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Gravitational waves

• Changing curvature of space 
around moving objects


• Information about change 
propagates outward at speed of 
light


• Linearized GR → wave equation


• GW stretch and squeeze the 
distance between freely-falling 
objects (Pirani 1957)


• Measure strain: h ~ ΔL/L 
(amplitude, not energy)

Two polarizations: + and x

Propagation



Massive objects orbit Waves seen from 
above orbital plane

GW source: orbiting objects
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Polarization vs. inclination 

Demo by Eric Flynn, CSUF4



Frequency of GW traces the frequency of orbits

• Movie:14 M⦿ 
and 50 M⦿ 
black holes 

• slowed down 
by a factor of 
4 to see/hear 
detail
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Parameters that modify the waveform 
(may be measurable)

• Masses 

• Sky position 

• Luminosity distance 
and orientation 

• Spins 

• Eccentricity 

• Neutron-star EOS

Sky localization for source at 160 MPc with 3 
detectors ~2019 (http://arxiv.org/abs/1304.0670)
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Compact Binary Coalescence in LIGO
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Assumptions: NS at1.35 M  
BH at 10 M  

IMBH at 100 M

Phenomenological 
waveform

Masses in  
detector  

frame



Detection prospects of 
Advanced LIGO design

• binary neutron star 
mergers to ~200 Mpc 

• neutron star–black hole 
mergers to ~0.5 Gpc  

• (10-10 Msun) binary black 
hole mergers to ∼1 Gpc 

• unmodeled transients with 
energy of some galactic 
supernovae predictions 

• (LIGO White Paper: 
https://dcc.ligo.org/LIGO-
T1400054/public, rates 
above sky-averaged)

BNS detections 0.4 - 400 yr-1  
NSBH detections 0.2 - 300 yr-1  

LSC/VSC 1003.2480

initial LIGO range: up to 20 Mpc 
Shane Larson, Northwestern University

2010

2015

~2018

BBH mergers 9 – 240 Gpc−3 yr−1

LSC/VSC 1606.04856

https://dcc.ligo.org/LIGO-T1400054/public
http://arxiv.org/abs/1003.2480v2


GW Astronomy 
Roadmap

• LSC/VSC Living document at: 
http://arxiv.org/abs/1304.0670

http://arxiv.org/abs/1304.0670


Merging 
compact 

stars

Numerical simulations: K. Hotokezaka, YITP

Merging  
large 
stars
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Dense matter in merging NS
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Hard to modify inspiral: e.g. transfer of ~1046 erg at ~100Hz 
modifies phase by 10-3 radians (Tsang et al 1110.0467) (but 
see e.g. Weinberg 1509.06975) 
Tidal effects: Leading order modification of dynamics as 
stars approach each other

Tidal deformability � for realistic EOS

� =
Q

E =
size of quadrupole deformation

strength of external tidal field

� =
2

3
k2R

5

Calculate via linear Y20 perturbation of spherical neutron star
Q and E defined by external field of perturbed star
leading terms � r2 and � r�3 when far from star

For given realistic EOS, � is function of M
(similar to radius or moment of inertia)

Jocelyn Read (AEI) Tidal e�ects in BNS Inspiral 04/03/10 11 / 26

� =
2

3
k2R

5Love number 
Radius R

k2 (G = c = 1)

R
r



Tidal effects on waveforms
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Tidal deformability of neutron stars with realistic equations of state

Various methods are being developed to study the e�ect of tidal deformation with di�erent EOS on
the late inspiral of binary neturon stars. These include perturbative tidal deformability calculations,
quasiequilibrium sequences, and full GR. Here are some preliminary comparisons of perturbative
results with published results using numerical and quasiequilibrium.

