
Paul Hoyer INT 2016

1Impact parameter analysis in e + N → e + pi+ N

Relativistic electron microscopy of hadron dynamics

www.york.ac.uk/nanocentre 
/facilities/fetem/

Paul Hoyer
University of Helsinki

INT Workshop November 14 - 18, 2016

Gold atoms: 3D The pion: 2D 6

ρπ(b)  [fm-2]

-1

0

1bx  [fm] -1

0

1

by  [fm]

0

2

4

6

8

FIG. 5: (Color online) Three–dimensional rendering of the
transverse charge density in the pion, as obtained from the
dispersion integral Eq.(3) evaluated with the GS form factor
parametrization of Ref. [33]; cf. Figs. 3 and 4.

near threshold becomes important; see Sec. V). What
is more, the dispersion result follows the zero–width ρ
curve down to much smaller distances, being only a few
percent smaller down to b = 0.01 fm. This shows that
there are very strong cancellations between the effective
poles parametrizing the high–mass continuum. As we
just demonstrated, there is considerable uncertainty in
the dispersion result for the density at such small dis-
tances. However, there is the intriguing possibility that
the density might effectively be described by vector me-
son dominance down to distances significantly smaller
than the inverse ρ meson mass, m−1

ρ = 0.25 fm.
In Fig. 5 we show a 3–dimensional rendering of the

transverse charge density, which conveys also the infor-
mation on the supporting area and thus gives an impres-
sion of the true physical shape of the fast–moving pion
as seen by an electromagnetic probe. Our dispersion ap-
proach provides a data–based image of the pion’s trans-
verse structure at small distances with unprecedented
precision. One clearly sees the strong rise of the trans-
verse density toward the center. This remarkable obser-
vation calls for a microscopic explanation in terms of the
pion’s partonic structure.

IV. IMPLICATIONS FOR PION PARTONIC
STRUCTURE

The results of our empirical study of the transverse
charge density have interesting implications for the par-
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FIG. 6: Probability accumulation Eq. (7) in the transverse
density (cf. Figs. 3 and 4). Solid line: Dispersion integral
(GS parametrization). Dashed line: Zero–width ρmeson pole.
The arrow indicates the experimental RMS transverse charge
radius.

tonic structure of the pion in QCD. The transverse charge
density puts constraints on the possible distribution of
transverse sizes of configurations in the pion’s partonic
wave function. A useful quantity to consider is the inte-
gral of the transverse charge density up to a given dis-
tance,

P (b) ≡
∫

d2b Θ(b− b′) ρπ(b
′), (7)

which determines the cumulative probability for configu-
rations contributing to the transverse density at the dis-
tance b. The probability obtained from our dispersion
result for the charge density (cf. Figs. 3 and 4) is shown
in Fig. 6, together with that obtained from a zero–width
ρ meson pole (cf. Eq. 6),

P (b)zero−width = mρbK1(mρb). (8)

The probability reaches 1/2 at b = 0.33 fm, a value some-
what smaller than the root of the mean squared (RMS)

transverse radius, ⟨b2⟩1/2π = 0.53 fm. This is to be ex-
pected, as large–size configurations are counted with a
higher weight in the average of b2 than than the me-
dian. The RMS transverse radius calculated from our
dispersion integral for the charge density agrees very well
with the value extracted from the slope of the low–t
pion form factor measured in πe scattering experiments,
⟨r2⟩π = (3/2)⟨b2⟩π = 0.439± 0.008 fm2 [1, 2], as was al-
ready noted in the discussion of the fit to the timelike
form factor data in Ref. [33].
To understand how the transverse charge density is re-

lated to the partonic structure it is necessary to recall

Miller, Strikman, Weiss, arXiv 1011.1472

ρπ(b)
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2Process dependence of transverse size

How does the target charge distribution 
depend on the properties of the final state?

PH and S. Kurki 
arXiv:1101.4810
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ℓF = 2ν/Δmh2  formation length

Q2

Compare: Color Transparency in eA → e ρ X
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4Electron microscopy of relativistic charges

The electron can resolve the transverse positions  
of the quarks with arbitrary accuracy in hard collisions (Q → ∞)

Light quarks in hadrons move with v ≈ c = 1 :  How can we get a sharp 
picture using probes moving with the same speed?

× ×
t=0 
z=0

t=t 
z=–t

e

The transverse structure of h can be measured at equal Light-Front time x+

In eh → eX  where the electron pez → – ∞  
it scatters from all target quarks at equal 
Light-Front (LF) time x+= t+z

In a frame where phz → + ∞ (IMF or LF), 
the quark energy Eq = x Eh →∞ , hence

vq? =
pq?
xEh

! 0
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5DIS: large Q2 resolves single quarks

At low Q2 the γ* may interact with different quarks in T and T*:

Such contributions do not reflect 
the properties of a single quark.

e e

N
Q2 → ∞

At large Q2 the γ* is coherent on a single quark

The quark can be at any r⊥ in the target.

