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Effective Action

For a magnetic field the effective
action is the free energy of the
system (actually minus the free
energy).
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The QED Lagrangian
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Heisenberg-Euler, Weisskopf, Schwinger
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What do the poles mean?

I The poles along the real axis
lie at

ζ
B

Bk
= ζ

ωB

mc2

~
= τωB = nπ

I Take n = 1. After a proper
time of τ = nπ/ωB , an
electron performs half a
revolution.

I In the same proper time, a
positron does the same.
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Field and Photons

To understand the interaction of light with the magnetized
vacuum, we imagine expanding the action for a uniform field plus a
small photon field,

E = E0 + δE,B = B0 + δB,Fµν = (F0)µν + f µν .

We have two possibilities.

1. kλe− � 1: we pretend that the photon field is also uniform and
expand the effective Lagrangian density.

2. kλe− & 1: we have to expand the action itself.
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How It Works

S = S0 +
1

2
f µν f αβ

δ2S

δf µνδf αβ

S = S0 +
1

2
f µν f αβ

δ2S

δf µνδf αβ

+
1

6
f µν f αβf στ

δ3S

δf µνδf αβδf στ
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Index of Refraction

∆n = 4× 10−24T−2B2

What could be a signature
of this birefringence?

I A time delay: ∆t ∼
10−3R/c ∼ 10ns?

I Magnetic lensing?
Shaviv et al. 99

I These all seemed a
bit too subtle.

I We were literally
staring at the answer.
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Liquid Crystal Displays

Wikipedia
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Propagation through a twisting magnetic field

Kubo and Nagata (1983) present a concise way to characterize the
evolution of the polarization of light through a medium; they
simply write an equation to track the four Stokes parameters of
the polarization light.

∂s

∂l
= Ω̂× s

where
∣∣∣Ω̂∣∣∣ = ∆k. The vector s = (S1, S2,S3)/S0 or (Q,U,V )/I .
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Stokes Parameters and the Poincaré Sphere

An important analytic solution. What if ∂Ω̂
∂l = Υ̂× Ω̂?

1. Move into frame that corotates with Ω̂.

2. In this frame we have

∂s

∂l
=
(

Ω̂− Υ̂
)
× s = Ω̂Eff × s

3. s orbits Ω̂Eff if ∣∣∣∣∣∣Ω̂
(

1

|Ω̂|
∂|Ω̂|
∂l

)−1∣∣∣∣∣∣ & 0.5
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Polarization-Limiting Radius

The radius at which the polarization stops following Ω̂ is called the
polarization-limiting radius. Beyond here the modes are coupled.

It is safe to assume that this occurs in the weak-field limit where

∣∣∣Ω̂∣∣∣ =
α

4π

2

15

(
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BQED

)2 c

ω
sin2 θ;
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6

Therefore, the polarization-limiting radius is

r . rpl ≡
( α

45

ν

c

)1/5( µ

BQED
sinβ

)2/5

≈ 1.2× 107
(

µ

1030 Gcm3

)2/5 ( ν

1017 Hz

)1/5
(sinβ)2/5 cm,
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Why does this matter?

rpl/R = 0

rpl/R = 1.9 (AM Her, AMSP)

Heyl, Shaviv, Lloyd 03
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Places to Look

Radius Magnetic Field µ30 rpl at 4 keV

Magnetar 106 1015 1033 3.0× 108

XRP 106 1012 1030 1.9× 107

ms XRP 106 109 1027 1.2× 106

AM Her 109 108 1035 1.9× 109
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This is not subtle.

Let’s recap.

I Neutron star atmospheres emit polarized light.

I The emission varies across the surface.

I The rotating magnetic field twists the polarization.
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Realistic Hydrogen Atmosphere

1012G; 60-degree inclination 1014G; 60-degree inclination
Heyl, Shaviv, Lloyd 05
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Magnetar Thermal Emission (4U 0142+61)

Caiazzo & Heyl 2016; 100ks with XIPE
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Magnetar Thermal Emission (SGR 1806-20)

Mission Name Assessment

Study Report                        
page 3 

2.1.2 X-Ray Pulsars

Once the importance of the QED effect has been confirmed with XIPE, there are two natural directions to

proceed. One is to use the QED effect to probe the other physical processes occurring in the source. The

second is to measure the strength of the QED effect, effectively measuring the index of refraction of the

magnetized vacuum. Fig. YYZ left demonstrates both these avenues. In Fig. YYZ we see how measurements

of the polarized fraction of the surface emission at photon energies of a few keV could probe QED and

provide an estimate of the radius of the neutron star (Caiazzo & Heyl, 2016c).  For this to work, we would

have to observe a more weakly magnetized neutron star, such as Her X-1, that still exhibits thermal emission

from the surface or near to it up to a few keV where XIPE is sensitive, yet whose field is not so weak that

one does not expect the thermal emission to be polarized at the surface (i.e., accreting millisecond pulsars

would probably not work).  In the case of Her X-1, we have an independent measure of the magnetic field

 

Fig.YYY. From left to right: light curve and  polarization fraction for AXP 1RXS J1708 (upper panels) and SGR 1806-20 (lower 

panels).  Thermal surface photons are assumed 100% polarized in the extraordinary mode. The data points (filled circles with error 

bars) were generated according to the model shown with the dashed blue line. The full line shows the simultaneous best-fit, while 

the dashed red lines correspond to the same models but without QED effects. The geometrical angles are  = 90° and  = 60°.