A. Perturbative method

The first order contribution to the binding energy from a PN perspective is calculated via a linear axisymmetric
⇧ = 2 perturbation around the axis connecting two stars, due to leading order tidal field contributions from the other
star. This gives a tidal deformation as a function of PN parameter x � m/r (m total mass, r orbital radius). In
the linear approximation, this is characterized for each neutron star mass M by a single EOS-dependent parameter
� � k2R5 with k2 the ⇧ = 2 apsidal constant and R the neutron star radius. The contribution to the binding energy,
luminosity, and phase evolution can be calculated by adding this contribution to a given PN order formulation.
Formally of order x5 � m5/r5, the tidal contribution coe⇤cient is � R5/m5, which leads to an overal scaling � R5/r5

which becomes significant as orbital radius approaches neutron star radius.
One can calculate the parameter � for arbitray equations of state. In particular, we can estimate first order

corrections to binding energy and gravitational wave phase evolution for the EOS used in the numerical simulation of
arXiv:0901.3258. This would be a formal, and possibly in the extreme radius case (EOS 2H) a practical, improvement
over the assumption of point particle inspiral before the gravitational waveform.

Fig 1 shows some preliminary waveform results, taking the � calculated from the perturbative method for the EOS
used in arXiv:0901.3258, and continuing the waveform through to where x⇥⇤.
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t �ms⇥
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FIG. 1: EOS 2H is green, H is cyan, HB is blue, B is purple, and 2B is red. Black is PP. Waveforms started with same phase
at x = 0.05, f = 268Hz

With this new understanding of the PN waveforms with tidal contributions, it may be useful to revisit some of the
analysis involving varied EOS and numerical simulation.

B. Was the PP approximation for early inspiral in arXiv:0901.3258 justified?

The PN plus perturbative tidal calculation, compared to the plots of arXiv:0901.3258 in Fig. 2, indicates that for
waveforms H to 2B, the assumption of point-particle evolution was reasonable; the first order tidal phase correction
is small compared to the point-particle waveform at the start of the numerical inspirals and through to the point
where numerical simulations depart significantly. Incorporating this early e�ect into a NRDA analysis might increase
distinguishability, but probably not significantly.

However, the largest-radius 2H waveform is estimated to be already dephased from the point-particle inspiral at
the start of the numerical simulations - this early PN-regime departure would have a significant contribution for such
large-radius neutron stars.

C. Is the perturbative binding energy compatible with quasiequilibrium binding energy?

Analysis of error in the approximation used suggests that one of the largest sources of error comes from higher order
tidal perturbation results. This includes higher-order harmonics, such as ⇧ = 3 deformation and above, where pertur-
bative calculations of such higher order deformations are possible [Mora and Will, Binnington and Poisson, Damour

Energy goes into deforming the neutron star(s), tidal 
bulges add a bit to the gravitational radiation  

Contribute to waveform formally at 5 and 6 PN - 
Vines et al (arXiv:1101.1673)
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FIG. 4. Measurability of the tidal polarizability parameter
Gµ2 (in units of km5) as a function of the neutron star mass
for a sample of realistic EOS from Table I. This plot refers to
the observation (at the SNR level ρ = 16) of the gravitational
wave signal from an equal-mass BNS merger as seen by a sin-
gle advanced LIGO detector. The solid lines represent the
values of Gµ2 as a function of the NS mass, while the dashed
lines represent the 1 σ (68% confidence level) expected sta-
tistical errors. The vertical line marks the canonical NS mass
1.4M⊙. Note that over a wide range of masses each solid
line lies comfortably above the corresponding measurability
threshold, therefore indicating that the advanced LIGO-Virgo
detector network can significantly measure Gµ2.

either to the conservative prior |β| < 8.5 (second row) or
the lack of any prior (first row) are close to each other
but differ from the strongly β-constrained results by very
significant factors. To be precise, the measurability of the
chirp mass is worsened by a factor larger than seven; that
of the symmetric mass ratio is worsened by a factor of
order 30!; finally, that of Gµ2 is only worsened by about
20%. These results are linked to the different origins of
the effective signals contributing to the measurability of
the various parameters displayed in Fig. 3.
We can roughly summarize the results for the measur-

ability of the nontidal parameters (in the strongly con-
strained β cases) in the following way:

σM

M
≈

4.3× 10−4

ρ
, (67)

and

σν

ν
≈

0.11

ρ
. (68)