Verified by scaling in Q2 (up to log’s)

r⊥

e

N

e

N
γ* γ*

T*T

q

T

Bj limit:    q0 = ν → ∞ and Q2 → ∞, with xBj =
Q

2

2mh⌫
fixed
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Impact parameter distributions via the GPD’s

fq/N (x, b) =
⇧
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determines the transverse 
position b of the struck quark

⇥ �(2)(b� bk)�(x� xk) |⇤�
n(xi, bi,⇥i)|2

“Center of 
momentum” 
at the origin

LF wave function

x
N N´

x
GPD

(P+, –Δ⊥/2) (P+, Δ⊥/2)
Δ⊥

b is conjugate to the (finite) nucleon momentum transfer Δ⊥, 
not to the momentum transfer (Q → ∞) in the hard collision eq → eq

Note:

The 2-dimensional FT must be done in a frame where Δ+ = 0

*

*

Soper (1977)
Burkardt (2000)
Diehl (2002)

Z
d2�?
(2⇡)2

e�ib·�? GPD(�?)
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77Nucleon Form Factors

γ*

e e

q⊥ = Δ⊥

N NF1, F2

(P+, –Δ⊥/2) (P+, Δ⊥/2)
Δ⊥

In eN → eN the electron and nucleon 
momentum transfers are the same: 

q⊥ = Δ⊥

The γ* couples to a single quark 
in the form factor (amplitude, not σ !)

The γ*(q⊥) scatters coherently over quarks within Δb ∼ 1/q⊥ , 
and thus measures charge with this resolution.

A 2-dim. FT over q⊥ will give the  
distribution of the struck quark in b

Note: *

* A FT over – ∞ < q⊥  < ∞ gives the b-distribution 
with δ-function accuracy.
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⇢0(b) =
1

2p+

Z
d2q

(2⇡)2
e�iq·b ⌦p+, 1

2q,�
�� J+(0)

��p+,� 1
2q,�

↵

Nucleon Charge Distribution from eN → eN

⇥0(b) =
� �

0

dQ

2�
QJ0(b Q)F1(Q2)
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by

bx

+

Miller (2007) 
Carlson and Vanderhaeghen (2008)

Neutron charge 
distribution vs. b

Complementary to pdf’s, 
but no factorization, 
hence no universality.
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9Beyond elastic form factors

⇢0(b) =
1

2p+

Z
d2q

(2⇡)2
e�iq·b ⌦p+, 1

2q,�
�� J+(0)

��p+,� 1
2q,�

↵

The expression of ρ0(b) in terms of LC wave functions, 

is based on the Fock expansion of the initial and final states:

|P+,P�,⇥⇥x+=0 =
�

n,�i
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Any state f  is defined by its LF wave functions  

The b-space analysis applies similarly for any final state f :  

By comparing the b-distributions for various states f one learns about 
the reaction dynamics.

hf | J+(0) |Ni

 

f
n(xi,ki,�i)



Paul Hoyer INT 2016

10Beyond elastic form factors
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To allow a simple interpretation of the amplitude (5) it is essential to choose a frame where p+f = p+.5 A photon

with q+ = 0 cannot create a qq̄ pair, causing the matrix element to be diagonal in the number of incoming and
outgoing quarks. In fact, the initial and final Fock states are identical. As seen from (13) the J+(0) current interacts
with a single quark or antiquark6 at bk = 0⇤ in |N⇧, and similarly in ⌅f |. The remaining n� 1 partons in |N⇧ must
thus be identical to those in ⌅f |. The constraints

�
i xi = 1 in the initial and final states forces also the momentum

fraction xk of the struck quark to be the same. The “center of momentum” constraint b =
�

i xibi in (13) then
requires the impact parameters of the initial and final states to be equal,

1

2p+
⌅f(p+, bf )|J+(0)|N(p+, bN )⇧ ⇥ 1

(4⇤)2
⇥2(bf � bN )AfN (�bN ) (14)

where, after a shift of integration variables bi ⇤ bi + bN ,

AfN (b) =
1

4⇤

⇥

n
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0
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⇥
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2(
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i

xibi)⌅
f
n
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(xi, bi)⌅

N
n (xi, bi)

⇥

k

ek⇥
2(bk � b) (15)

This expression for the current matrix element in impact parameter space is central for the applications we consider
below. For f = N the positivity of |⌅N

n (xi, bi)|2 allows the Fourier transform (2) of the elastic form factor to be
interpreted as a charge density. Even when the final state di�ers from the initial one its electro-excitation still
proceeds only via Fock components which are common to both.

As already indicated in (2), the Fourier transform wrt. q of the generalized form factor in (5) should be done in a
frame where the nucleon and photon momenta are

p = (p+, p�,� 1
2q)

q = (0+, q�, q) (16)

pf = (p+, p� + q�, 1
2q)

The excitation amplitude in impact parameter space is then, using (10) and (14),
⌅

d2q

(2⇤)2
e�iq·b 1

2p+
⌅f(pf )|J+(0)|N(p)⇧ = (17)

=

⌅
d2q

(2⇤)2
d2bNd2bf e�iq·(b+ 1

2bN+ 1
2bf ) (4⇤)

2

2p+
⌅f(p+, bf )|J+(0)|N(p+, bN )⇧ = AfN (b)

The expansion (15) shows that AfN (b) gets contributions from LF Fock states that are common to the initial and
final states (localized at bN = bf = 0) which have a quark or antiquark at transverse position bk = b. The range of
AfN (b) in b thus reflects the transverse size of the transition process.

The above analysis has previously been applied to elastic and transition electromagnetic form factors [9–11]. The
Fock expansion (11) is, however, completely general and applies also to states |f⇧ that consist of several hadrons. This
makes it possible to measure the transverse shape of the hadronic states that contribute to �⇥ + i ⇤ f transitions,
for any states i and f .

