposed:

I____I

e I S S

I
I
L

4+ The basis is classified by JP quantum number, and radial quantum number n.
4+ Meson cloud and diquark correspond to components with quantum numbers.

| P2)
@) (1) D=0} (4) :
— ’ L 5 : G Z G + Z | 7‘ 1 — P2) <XZ|
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Il. Symmetries of the kernels: Meson cloud and diquark

The start point is the Bethe-Salpeter equation with meson cloud

__Ii%“%P):’d%+1/KthQi%ﬂmMﬂS@+ﬂJ“%stm—”wﬁ“
9 l |

The color-singlet axial-vector and vector WGTIs ( |P| = 0 ) are written as

. . S(k)
B 2 aku

2mTs(k,0) = S~ (k)vs + 755~ (k),

The Bethe-Salpeter kernel can modify the quark propagator as

. 0S~1(k) P 6S(q)]
aI,BI

lP“ ok, ]aﬁ = [iPlag —/q’C(k,q)aa',ﬂ'ﬁ [

[ST k)15 + 15571 (k)] 5 = [2msas + /’C(k> Daa' g8 [S(@) 75 +755(@)]0p 5

I aq#

Using the quark dress functions, the new quark gap equation reads

O|k|A(K?) 1/ | 95(q)
0|k _1+4 q {k“]ga,caal’ﬁlﬂ Ou | op’

1
B(k*) = m + Z/ 5]ga Kaar,678 [1508(%)] 40 g0
q
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Il. Symmetries of the kernels: Summary

€ The quark—anti-quark scattering kernel can be constrained by discrete and
continuous symmetries, i.e., CPT and vector and axial-vector WGTIs.

€ The meson cloud and diquark can be expressed as components of four-point
Green function with corresponding quantum numbers.

€ The self-consistency can be guaranteed by WGTIs. The quark self-energy and BS
kernel can be expressed as the core part plus the meson cloud part.

18



lll. Current conservation in Form Factor: Normalization of wave-fn
The Dyson-Schwinger equation of the four-point Green function is written as

O O —0O— —O— O O
= + K@
O O —0— —O— O O

Assuming that there is a bound state

O O
~ H + Regular term
O O

the wave function of the bound state has to satisfy the following condition
=0

: 1 —o—\ "' 4 o
onl-lsrlrllell m :{ ( ) — i K® 3 }Z =1
The differential form of current conservation is obtained as ( F(Q* =0) = 1)
-1
0 —O0— — |
2 {8PM (—o—) —_ K<2>]}}12PM
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lll. Current conservation in Form Factor: Beyond triangle diagram

Introduce a function depending on (P, Q), i.e., G(P,Q) = G.(P,Q) — G_(P,Q)

QAP,Q)—:% < ) | | }: q++%
G(P,Q)—:{< ) — | .| } o -2

Then the function can reproduce the normalization condition as

-1
- G(PQ) _ o | 1 F _
e < (] B

Inserting the color-singlet vector Ward identity into the function,

Qul'y <q+ + %,cu - %) =5 (CI+ + %) -5 <q+ - %) G(P,Q) = QuA\u (P, Q)

Eventually, the form factor can be defined asA,(P,Q) = 2P, F(Q%) with F(Q*=0) =1

3 20



lll. Current conservation in Form Factor: Summary

€ Hadrons can be considered as either elementary particles or composite states
of quarks and gluons. This imposes a normalization condition on wave functions
of bound-states.

€ Combing the normalization with the vector WGTI, the form factor beyond
simplest impulsion approximation (triangle diagram) can be constructed.
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IV. Numerical implementation: The first step

Let the quark-gluon vertex includes both longitudinal and transverse parts:

I'.(p,q) =T2%(p,q) + nT7% (p,q)

frEx(q) or B(q) [GeV]

[GeVZ]

2
Tt

m

0.9

0.6

0.4

0.2

Ti(pq) = Apmi + Ayi i

0.6

0.3

1.0

q [GeV]

o Calculated

— m2 f2 = -2my<qq>

1
0.04

mq [GeV]

1
0.06

0.08

Mass [GeV]

2.0

Y
($)]

-t
o

0.5

= 4ZE’)’ -k+ 4i’YEUuplukpa
78 =30 oyl k, /(1T - 1T).

| &

[]

+

— PDG data
& Calculated

m p 0 bjaja m p o

b, a; a,

173 172 fﬂ

—(qq)o p Mr Mp Mo My May May Mg My Mg

My Mgy Mg

this work  0.291 0.526 0.089 0.14 0.86 1.08 1.17 1.18 1.27 1.38 1.39 1.56 £0.01 1.57+0.01 1.58+0.01 1.74 4 0.05

PDG

- 0.092 0.14 0.78 0.50 1.24 1.26 1.32 1.30 1.45

1.64 1.70

TABLE I: The meson spectrum (Full vertex, (Dw)'/3 = 0.64 GeV, w = 0.60 GeV, 7 = 0.95 and m, = 2.5 MeV).
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Summary

4 Based on WGTIs resulting from symmetries, a systematic and self-consistent method
to construct the quark-gluon vertex, the scattering kernels, and the form factors
beyond the simplest approximation, is proposed;

4 The numerical implementation is in progress. The first step has showed that the light

meson spectrum, including ground and radially excited mesons, can be well described.

Outlook

4 The second step: To calculate diquark spectrum with the sophisticated kernel, and
baryon spectrum, accordingly.

4 The third step: To calculate form factors of mesons and diquarks beyond triangle
diagram, and those of baryons, accordingly.

4 The forth step: To calculate contributions of meson cloud, quantitatively, and identify
their importance.
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