For instance, when ρ = 10 this means that the chirp mass
is measured to a fractional precision of 4 × 10−5, while
the symmetric mass ratio is measured at a fractional pre-
cision of 0.01. As usual, the fractional precision on M is

excellent (and has not been very significantly worsened
by the inclusion of the tidal term, as shown by compar-
ing to the results of Refs. [31, 32]). By contrast, the
fractional precision on ν has been significantly worsened
(by a factor of order 1.7) compared to Refs. [31, 32] when
fitting for an extra tidal parameter6. This worsening in
the measurability of ν might make it difficult to distin-
guish stars with a mass ratio between 0.75 and 1. For
instance, if we considered a BNS with MA = 1.2M⊙,
MB = 1.6M⊙ (i.e., MA/MB = 0.75) its symmetric mass
ratio is ν ≈ 0.2449, so that 1− 4ν = 0.0204, correspond-
ing to a fractional δν/ν ≈ 0.02. Comparing this with the
measurement error in ν for ρ = 8, Eq. (68), this is only a
2σ-level deviation. Actually, this problem may be cured
by doing two separate analyses of the GW data, one using
inspiral data only up to a cut-off frequency small enough
to be able to neglect tidal effects (without trying to fit
for tidal parameters), which will probably give a better
estimate of the mass ratio. And a separate analysis of
the data up to (and possibly beyond) the merger aimed
at extracting EOS–dependent information.
The last two columns of the table exhibit the SNR-

normalized absolute and relative errors on Gµ2 in the
case where one uses as upper frequency cut-off fmax =
450 Hz as done in Ref. [5, 9]. The use of such a lower
cut-off leads to a dramatic worsening (by a factor ∼ 7)
of the measurability of Gµ2 (the origin of this worsening
is illustrated in Fig. 2, which includes a line at 450 Hz).
On the other hand, Hinderer et al. [9] computed a

SNR-normalized uncertainty on Gµ2 for the 1.4M⊙ +
1.4M⊙ system equal to σ̂Hinderer

Gµ2
= 35 × 19.3 ×

0.66743104 km5 = 450.84 × 104 km5 (see second row of
their Table II which corresponds7 to a SNR ρ = 35).
Considering for example the SLy EOS, this is a factor
38 larger than the corresponding result in Table II for
our preferred 5-parameter analysis. This large factor
can be viewed as originating from the product of sev-
eral subfactors: (i) a factor of order (f c/450 Hz)2.2 =
(1704/450)2.2 ≈ 18.7 due (according to Eq. (23) of
Ref. [9]) to their use of a cut-off at 450 Hz; (ii) a fac-
tor ∼ 1.24 due their use of a conservative prior (8.5) on
β; iii) a supplementary factor coming from the fact they
also fit for the 2PN spin-spin parameter σ (with a con-
servative prior), thereby working with seven correlated
parameters.

6 Note that when one is fitting for the spin parameter β, the frac-
tional precision of ν becomes dramatically worsened, down to
the level σ̂ln ν ∼ 2.8. In the case of EOSs GNH3 and BSK21 this
renders the fractional accuracy on ν comparable to the fractional
accuracy on Gµ2. In such a case there can be a large difference
in the measurability of λT , Eq. (59) versus λ′

T , Eq. (61), espe-
cially in view of the correspondingly large correlation between
Gµ2 and ν.

7 We could not reconcile the statement in Ref. [9] that they con-
sider a source at a distance of 100 Mpc, with an amplitude av-
eraged over sky position and relative inclination, with the SNR
35 quoted in their Table II, which, according to Abadie et al. [1]
seems to correspond to an optimally oriented source at 100 Mpc.

measurement error

Extend leading-orders PN model to merger:
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��

tidal parameters

Damour, Nagar, Villain 
2012 

Use PN model up to 
1704 Hz (estimate of 
contact) 

spin marginalization 

See also: Hinderer et 
al 0911.3535 



Example implications for LIGO:  
EOS constraint from multiple BNS detections

Agathos et al 2015 
http://arxiv.org/abs/1503.05405

Lackey and Wade (40 signals) 
http://arxiv.org/abs/1410.8866

http://arxiv.org/abs/1503.05405
http://arxiv.org/abs/1410.8866


What about BHNS?