III. TWO-BODY FINAL STATES

The momentum pf = p + q of the final state f varies with q in the Fourier transform (17), hence the dependence
of the Fock amplitudes on the parent momentum pf must be known. As seen from (11) the LF wave functions
depend only on the relative coordinates of the constituents, not on the total momentum of the state. Final states
|f⇧ = |h1, . . . , hn⇧ consisting of several hadrons may be regarded as a particular type of hadronic state, where we are
free to specify the relative momenta of the hadrons, each one of which has its own (non-perturbative) Fock expansion.
The multi-hadron Fock amplitudes must conform with the general LF rules to ensure the frame independence of the
state |f⇧. In this Section we specify the LF Fock expansion and the Fourier transform for a two-body (⇤N) state, and
illustrate it with a tree-level QED amplitude. The multi-hadron case is considered in Section IV, where we discuss
the Fourier transform of the cross section.

5 In the case of GPD’s this condition implies an extrapolation from the experimentally accessible kinematic region. For form factors it
amounts to a choice of frame.

6 Due to the anti-commutation of the d-operators the charge ek in (15) has opposite sign for quarks and antiquarks.
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×

The b-distribution of the struck quark in eN → e f  is given by:

The expression is diagonal in the Fock states n, and ∝  f⇤
n  N

n

The γ* both causes the transition N → f   
and measures the contributing Fock states

f = N* :    Transition form factors: eN → eN*
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V. D. Burkert 
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12Connection to Color Transparency

Hard processes are expected to involve transversally compact Fock states 
Measure their size via rescattering in nuclei

e A → e ρ X → e π π XExample:
328 CLAS Collaboration / Physics Letters B 712 (2012) 326–330

Fig. 1. An illustration of the creation of a SSC and its evolution to a fully formed ρ0

(see the text for a full description).

the creation of a SSC is more probable for a meson than for a
baryon since only two quarks have to be localized to form the
SSC. The first hint of CT at moderate energies was obtained in
pion photoproduction off 4He [22] with photon energies up to
4.5 GeV, but the experiment needed greater statistical precision
to achieve conclusive findings. Another experiment [23] studied
pion electroproduction off 12C, 27Al, 64Cu and 197Au over a range
of Q 2 = 1.1–4.7 GeV2. The nuclear transparencies of all targets
relative to deuterium showed an increase with increasing Q 2.
The most statistically significant result corresponds to the nuclear
transparency for 197Au, which when fitted with a linear Q 2 de-
pendence resulted in a slope of 0.012 ± 0.004 GeV−2. The authors
concluded that measurements at still higher momentum transfer
would be needed to firmly establish the onset of CT.

Exclusive diffractive electroproduction of ρ0 mesons provides a
tool of choice to study color transparency. The advantage of using
ρ0 mesons is that they have the same quantum numbers as pho-
tons and so can be produced by a simple diffractive interaction,
which selects small size initial state [26]. In this process, illustrated
in Fig. 1, the incident electron exchanges a virtual photon with the
nucleus. The photon can then fluctuate into a virtual qq̄ pair [27]
of small transverse separation [28] proportional to 1/Q , which can
propagate over a distance lc = 2ν/(Q 2 + M2

qq̄), known as the co-
herence length, where ν is the energy of the virtual photon and
Mqq̄ is the invariant mass of the qq̄ pair. The virtual qq̄ pair can
then scatter diffractively off a bound nucleon and becomes an on
mass shell SSC. While expanding in size, the SSC travels through
the nucleus and ultimately evolves to a fully formed ρ0, which,
in the final state, decays into a (π+ , π−) pair. By increasing Q 2,
the size of the selected SSC can be reduced and consequently the
nuclear transparency for the ρ0 should increase.

The nuclear transparency, T A , is taken to be the ratio of the ob-
served ρ0 mesons per nucleon produced on a nucleus (A) relative
to those produced from deuterium, where no significant absorption
is expected. CT should yield an increase of T A with Q 2, but mea-
surements by the HERMES [29] Collaboration show that T A also
varies with lc , which can also lead to a Q 2 dependence. Thus, to
unambiguously identify CT, lc should be held constant or, alterna-
tively, kept small compared to the nuclear radius to minimize the
interactions of the qq̄ pair prior to the diffractive production of the
SSC.

Fermilab experiment E665 [24] and the HERMES experiment
[25] at DESY used exclusive diffractive ρ0 leptoproduction to
search for CT. However, both measurements lacked the necessary
statistical precision. HERMES measured the Q 2 dependence of the
nuclear transparency for several fixed lc values. A simultaneous
fit of the Q 2 dependence over all lc bins resulted in a slope of
0.089±0.046 GeV−2. The unique combination of high beam inten-
sities available at the Thomas Jefferson National Accelerator Facility
known as JLab and the wide kinematical coverage provided by the
Hall B large acceptance spectrometer [30] (CLAS) was key to the
success of the measurements reported here.

The experiment ran during the winter of 2004. An electron
beam with 5.014 GeV energy was incident simultaneously on a
2 cm liquid deuterium target and a 3 mm diameter solid target
(C or Fe). The nuclear targets were chosen to optimize two compet-
ing requirements; provide sufficient nuclear path length compared
to the SSC expansion length while minimizing the probability of
ρ0 decay inside the nucleus. A new double-target system [31]
was developed to reduce systematic uncertainties and allow high
precision measurements of the transparency ratios between heavy
targets and deuterium. The cryogenic and solid targets were lo-
cated 4 cm apart to minimize the difference in CLAS acceptance
while maintaining the ability to identify the target where the in-
teraction took place event-by-event via vertex reconstruction. The
thickness of the solid targets (1.72 mm for carbon and 0.4 mm for
iron) were chosen so that all of the targets including deuterium
had comparable luminosities (∼ 1034 nucleon cm−2 s−1). The scat-
tered electrons and two oppositely charged pions were detected
in coincidence using the CLAS spectrometer. The scattered elec-
trons were identified using the Čerenkov and the electromagnetic
calorimeter while the pions were identified through time-of flight
measurements [30].