350ks with XIPE; Taverna & Turolla 2016
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2.2.2. Matter in Extreme Gravitational Fields: GR effects 

Galactic Black Hole systems 
When black hole binaries are in high state, the dominant component in the 2-10 keV band is the thermal emission 
from the accretion disk. The innermost regions of the disk are very close to the black hole, where GR effects are 
very strong. These effects cause a rotation of the polarization angle of the radiation emitted from the disk, the 
amount of rotation depending on the azimuthal angle and the radius of the emitting point. Even after averaging over 
the azimuthal angle, a net rotation remains. The closer to the black hole the emitting point is, the larger the rotation. 
Because the emission is locally a thermal one, and because the temperature decreases with the disk radius, what is 
eventually observed is a rotation of the polarization angle with energy (Stark and Connors 1977, Connors et al. 
1980, Dovciak et al. 2008, Li et al. 2008, Schnittman and Krolik 2009). The measurement of this effect will be a 
powerful probe of General Relativity effects in the strong field regime. Moreover, it will provide an independent 
estimate of the spin of the black hole to be compared with those obtained by other techniques (i.e. continuum fitting 
and Fe line spectroscopy). Such 
a comparison on a large sample 
will hopefully help us to reduce 
the systematic uncertainties that 
currently limit BH spin 
measurements. 
The best but not the only 
source to search for this effect 
is GRS1915+105 (see Figure 
10), a bright microquasar 
whose 2-8 keV emission is, 
when in high state, dominated 
by thermal emission. Moreover, 
the source is highly inclined 
(70 degrees, Mirabel & 
Rodriguez 1994), and therefore 
the polarization degree is 
expected to be high. Other less 
inclined sources may show 
lower polarization levels, 
which however could still be 
easily detected in a relatively 
short exposure time (a few 
days). In addition, about 6 
transient BH binaries are 
expected during 3 years of 

 
Figure 10 Simulated 500 ks observation with XIPE of GRS 1915+105 in the soft state for 
two angular momenta of the black hole:  the Schwarzschild case (indigo, a = 0) and the 
extreme Kerr case (green, a = 0.998). The figure shows the polarization position angle as a 
function of photon energy. The obtained MDP is smaller than 0.36%, whereas the 
expected polarization fraction exceeds 4% in all energy bins and for both cases of black 
hole rotation. The models were adopted from Dovciak et al. (2008). 

 

 
Figure 9 Light curve, degree and angle of polarization expected in case of the ‘twisted magnetosphere’ model with parameters 
similar to those derived for the AXP 1RXS J170849.0−400910. Points are generated assuming a 250 ks observation of the source 
and following the blue line, which represents the model including vacuum polarization. Points are fitted with models including (red 
line) or not (green line) such an effect; the latter is excluded with high confidence (from Taverna et al. 2014). 

 

AXP 1RXS J170849.0400910; 250ks with XIPE; Taverna et al.
2014
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Vacuum-Plasma Resonance

Deep in the atmosphere of the
neutron star the plasma
dominates, while outside the
vacuum dominates.

E . Ead = 2.52 (f tan θ)2/3H
−1/3
ρ,1 keV

where

Hρ = 1.65
T6

g14µ
cm

Ho, Lai 03

scale height (evaluated at ! ! !V) along the ray. For an
ionized hydrogen atmosphere, H! ’ 2kT="mpg cos"# !
1:65T6="g14 cos"# cm, where T ! 106T6 K is the tem-
perature, g ! 1014g14 cm s$2 is the gravitational accel-
eration, and " is the angle between the ray and the surface
normal. In general, the mode conversion probability is
given by [17,21]

Pcon ! 1$ exp%$"#=2#"E=Ead#3&: (2)

The probability for a nonadiabatic ‘‘jump’’ is "1$ Pcon#.
Because the two photon modes have vastly different

opacities, the vacuum resonance can significantly affect
the transfer of photons in NS atmospheres. When the
vacuum polarization effect is neglected, the decoupling
densities of the O mode and X mode photons (i.e., the
densities of their respective photospheres, where the op-
tical depth measured from outside is 2=3) are approxi-
mately given by (for hydrogen plasma and "kB not too
close to 0) !O ’ 0:42T$1=4

6 E3=2
1 G$1=2 g cm$3 and !X ’

486T$1=4
6 E1=2

1 B14G$1=2 g cm$3, where G ! 1$ e$E=kT

[17]. There are two different magnetic field regimes:
For normal magnetic fields,

B< Bl ’ 6:6' 1013T$1=8
6 E$1=4

1 G$1=4 G; (3)

the vacuum resonance lies outside both photospheres
(!V < !O;!X); for the magnetar field regime, B > Bl,
the vacuum resonance lies between these two photo-
spheres, i.e., !O < !V < !X (the condition !V < !X is
satisfied for all field strengths and relevant energies and
temperatures). These two field regimes yield qualitatively
different x-ray polarization signals.