PhenomC
EOB
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|h̃| / (Mf)�7/6 With aLIGO, tidal parameter 
can be measured to 
10-100% error at 100 Mpc 
(Lackey et al 1303.6298) 

1:7 mass ratio: NS with radii 
of 12 and 14 are marginally 
distinguishable at 100 MPc 
(Foucart et al. 1212.4810) 

(small fraction of ALIGO range)
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FIG. 13: Spectrum of the gravitational-wave signal. hopt(f) is the
spectrum of the dominant mode of the gravitational-wave signal as
seen by an optimally oriented observer at 100Mpc. The dashed line
shows the leading order PN behavior, h = Af−7/6, with amplitude
A matched to the numerical results. The Zero-Detuned High Power
and Zero-Detuned Low Power noise curves of Advanced LIGO [55]
are also shown, together with 3 potential high-frequency tunings of
the detector, at 1 kHz [55], 1.5 kHz and 2 kHz [56].

TABLE III: Gravitational-wave emission over the course of the
simulation as measured at a radius R = 275M , where M is the
ADM mass of the system at infinite separation. EGW is the en-
ergy contained in the waves, JGW their angular momentum, and
vkick = PGW/Mfinal

BH the velocity kick given to that black hole.
fGW
cut is the cutoff frequency of the gravitational-wave signal defined

by Eq. 21.
Name EGW /M JGW /M2 vkick(km/s) fGW

cut (kHz)
R12i0 0.021 0.16 30 2.1
R13i0 0.017 0.15 45 1.8
R14i0 0.014 0.13 45 1.5

R14i20 0.013 0.13 60 —
R14i40 0.013 0.11 150 —
R14i60 0.013 0.09 345 —

by the relation

2h(fcut)f
7/6
cut = h(fref)f

7/6
ref (21)

with fref = 0.5 kHz (Note that any value of fref in the
range 0.3 kHz−0.8 kHz gives nearly identical result as hf7/6

is approximately constant during the inspiral, as shown in
Fig. 13). As the binding energy of these systems at t = 0
is Ebind

0 = 0.0055M , we see that these binaries will radiate
∼ 2% − 2.5% of their energy before merging, and ∼ 15%
of their angular momentum (the more compact neutron stars
naturally radiating more, as they disrupt later). The final kicks
remain low (< 30 km/s− 50 km/s), as is generally observed
for non-precessing BHNS binaries.

5. Detectability of the Neutron Star Radius by Advanced LIGO

Keeping in mind the results of the previous section, we can
begin to address another important question: the measura-

bility of finite size effects on the gravitational waveform of
BHNS mergers for mass ratios q ∼ 7. An earlier analysis of
these issues by Lackey et al. [36] showed that at lower mass
ratios (q = 2 − 3) and for nonspinning black holes Advanced
LIGO would be sensitive to differences in the radius of the
neutron star of order 10% − 40% for an optimally oriented
BHNS merger located at 100Mpc. This is due in part to the
effects on the waveform of the tidal distortion of the neutron
star, and in part to variations in the binary separation at which
the neutron star disrupts and the gravitational-wave signal is
cut off.

At higher mass ratio, tidal effects are smaller. However,
the disruption of the neutron star occurs at a lower frequency
and the amplitude of the gravitational-wave signal is larger.
It is thus unclear whether finite size effects will be easier or
harder to detect. On Fig. 13, we show the spectrum of the
gravitational-wave signal as seen by an optimally oriented ob-
server located 100Mpc away from the binary, and compare it
with different Advanced LIGO detector’s strain noise spectra
(see below). At that distance the differences between the three
simulations seem to be marginally measurable. In the rest of
this section, we will attempt to quantify this statement more
carefully.