The ρ0 mesons were identified through the reconstructed in-
variant mass of the two detected pions with 0.6 < Mπ+π− <
1 GeV. For each event, several kinematic variables were evaluated
including Q 2, lc using the ρ0 mass instead of Mqq̄ , the photon–
nucleon invariant mass squared W 2, the squared four-momentum
transfer to the target t , and the fraction of the virtual photon
energy carried by the ρ0 meson zρ = Eρ/ν where Eρ is the en-
ergy of the ρ0. To identify exclusive diffractive and incoherent ρ0

events, a set of kinematic conditions had to be satisfied. We re-
quired W > 2 GeV to suppress pions from decay of resonances,
−t < 0.4 GeV2 to select diffractive events, −t > 0.1 GeV2 to ex-
clude coherent production off the nucleus and zρ > 0.9 to select
elastically produced ρ0 mesons. The two pions invariant mass dis-
tributions are shown in Fig. 2. After applying all the cuts, the
invariant mass distribution (Fig. 2.b) exhibits a clean ρ0 peak po-
sitioned around 770 MeV with the expected width of 150 MeV.
A good description of the data was obtained using our Monte-Carlo
(MC) simulation. Our generator simulates the ρ0 electroproduction
process and the main channels that may produce a (π+ , π−) pair
in the final state and contribute to the background underneath the
ρ0 peak. These channels are ep → e$++π− , ep → e$0π+ and a
non-resonant ep → epπ+π− . The cross sections of these processes
were taken from existing measurements [32]. The standard CLAS
GEANT based simulation packages was used to simulate the exper-
imental apparatus. The Fermi motion of the nucleons in nuclei was
simulated by folding the elementary cross section with the spec-
tral function of the target using a realistic model [33]. Radiative
effects are also included in the simulation.

The nuclear transparency for a given target, with nucleon num-
ber A, is defined as

T A =
(
Nρ

A/Lint
A

)
/
(
Nρ

D/Lint
D

)
, (1)

where D refers to deuterium, and A to carbon or iron, Lint
A,D to

the integrated luminosities and Nρ
A,D to the number of incoherent

ρ0 events per nucleon after subtraction of background contribu-
tions. The transparency ratios were also corrected from detector
and reconstruction efficiencies, acceptance and radiative effects,
Fermi motion and contributions from the liquid deuterium tar-
get windows. The CLAS acceptance and reconstruction efficiencies
were evaluated with the simulations described earlier. Data from
both simulation and measurements were processed with the same
analysis code. Based on the comparison between data and MC,

CLAS Collaboration 
arXiv:1201.2735

Expect the transverse size of 
the qq̅ created by the γ*(Q2)  
to decrease as Q2 grows.

Test by measuring the  
absorption of the the qq̅ in 
the target nucleus A.

– The γ* coherence length ℓc is short (< 1 fm) 
– The ρ formation length ℓF is long (> 1fm)

Choose kinematics:

A

Brodsky, and Mueller (1988)

ℓF
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CLAS Collaboration 
arXiv:1201.2735

ℓc (fm)

Evidence for color Transparency

A



14Hard scale from the final state

In the CLAS experiment, the virtuality Q2 of the γ* gave the hard scale, 
and σ(A) reflected the size of the qq̅ which (later) formed into the ρ.

We may also consider e A → e π π X at low Q2, where the relative k⊥ of  
the pions provides the hard scale.

This is analogous to the E791 measurement of “exclusive” dijet production 
π A → jet jet A : The relative k⊥ of the jets provides the hard scale.

E791 Collaboration 
hep-ex/0010044

VOLUME 86, NUMBER 21 P H Y S I C A L R E V I E W L E T T E R S 21 MAY 2001

FIG. 1. q2
t distributions of dijets with 1.25 GeV!c # kt from

interaction of 500 GeV!c p2 with carbon and platinum targets.

calculated by squaring the asymptotic and the CZ wave
functions. One sample was simulated using the asymp-
totic wave function and the other, the CZ function. The
four samples were allowed to hadronize using the LUND
PYTHIA-JETSET [14] package and then passed through a
simulation of the experimental apparatus to account for
the effect of unmeasured neutrals and other experimental
distortions.

In Fig. 2 the initial distributions at the quark level are
compared with the final distributions of the detected dijets,
including distortions in the hadronization process and in-
fluence due to experimental acceptance. As can be seen,
the qualitative features of the two distributions are retained.
The results of this analysis come from comparing the ob-
served x distribution to a combination of the distributions
shown, as examples, on the right of Fig. 2.