Consider the normal field strengths, 1012 G & B & Bl,
which apply to most NSs (see Fig. 2). In this regime, the
atmosphere structure and total spectrum can be calcu-

lated without including vacuum polarization [to be more
accurate, we require "B=Bl#4 ( 1 for this to be valid]. For
concreteness, we consider emission from a hot spot (mag-
netic polar cap) on the NS; the magnetic field at the hot
spot (with size much smaller than the stellar radius) is
perpendicular to the stellar surface. Let the specific in-
tensities of the O mode and X mode emerging from their
respective photospheres (which lie below the vacuum
resonance) be I"0#O and I"0#X , which we calculate using our
H atmosphere models developed previously [18,22]. For
a given B and Teff , both I"0#O and I"0#X depend on E and "kB
at emission (the hot spot). As the radiation crosses the
vacuum resonance, the intensities of the O mode and X
mode become IO ! "1$ Pcon#I"0#O ) PconI

"0#
X and IX !

"1$ Pcon#I"0#X ) PconI
"0#
O . In calculating Pcon, we use the

temperature profile of the atmosphere model to determine
the density scale height at the vacuum resonance. We note
that in principle, circular polarization can be produced
when a photon crosses the vacuum resonance [21], but the
net circular polarization is expected to be zero when
photons from a finite-sized polar cap are taken into
account.

To determine the observed polarization, we must
consider propagation of polarized radiation in the NS

Vacuum
Resonance

O−mode
Photosphere

X−mode
Photosphere

O−mode

X−modeX−mode

X−mode X−mode

O−modeO−mode

O−mode

E = 1 keV E = 5 keV

FIG. 2 (color online). A schematic diagram illustrating how
vacuum polarization affects the polarization state of the emer-
gent radiation from a magnetized NS atmosphere. This diagram
applies to the ‘‘normal’’ field regime [B & 7' 1013 G; see
Eq. (3)] in which the vacuum resonance lies outside the photo-
spheres of the two photon modes. The photosphere is defined
where the optical depth (measured from outside) is 2=3 and is
where the photon decouples from the matter. At low energies
(such as E & 1 keV), the photon evolves nonadiabatically
across the vacuum resonance (for "kB not too close to 0), and
thus the emergent radiation is dominated by the X mode. At
high energies (E * 4 keV), the photon evolves adiabatically,
with its plane of polarization rotating by 90* across the vacuum
resonance, and thus the emergent radiation is dominated by the
O mode. The plane of linear polarization at low energies is
therefore perpendicular to that at high energies.

FIG. 1 (color online). The polarization ellipticity of the pho-
ton mode as a function of density near the vacuum resonance.
The two curves correspond to the two different modes. In this
example, the parameters are B ! 1013 G, E ! 5 keV, Ye ! 1,
and "kB ! 45*. The ellipticity of a mode is specified by the
ratio K ! $iEx=Ey, where Ex (Ey) is the photon’s electric field
component along (perpendicular to) the k-B plane. The O
mode is characterized by jKj + 1, and the X mode jKj ( 1.

P H Y S I C A L R E V I E W L E T T E R S week ending
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Vacuum-Plasma Resonance

Lai, Ho 03
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Accreting X-ray Pulsar (Her X-1)
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Caiazzo & Heyl 2016; 100ks with XIPE; Meszaros & Nagel 1985
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Vacuum-Plasma Resonance

Deep in the atmosphere of the neutron star the
plasma dominates, while outside the vacuum
dominates.
For large strengths of the magnetic field, the
vacuum resonance may lie between the
photospheres

B & Bl h 6.6× 1013T
−1/8
6 E

−1/4
1 S−1/4G

where S = 1− e−E/kT .
This can have a strong effect on the appearance of
spectral features and the high-energy slope. Ho, Lai 04
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Vacuum-Plasma Resonance

B = 4 × 1013G B = 1014G Ho, Lai 04

Jeremy Heyl QED, Neutron Stars, X-ray Polarimetry



Effective Action
Neutron Stars

Sources
XIPE
Vacuum-Plasma Resonance

Places to Look

Radius Magnetic Field µ30 rpl at 4 keV

Magnetar 106 1015 1033 3.0× 108

XRP 106 1012 1030 1.9× 107

ms XRP 106 109 1027 1.2× 106

AM Her 109 108 1035 1.9× 109
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Future directions

I Observations of x-ray polarization from magnetars will verify
QED.

I Observations of x-ray polarization from x-ray pulsars could
constrain the radius of the neutron star.

I Soft x-ray polarization from x-ray pulsars could measure the
surface gravity of the star.
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