To determine whether the difference between two wave-
forms h1 and h2 can be detected by Advanced LIGO, we use
the approximate condition [57]

∥δh∥2 = ⟨δh, δh⟩ = ⟨h1 − h2, h1 − h2⟩ ≥ 1. (22)

where the inner product is defined as

⟨g, h⟩ = 2

∫ ∞

0
df

g̃∗(f)h̃(f) + g̃(f)h̃∗(f)

Sn(f)
. (23)

Here g̃(f) and h̃(f) are the Fourier transforms of two wave-
forms g(t) and h(t), and Sn(f) is the one-sided power spec-
tral density of the detector’s strain noise, defined as

Sn(f) = 2

∫ ∞

−∞

dτ e2πifτ Cn(τ) , f > 0, (24)

where Cn(τ) is the noise correlation matrix for zero-mean,
stationary noise. In this case, we will consider three of the
Advanced LIGO guideline noise curves defined in Ref. [55]:
the Zero Detuned Low Power spectrum, which is the expected
sensitivity of the detector once signal recycling mirrors are in
place, the Zero Detuned High Power spectrum, which is the
final design sensitivity of Advanced LIGO, and a High Fre-
quency noise curve optimized to take data at 1 kHz. We also
consider alternative tunings of the Advanced LIGO detector to
1.5 kHz and 2 kHz, using noise curves graciously provided to
us by Nicolas Smith-Lefebvre [56], and generated by the noise
simulation package ‘gwinc’ developed by the LIGO collabo-
ration. These noise curves assume an Advanced LIGO detec-
tor in the same configuration as the High Frequency model of
Ref. [55], except that the signal-recycling mirror detuning is
chosen to tune the detector to higher frequencies.

When taking the inner product ∥δh∥2, we choose one po-
larization of h1 and then allow for a time and phase shift in



• Leading order parameter (λ or Λ) is effective for 
describing full inspiral/merger for both BNS and 
BHNS (JR et al 1306.4065, Bernuzzi et al 1402.6244) 

• Leading order PN waveforms give good estimates of 
EOS-dependent effect size/measurability (e.g. JR et al 
1306.4065 compares PN to hybrid error estimates) 

• Leading PN waveforms with tidal corrections are NOT 
sufficient for measuring EOS effects (Favata 
1310.8288,Yagi/Yunes: 1310.8358, Wade et al.
1402.5156)
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FIG. 3: Marginalized 1D posterior probability density functions for ⇤̃ of three BNS systems (labelled by the masses in the title) each
with ⇢net = 32.4. The injected ⇤̃ values are consistent with the MPA1 EOS model [37] and are marked with straight, dashed lines. These
plots are PDFs smoothed with a Gaussian kernel density estimator. To generate a single plot, we inject BNS signals modeled by each
of the five PN waveform families derived in Appendix A. Though the waveform family for each signal is di↵erent, the injected waveform
parameters are identical. The five PDFs, which are labelled by the injected waveform family, are all recovered using TaylorF2 waveform
templates. The deviation of each peak away from the injected value is due to the systematic error in the PN waveform approximants. For
these results, we injected into zero-noise (see Sec. III C).

FIG. 4: Marginalized 1D posterior probability density functions for ⇤̃ of three BNS systems (labelled by the masses in the title) each with
⇢net = 32.4 (bottom). The injected ⇤̃ values are consistent with the MPA1 EOS model [37] and are marked with straight, dashed lines.
These plots are PDFs smoothed with a Gaussian kernel density estimator. To generate a single plot, we inject the same BNS signal into
ten di↵erent noise realizations. The deviation of each peak away from the injected value is due to the statistical error from the presence
of random detector noise. Each PDF has an associated box-and-whisker representation (top), where the edges of each box mark the first
and third quartile, the band inside each box is the median, and the end of the whiskers span the 90% confidence interval.

surement uncertainty of ⇤̃ (or the radius-like ⇤̃1/5) will
likely be ⇠40% (⇠8%) for a source with ⇢net = 20 and
⇠20% (⇠4%) for a source with ⇢net = 30.

We showed in Sec. IV how simultaneous measurements
of ⇤̃ and chirp mass can be used to constrain the NS
EOS. Other studies in constraining the NS EOS with fu-
ture GW observations include work by Del Pozzo et al.

[23], in which Bayesian simulations are used to incorpo-
rate information from tens of detections to discriminate
between sti↵, moderate, and soft EOSs. While Del Pozzo
et al. showed that tens of BNS sources can constrain �

for a 1.4 M� NS, which can then be used to constrain

the NS EOS, it might even be possible to constrain the
full form of the NS EOS over all masses.