For all results in this paper, we used data from the plati-
num target as it has a sharp diffractive distribution and
a relatively low background. It is also expected that due

FIG. 2. Monte Carlo simulations of squares of the two wave
functions at the quark level (left) and of the reconstructed dis-
tributions of dijets as detected (right). f2

as is the asymptotic
function (squared) and f2

cz is the Chernyak-Zhitnitsky function
(squared). The dijet mass used in the simulation is 6 GeV!c2

and the plots are for 1.5 # kt # 2.5 GeV!c.

to the color transparency effect [6,15,16] this heavy tar-
get will better filter out the high Fock states. We used
events with q2

t , 0.015 GeV!c2. For these events, the
value of x was computed from the measured longitudinal
momentum of each jet [Eq. (3)]. A background, estimated
from the x distribution for events with larger q2

t , was sub-
tracted. This analysis was carried out in two windows of
kt : 1.25 # kt # 1.5 GeV!c and 1.5 # kt # 2.5 GeV!c.
The experiment data were compared to Monte Carlo simu-
lations of dijets having a mass of 4 GeV!c2 for the lower
window and 6 GeV!c2 for the higher window. The result-
ing x distributions are shown in Fig. 3. In order to get a
measure of the correspondence between the experimental
results and the calculated light-cone wave functions, we fit
the results with a linear combination of squares of the two
wave functions: f2 ! aasf2

as 1 aczf2
cz. This assumes an

incoherent combination of the two wave functions and that
the evolution of the CZ function is slow (as stated in [8]).
Both aas and acz depend on Q2 and fcz was normalized
for Q2 ! 0.25 "GeV!c#2. It is hard to justify these two as-
sumptions because it is hard to make model-independent
evolutions and to know the phase between the two ampli-
tudes. We therefore regard this fit as a qualitative indi-
cation of how well each function describes the data. We
use results of the simulated wave functions (squared) after
they were subjected to effects of experimental acceptance
(Fig. 2, right).

The measured x distributions are shown in Fig. 3 with
the combinations resulting from the above fits superim-
posed on the data. The individual contributions from each
wave function are shown as well. In addition to the sta-
tistical errors of the fit, we considered systematic uncer-
tainties originating from the background subtraction, from
the quality of the jets and their identification, and from us-
ing discrete-mass simulations. The dominant contribution
comes from the quality of the jets in the low-kt region and
from using discrete-mass MC in the high-kt region. The
results of the fits are given in Table I in terms of the co-
efficients aas and acz representing the contributions of the

FIG. 3. The x distribution of diffractive dijets from the plati-
num target for 1.25 # kt # 1.5 GeV!c (left) and for 1.5 #
kt # 2.5 GeV!c (right). The solid line is a fit to a combina-
tion of the asymptotic and CZ wave functions. The dashed line
shows the contribution from the asymptotic function and the dot-
ted line that of the CZ function.

4770

q⊥

At low q⊥ the scattering 
is coherent on the  
nuclear target A =Pt.

Use σ(A) to measure the size of the qq̅ which creates the jets.

π k⊥ > 1.25 GeV
500 GeV
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Fig. 4. The Fermilab E791 di-jet yield from carbon and platinum as a function of the square of the transverse momentum transferred to the nucleus. The
yields shown are for 1.5  kt  2.0 GeV. The curves are Monte Carlo simulations of the data: the dotted line shows coherent dissociation, the dashed
shows incoherent dissociation, the background is shown by the dot-dashed line and the total by the solid line.
Source: From Ref. [26].

Fig. 5. The values of ↵ obtained from parametrization of the E791 di-jet cross section as � = �0A↵ . The data are shown as red points along with the
quadrature sum of statistical and systematic errors and the kT bin size. The blue dashed lines are the CT predictions of Ref. [16] and the dark band is ↵ ⇠ 2

3
observed in coherent inelastic diffractive pion–nucleus interactions. Typical virtualities Q 2 = 4k2t are also shown.

incoherently from nuclear targets, and the background. The shapes of these distributions are calculated using Monte Carlo
simulations as shown in Fig. 4 for transverse momentum, 1.5  kt  2.0 GeV. The per-nucleon cross section for di-jet
production is parametrized as � = �0A↵ , where �0 is the free cross section. The values of the exponent ↵ obtained from the
experiment E791 are shown in Fig. 5 along with the CT predictions of [16]. This is to be compared with the value of ↵ ⇠ 2/3
measured in the reaction ⇡A ! 3⇡A [27]. Note here that the inelastic coherent soft diffraction off nuclei: h + A ! XA
is due to the fluctuations of the strength of hadron–nucleon interaction, (�tot), and is dominated by the fluctuations near
the average value [28]. The exponent ↵ for the soft diffraction drops when A and/or �tot increases. It was suggested [29]
that inelastic diffraction is dominated by scattering off the small size configuration. This regime however is reached only
for A � 1000 [28]. At the lowest kt range, there is some discrepancy between the experiment and theory, which may be
interpreted as a manifestation of nonperturbative effects.

Overall, these results confirm the following CT predictions of [16]: (a) a strong increase of the ⇡ + A ! ‘‘two jets’’ + A
cross section with A (� / A1.61±0.08) as compared to the prediction2 � / A1.54, (b) the z2(1 � z)2 dependence of the cross
section, where z is the fraction of energy carried by the jet, and (c) the dependence of the cross section on the transverse

2 In QCD a naive expectation of CT that the amplitude is proportional to A is modified [16,21] due to the leading twist gluon shadowing which should be
present at sufficiently small x. This effect is not important for the x range of the experiment [26].
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Overall, these results confirm the following CT predictions of [16]: (a) a strong increase of the ⇡ + A ! ‘‘two jets’’ + A
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1.5

σ(π A → jet jet A) ∝ Aα

q⊥

π

500 GeV

q⊥2 < 0.015 GeV2

α ≃ 1.5 indicates that the nucleus is transparent to the compact 
qq̅  Fock states of the pion, selected by k⊥ > 1.25 GeV.

