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A realization of turbulence created using 50 Fourier modes. 
Patton, Kneller & McLaughlin, PRD 89 073022 (2014)



  





 











  

40 modes: 
only one is resonant

35 modes: (5 longest 
wavelengths removed)
resonant mode still present



The five long wavelength 
modes suppress the 
transition.







  

Snapshots of the  10.8 
model by Fischer et al.

t=0.3 s
t=0.4 s
t=0.5 s
t=0.6 s
t=0.7 s



  

λdiss<λ split<λcut

λ trans<CahCC

C *λcut<λampl

We use a normal hierarchy: 

1↔2 blue, 2↔3 red, left panel is t = 0.3 s, right is t =0.7 s.
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We transform to the eigenbasis of H
0
 using a matrix U and solve for 

the evolution matrix S
0
 in that basis. 

If H
0
 is a constant then S

0
 = exp(-i K r) where K is the diagonal 

matrix of eigenvalues of H
0
,

We consider an arbitrary perturbing Hamiltonian of the form

δH (f )=∑
a=1

N q

Ca e
−i qa r+Ca

† e
i qa r

In the eigenbasis of H
0
, we write S = S

0
 A and find A evolves 

according to 

 

i
dA
dr

=∑a
{ei K rU † [Ca e

i qar+Ca
† e

−i qar ]U e−i K r}A=H ( A) A



  

We pull out the diagonal elements of C
a
 and write them as

diag(U †CaU )=
1
2i

e
iΦa Fa

Where Φ
a
 = diag( φ

a,1
, φ

a,2
, ...) and F

a
 = diag(F

a,1
, F

a,2
, ...). 

We now write A as A = W B where the diagonal matrix W given by 

W=exp (−i∑
a

Ξa)

Ξa=
Fa

qa
[cosΦa−cos (Φa+qar )]

Ξ
a
 is also a diagonal matrix: Ξ

a
 = diag(ξ

a,1
, ξ

a,2
, …).

The purpose of W is to remove the diagonal elements of H(A).



  

We also define the matrix G
a
 by 

offdiag (U †CaU )=G a

i
dB
dr

=e
iK r+i∑

b

Ξb

(∑a {Ga e
i qa r+G a

† e−i qar})e
−i K r−i∑

b

Ξb

B=H (B )B

The matrix B evolves according to

The element ij of H(B) is 

H ij
(B)
=∑

a

{G a ,ij e
i([q a+(k i−k j) ]r+∑

b

[ξb ,i−ξb , j ])
+c.c}

The term exp(i[ξ
b,i

 – ξ
b,j

]) needs attention.



  

In full this term is 

ξb ,i−ξb , j=
[Fb , icosϕb ,i−Fb , j cosϕb , j ]

qb
(1−cos (qb r) )

+[Fb , isin ϕb ,i−Fb , j sinϕb , j ]
qb

sin(qb r )

ξb ,i−ξb , j=xb ,ij−zb ,ij cos (qb r+ψb ,ij)

which can be simplified by introducing x
b,ij

 and y
b,ij

, and then 
rewriting it using (z

b,ij
)2 = (x

b,ij 
)2+( y

b,ij
)2 and tan Ψ

b,ij 
= y

b,ij
 / x

b,ij

The term exp(i[ξ
b,i

 – ξ
b,j

]) can be expanded using Jacobi-Anger

e i[ ξb ,i−ξb , j]=e i xb , ij ∑
mb=−∞

+∞

(−i)m b Jmb
(zb , ij)e

imb [qb r+ψb , ij ]



  

And the element ij of H(B) is 

H ij
(B)
=−i e

i [k i−k j ]r∑
a (∑m a

κama ,ij
e
imaqa r {∏

b≠a
∑
mb

λbmb ,ij
e
imbqb r})

κama , ij
=(−i)mae

i [xa ,ij+ma ψa ,ij ][Ga ,ij e
−i ψa, ij Jma−1−Ga , ij

 e iψa , ij Jm a+1]

The Hamiltonian for B looks simple ☺ but we cannot obtain a 
solution for B without making the Rotating Wave Approximaiton.

We assume that for each Fourier mode there is only one* important 
contribution to the series – n

a
.

H ij
(B)
=−i e

i [k i−k j ]r∑
a

κana , ij
e i naqa r∏

b≠a

λb ,nb , ij
ei nbq b r

This Hamiltonian has an exact solution for any number of Fourier 
modes and any number of neutrino flavors. 

λbmb ,ij
=(−i)m b e

i [xb , ij+mb ψb, ij ]Jmb



  

For the case of two flavors:

P12=
κ

2

Q 2 sin2
(Qr )

κ=∑
a

κa ,na
∏
b≠a

λb , nb

2p=k1−k 2+∑
a

naqa

Q2=p2+κ2

B=(e
i p r[cosQr−i

p
Q

sinQr ] −i ei p r κ
Q

sinQr

−i e−i p r κ


Q
sinQr e−i p r[cosQr+i

p
Q

sinQr])
where

The transition probability in the eigenbasis of H
0
 is
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