In the work presented here, we have examined the abil-
ity of GW detectors to measure the tidal parameters ⇤̃
and �⇤̃. The main quantity of interest, however, is the
universal EOS that is common to all NSs. One method
to measure the EOS is to construct a parameterized EOS
(e.g. [37, 43, 44]), then replace the tidal parameters in
the waveform with EOS parameters. This method al-
lows one to use physical and astrophysical information
to place tighter constraints on the priors for the EOS
parameters in contrast to the less physically motivated

http://arxiv.org/abs/1306.4065
http://arxiv.org/pdf/1402.6244.pdf


• We know more than PN! e.g. BBH analyses (LIGO/VIRGO 
1602.03840,1606.04855,1606.04856 …) use 
Phenomenological and Effective-One-Body Inspiral+Merger 
waveform models calibrated to numerical simulation

22
"Binary Black Hole Mergers in the first Advanced LIGO Observing Run”  

https://arxiv.org/abs/1606.04856

https://arxiv.org/abs/1606.04856


Focus on inspiral-to-merger for EOS measurement 
(post-merger? See e.g. Clark et al 1509.08522)

23

10 50 100 500 1000 5000
10-25

10-24

10-23

10-22

10-21

f HHzL

S n
HfL

an
d
2Hf
»hé HfL
»L1ê2

NS-NS EOS HB
Initia

l LIG
O

AdvancedLIGO

Einstein Telescope

effectively point-particle

tidal effects

AFTER 
NSNS 
merger

NS-NS 
merger



Frameworks for modeling gravitational waves for 
neutron-star mergers

• Effective-one-body (EOB) 
• PN maps to reduced-mass object orbiting 

Schwarzschild 
• + tidal corrections + high order effects (Bernuzzi et al 

1412.4553, Hinderer et al 1602.00599, …) 
• New: Phenomenological model based on modifying 

simple PN framework, fit to numerical merger (Park et al, 
in prep) 

• Useful to have two framework for systematics 
estimates!
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BNS merger waveforms?

6 examples from Hotokezaka et al.1105.4370: 
Numerical simulation Point-particle T4
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Tidal effects in EOB models:  
Bernuzzi et al 1412.4553

• EOB plus tidal corrections plus resummation procedure 
• First semi-analytic model to capture merger phase
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Comparison with long high-res BNS simulations 
Hotokezaka et al 1502.03457v1

• EOB model fits compact stars well, some additional tidal 
effect seen in simulations of larger stars (13km+).
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Additional physical effects: dynamical tides?

• Dynamical tide effects known, effects estimated in PN 
context (Kokkotas & Schaefer gr-qc/9502034, Flanagan 
& Hinderer 0709.1915) 
• Orbital tide approaches resonance with NS f-mode
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• use universal 
relation between 
f-mode & tidal Λ 
(Chan et al 
1408.3789)
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Add dynamic tides in EOB models  
(Hinderer et al 1602.00599)

• two key parameters: tidal deformability and fundamental 
oscillation frequency 

• NR agreement mitigates systematic error concerns for GW obs
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Are PN tidal contributions sufficient for inspiral? 
Barkett et al., 1509.05782

• BBH simulation + tidal corrections (and the particular PN 
choice T4+tidal) are effective model for (near) equal-mass 
systems until last orbits
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Comparison ends 
when stars collide



New: phenomenological model

• Assume T4 inspiral, 
• include dynamic 

tides, but fit 
effective frequency 
to drive merger 

• Simple relation with 
Λ 

• Future: other 
parameters to 
improve fit? Physical 
motivation? 
Amplitude?

(Mtot 2.6-2.9, q 0.8-1)
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• Waveform 
depends only on 
masses and Λs 

• Phenom. 
coalescence fit 
to numerical 
merger 

• Future: Explicit 
error estimates.  
Test systematic 
error in parameter 
estimation.

Phenomenological modification of common PN 
model gives effective inspiral-to-merger waveform

Phenomenological
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Conclusions

• Dense matter modifies end of inspiral/merger for BNS 
(cold EOS) 

• Post-merger, BHNS harder to observe 
• Favorable rates/signal strength required to constrain!
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