E791

E791 Collaboration 
hep-ex/0010044



16σ(e N → e π N)
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π
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q⊥2 < 0.015 GeV2

π

N

N
e

γ*

k⊥
b

Replace A → e: Let the photon measure the transverse size, b(k⊥)

The photon measures the size of the nucleon Fock states at x+ = 0  
The asymptotic πN state emerges from these Fock states as x+ → ∞

Note: *

* There is no issue of coherence or formation lengths.

e(12 GeV)

q⊥

q⊥2 > 0



17Comparison with the transition form factor

•  The N and N* wave functions are independent of LF time x+ 
The π N state develops from the Fock states measured at x+ = 0

•   p1 + p2 = p + q is not sufficient to fix p1(q) and p2(q) separately

•  The eN → eN* amplitude is real,  whereas eN → e π N has dynamical 
phases due to the πN interactions in the final state.

π(p1)

N(p2)

e

γ*

k⊥
b

e

q

N(p)

q⊥2 > 0

N

e

γ*

b

q

N*(p+q)

e
q⊥2 > 0
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FT of γ* matrix element in momentum space

In the frame:

4

To allow a simple interpretation of the amplitude (5) it is essential to choose a frame where p+f = p+.5 A photon

with q+ = 0 cannot create a qq̄ pair, causing the matrix element to be diagonal in the number of incoming and
outgoing quarks. In fact, the initial and final Fock states are identical. As seen from (13) the J+(0) current interacts
with a single quark or antiquark6 at bk = 0⇤ in |N⇧, and similarly in ⌅f |. The remaining n� 1 partons in |N⇧ must
thus be identical to those in ⌅f |. The constraints

�
i xi = 1 in the initial and final states forces also the momentum

fraction xk of the struck quark to be the same. The “center of momentum” constraint b =
�

i xibi in (13) then
requires the impact parameters of the initial and final states to be equal,

1
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where, after a shift of integration variables bi ⇤ bi + bN ,
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N
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ek⇥
2(bk � b) (15)

This expression for the current matrix element in impact parameter space is central for the applications we consider
below. For f = N the positivity of |⌅N

n (xi, bi)|2 allows the Fourier transform (2) of the elastic form factor to be
interpreted as a charge density. Even when the final state di�ers from the initial one its electro-excitation still
proceeds only via Fock components which are common to both.

As already indicated in (2), the Fourier transform wrt. q of the generalized form factor in (5) should be done in a
frame where the nucleon and photon momenta are

p = (p+, p�,� 1
2q)

q = (0+, q�, q) (16)

pf = (p+, p� + q�, 1
2q)

The excitation amplitude in impact parameter space is then, using (10) and (14),
⌅

d2q

(2⇤)2
e�iq·b 1

2p+
⌅f(pf )|J+(0)|N(p)⇧ = (17)

=
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d2q
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d2bNd2bf e�iq·(b+ 1

2bN+ 1
2bf ) (4⇤)
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2p+
⌅f(p+, bf )|J+(0)|N(p+, bN )⇧ = AfN (b)

The expansion (15) shows that AfN (b) gets contributions from LF Fock states that are common to the initial and
final states (localized at bN = bf = 0) which have a quark or antiquark at transverse position bk = b. The range of
AfN (b) in b thus reflects the transverse size of the transition process.

The above analysis has previously been applied to elastic and transition electromagnetic form factors [9–11]. The
Fock expansion (11) is, however, completely general and applies also to states |f⇧ that consist of several hadrons. This
makes it possible to measure the transverse shape of the hadronic states that contribute to �⇥ + i ⇤ f transitions,
for any states i and f .

III. TWO-BODY FINAL STATES

The momentum pf = p + q of the final state f varies with q in the Fourier transform (17), hence the dependence
of the Fock amplitudes on the parent momentum pf must be known. As seen from (11) the LF wave functions
depend only on the relative coordinates of the constituents, not on the total momentum of the state. Final states
|f⇧ = |h1, . . . , hn⇧ consisting of several hadrons may be regarded as a particular type of hadronic state, where we are
free to specify the relative momenta of the hadrons, each one of which has its own (non-perturbative) Fock expansion.
The multi-hadron Fock amplitudes must conform with the general LF rules to ensure the frame independence of the
state |f⇧. In this Section we specify the LF Fock expansion and the Fourier transform for a two-body (⇤N) state, and
illustrate it with a tree-level QED amplitude. The multi-hadron case is considered in Section IV, where we discuss
the Fourier transform of the cross section.

5 In the case of GPD’s this condition implies an extrapolation from the experimentally accessible kinematic region. For form factors it
amounts to a choice of frame.

6 Due to the anti-commutation of the d-operators the charge ek in (15) has opposite sign for quarks and antiquarks.
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Example: f = π (p1) N(p2)

In order to conform with the Lorentz covariance of LF states, at any pf  :

5

A. Transverse shape analysis of ��N � ⇥N

The standard LF Fock expansion in transverse momentum space for a single pion is [5, 7]
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where · · · stands for the operators which create the remaining n� 1 partons of the Fock state. As noted above, the
wave functions ⇤�

n(xi,ki) are independent of the pion momentum p1. The ‘plus’ momentum of parton i is xip
+
1 and

its transverse momentum is xip1 + ki. The restrictions on the xi and ki implied by (18) ensure that the parton
momenta sum to the total pion momentum in each Fock state.

For a ⇥N state we have then the double expansion
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which should be transformed into the standard form (18), where parton momenta refer to the total momentum
pf = p1 + p2 of the state. We parametrize the pion and nucleon momenta in terms of a momentum fraction x and
relative transverse momentum k,

p+1 = xp+f p1 = xpf + k

p+2 = (1� x)p+f p2 = (1� x)pf � k
(20)

where p+f = p+ and pf = 1
2q in the frame (16). The momentum fractions of the pion and nucleon constituents wrt.

p+ are then x�
i = xxi and y�j = (1� x)yj , respectively. Using this and integrating over x gives
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where x =
⇤

i x
�
i on the rhs. The transverse momenta of the partons may be expressed as
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For a |f⌅ = |⇥N⌅ state specified by a wave function �f (x,k) of the relative hadron momentum defined in (20) we get
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where Ψf (x,k) defines the final state in terms of the relative variables x, k :

5

A. Transverse shape analysis of ��N � ⇥N

The standard LF Fock expansion in transverse momentum space for a single pion is [5, 7]
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where · · · stands for the operators which create the remaining n� 1 partons of the Fock state. As noted above, the
wave functions ⇤�

n(xi,ki) are independent of the pion momentum p1. The ‘plus’ momentum of parton i is xip
+
1 and

its transverse momentum is xip1 + ki. The restrictions on the xi and ki implied by (18) ensure that the parton
momenta sum to the total pion momentum in each Fock state.

For a ⇥N state we have then the double expansion
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which should be transformed into the standard form (18), where parton momenta refer to the total momentum
pf = p1 + p2 of the state. We parametrize the pion and nucleon momenta in terms of a momentum fraction x and
relative transverse momentum k,

p+1 = xp+f p1 = xpf + k

p+2 = (1� x)p+f p2 = (1� x)pf � k
(20)

where p+f = p+ and pf = 1
2q in the frame (16). The momentum fractions of the pion and nucleon constituents wrt.

p+ are then x�
i = xxi and y�j = (1� x)yj , respectively. Using this and integrating over x gives
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where x =
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i on the rhs. The transverse momenta of the partons may be expressed as
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For a |f⌅ = |⇥N⌅ state specified by a wave function �f (x,k) of the relative hadron momentum defined in (20) we get

|⇥N(p+f ,pf ;�
f )⌅ ⇤

⌃ 1

0

dx 
x(1� x)

⌃
d2k

16⇥3
�f (x,k)|⇥(p1)N(p2)⌅ = (24)

= 16⇥3
⌅

n�,nN

⌥⇧

i,j

⌃ 1

0

dx�
i 
x�
i

dy�j⌦
y�j

⌃
d2k�

i

16⇥3

d2��j
16⇥3

�
�
�
1�
⌅

i

x�
i �
⌅

j

y�j

⇥
�2
�⌅

i

k�
i +
⌅

j

��j

⇥

⇥ x(1� x)�f (x,k)⇤�
n�

�x�
i

x
, k�

i �
x�
i

x
k
⇥
⇤N
nN

� y�j
1� x

, ��j +
y�j

1� x
k
⇥

⇥
n�⇧

i

⌥ 1⇧
x
b†(x�

ip
+, x�

ipf + k�
i) · · ·

�⌥ nN⇧

j

1⇧
1� x

b†(y�jp
+, y�jpf + ��j) · · ·

�
|0⌅

With x, k being independent of  pf , our choice of Ψf(x,k) defines  
the pion and nucleon momenta p1, p2 at all photon momenta q.
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QED illustration: e + γ* → e + µ+ µ–

The “target” is a virtual photon γ*(p). The Fourier transform of

Aµµ,�
�1,�2

=
1
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⌦
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This agrees with the general expression in terms of the LF wave functions.
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e + γ* → e + µ+ µ– example (1)
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e + γ* → e + µ+ µ– example (2)
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Fourier transform of the cross section

The γ*+N → f  amplitudes have dynamical phases (resonances,...). 
⇒ Calculating their Fourier transforms requires an amplitude analysis.

One can also Fourier transform the measured cross section itself. 
Then the b-distribution reflects the difference between the impact parameters 
of the photon vertex in the amplitude and its complex conjugate:

8

is interesting to ask whether information about the transverse structure of the scattering process can be obtained from
a Fourier transform of the measured cross section. As we next discuss, this gives the distribution of the transverse
distance between the photon interaction vertices in the amplitude and its complex conjugate.

As in the case of the amplitude (5) we need to isolate the contribution of the J+ current. Here we again consider
the high energy limit s ⌅ ⌃�p+ ⇤ ⇧ at fixed momentum transfer q = ⌃� ⌃⇤. The Lorentz invariant cross section can
then be expressed as

⌃�
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dq� d2q
⌅ 2�2
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s

q4

⌥
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⌃f(pf )|J+(0)|N(p)⌥

����
2

(42)

where d�f is the phase space element of the hadrons in f . The frame (16) can be reached from the ⌃N CM by
a rotation ⇥⇤ ⌅ |q/|⌃� around the normal to the lepton scattering plane. In the ⌃� ⇤ ⇧ limit the rotation is
infinitesimal and does not a⇤ect the finite momentum transfer q. Then the Fourier transformation below can be done
directly in the ⌃N CM.

For a state f with n hadrons of momenta pi,
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With a LF parametrization as in (20),

p+i = xip
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f pi = xipf + ki (44)
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i pi, we obtain
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The initial nucleon N and final state f in the matrix element of (42) may be Fourier transformed (10) in the frame
(16), where pf = �p = 1

2q and q+ = 0. According to (14) the matrix element is diagonal in impact parameter. Thus
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Altogether we get for the Fourier transformed cross section,
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As indicated, the cross section may include several final states with di⇤erent multiplicities n. The amplitudes AfN (bq)
defined by (17) can according to (15) be expanded in terms of Fock states common to N and f . With the states
located at zero impact parameter the struck quark is at impact parameter bq. Hence SfN (b) gives the distribution
in transverse distance b between the quark struck in the amplitude and in its complex conjugate. It has a real part
that is even under b ⇤ �b and an imaginary part that is odd. In an unpolarized cross section the latter reflects
correlations between the lepton scattering plane (defined by the beam and q) and the transverse momenta ki of the
hadrons in f .

The final phase space integral in (47) refers to the internal momenta of f , and depends on the definition of the
final state f . E.g., in the particular case of |f⌥ = |⌅(p1)N(p2)⌥, with p1 and p2 defined by (20) and the hadronic wave
function ⇥f (x,k) chosen to be a ⇥-function in x and k as in (35),

SfN (b;x,k) =

⌥
d2q

(2⌅)2
e�iq·b q4 d⇧(⌃N ⇤ ⌃⇤⌅N)
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�2

4⌅3

1

x(1� x)

⌥
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fN (bq � b;x,k) (48)

Thus the impact parameter distribution may be considered for fully exclusive (as well as fully inclusive) cross-sections.

A narrowing of AfN(bq) as a function of the final state f 
will be reflected in the convolution.
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with K the number of elementary fields (quarks, photons, leptons, etc.) among / inside the initial and

final particles.

For example, in the case of the deuteron break-up by a photon, γ + D → p + n, we have K =
1 + 6 + 6 = 13 (a photon and 6 quarks inside the initial deuteron and another 6 in the final proton and

neutron). So, the differential cross section is expected to fall with s, asymptotically, as s−11 = E−22
c.m. .

The key word asymptotically always provided an excuse for unnerved HEP theorists in their encounters

with angered experimenters. The JLAB plot in Fig. 1 which I borrowed from Paul Hoyer’s talk [27]

seems to be telling us that this standard excuse is unnecessary here. However, it is again unnerving but

for precisely opposite reason, if you take my meaning. Indeed, it is very difficult to digest how the naive

asymptotic regime manage to settle that early! The lab. energy 1GeV of the incident photon, where the

scaling behaviour starts, is just too low.

The “counting rules” invite us to view a

fast deuteron as a system of six comoving

valence quarks. One of them is punched

by the photon. The other five we have

to properly push ourselves so as to make

them fit into two outgoing nucleons. This

is done by exchanging five gluons be-

tween the quarks in the scattering am-

plitude so that the cross section acquires

the factor α10
s . The picture makes sense

as long as 1) the deuteron is indeed fast

and 2) typical momentum transfers q2 be-

tween quarks are large enough to allow us

to use the concept of gluon exchange and

of the QCD{1} coupling αs(q2) for that

E  (GeV)γ

E    –– (γd   pn) / kb GeVdσ
dt

22
←

20

CM

Fig. 1: Large angle γ-disintegration of a deuteron [28].

matters. None of these conditions holds for Eγ ≃ 1GeV.

Nonetheless we would have had every right to feel happy about Fig. 1 provided we could con-

vincingly answer but one question: why is such precocious scaling not seen for simpler systems and in

particular for the simplest of them all – the electromagnetic form factor of a pion?

Too smooth?

HERA measurements of the DIS proton structure

function F2(x,Q2) in a wide range of photon vir-

tualities,

0.1GeV2 < Q2 < 35GeV2,

are compiled in Fig. 2. The data are plotted as a

function of the simple variable

ξ = log
0.04

x
log

(
1 +

Q2

0.5GeV2

)

proposed by Dieter Haidt [29].

Being surprisingly smooth, they show no sign of a

“phase transition” when going from large virtualities

(perturbative{1} regime) downto very small scales

where non-perturbative{1} physics should dominate. ξ
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Fig. 2: F2 for x ≤ 10−3, Q2 ≥ 0.1GeV2 [29].

C. Bochna et al,  
PRL 81 (1998) 4576

Example: γ(*) + D → p + n  at 90°

The 90° break-up cross section  at 
q2=0 agrees with dimensional 
scaling for Eγ > 1 GeV.

Does this mean that only compact 
configurations of the deuteron, 
with R < 0.2 fm, contribute to this 
process?

If so, expect no q2-dependence 
for q2 < 1 GeV2.

With electroproduction data 
R could be measured:

σ(γD → pn) ∝ E–22



Paul Hoyer INT 2016

26

Many other processes within reach

Multiparticle final states γ*N → ππN, …

Heavier flavors
γ*N → KΛ, K*Λ …

γ*N → DΛc, …

Nuclear targets
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Summary

The q⊥ -dependence of the virtual photon measures the charge distribution in 
transverse space.

The charge density is measured at an instant of Light-Front time  x+ = t + z

Unlike pdf’s, no “leading twist” limit is implied: All Q2 are useful

The density can be determined for any initial and final state:  γ*A → f

Comparisons of b-distributions in different processes give  
insights into the scattering dynamics in transverse space.

Model independent analysis 

Ready to be tried out with Jlab data!


