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The r-modes belong to a large class of “inertial” modes 
(dominated by the Coriolis force). 
May be driven unstable by the emission of gravitational 
waves at all rates of rotation (in inviscid stars). 

Actual instability window depends on uncertain core physics. 
The l=m=2 r-mode grows (due to current multipole radiation) on a timescale 
 
 
Viscosity may stabilise the star. At low temperature, shear viscosity is 
expected to dominate. For nn scattering we have 
 
 
Bulk viscosity is important at high temperatures (requires density 
perturbation which arises at second order in Ω) 

the r-modes 

tgw ≈ 50M1.4
−1R10

−4P−3
6  s

tsv ≈ 7×107M1.4
−5/4R10

23/4T9
2  s

tbv ≈ 3×1011M1.4R10
−1P−3

2T9
−6  s

[old review NA+Kokkotas 2001] 
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In principle, we should not observe any “usual” pulsar inside the instability 
region. Use this to “rule out” theoretical models? 
Best constraint from young systems: The X-ray pulsar J0537-6910, currently 
spinning at 16 ms, would have been born with a period in the range 6-9 ms.  
 



LMXBs 

Rigid crust with viscous 
(Ekman) boundary layer 
would lead to sufficient 
damping… 
…but the crust is more like 
jelly, so the effect is reduced 
(“slippage”). 
Saturation amplitude due 
to mode-coupling is too large 
to allow evolution far into 
instability region.  
Note: No evidence in the data 
for “clustering” near an 
instability threshold. 

Accreting neutron stars in LMXBs rotate well below the break-up limit; 
some kind of speed-limit may be enforced. 
The r-modes could provide an explanation. Many systems lie inside the 
“conservative” instability window. 
 

[Ho, NA & Haskell 2011] 



variable windows 
Vortex mediated mutual friction is an important mechanism in superfluid 
neutron star dynamics, but has little impact on the r-modes for “expected” 
parameters. 
Would need to be stronger by a factor of about 100 to resolve the problem. 
 
 

[Haskell, NA & Passamonti 2009] 



designer windows 
The instability window may have a very different shape due to “resonances”; 
-  resonant timescale with reactions (hyperon/quark bulk viscosity)  
-  resonance with other modes (shear modes in crust, other inertial modes 

in superfluid core)  
 
 

amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
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FIG. 3 (color online). Three scenarios that could explain
r-mode stability in the observed LMXBs. Left panel: Crust
mode resonance at 600 Hz. Middle panel: Superfluid hyperons
(based on [7] with " ¼ 0:1). Right panel: Strong vortex mutual
friction (based on the strong or weak superfluidity models
from [29] with B # 0:01). The dashed lines indicate the
break-up limit.
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mode (grey solid line; to plot it, we take the characteristic
time scales τS and τGR from Sec. II and ignore the
mutual friction, τMF ≡∞); (ii) m ¼ 2 ro mode (dashed
line; blue online); (iii) superfluid is mode with m ¼ 2
(dashed line; red online). The latter curves (i)–(iii) are
obtained using the approximation s ¼ 0 (neglecting the
interaction between the superfluid and normal modes).
As one would expect, far from the avoided crossing

point the solid (modes I and II) and dashed (ro and is

modes) lines almost coincide. The region where m ¼ 2
modes I, II, and the octupole m ¼ 3 ro mode are
simultaneously stable is filled with grey in Figs. 4(a)–4(b).
The presence of the “stability peak” at T∞ ≈ T∞

0 is an
important characteristic feature of this region. The height
of the peak is determined by the lowest-frequency inter-
section of the mode II instability curve with the other
instability curves. The instability curves for modes I and II
intersect at a very high frequency ν ≈ 1580 Hz; hence, the
lowest-frequency intersection corresponds to that with
the octupole m ¼ 3 ro mode and occurs at ν ≈ 625 Hz.
As a result, at T∞ ¼ T∞

0 the most unstable mode is the
m ¼ 3 ro mode, and the height of the stability peak
is ν ≈ 625 Hz.12

As follows from Fig. 4, the evolution of a NS with such a
complicated structure of instability windows can be accom-
panied by excitation of each of the three oscillation modes.
Therefore, prior to discussing the evolution tracks one
should formulate the equations describing an oscillating
star in a three-mode regime.

B. Three-mode regime

The equations governing the evolution of a NS and
allowing for possible excitation of the three modes (I, II,
and m ¼ 3 ro mode) can be derived in much the same
fashion as it was done in Sec. II [see the one-mode
equations (16), (19), and (20) in that section]. If all the
modes are nonsaturated, they can be written as

dαi
dt

¼ −αi
!

1

τGRi
þ 1

τDissi

"
; ð40Þ

dΩ
dt

¼ −
X

i

2Qiα2iΩ
τDissi

þ _Ωacc; ð41Þ

Ctot
dT∞

dt
¼

X

i

WDissi − Lcool þ Kn
_Mc2; ð42Þ

where we neglect the terms ∝ α3i . The index i in
Eqs. (40)–(42) runs over the mode types, and

WDissi ¼
2Eci

τDissi
; ð43Þ
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FIG. 4 (color online). Instability curves for superfluidNSoscillations. The solid curves correspond tom ¼ 2modes I and II (red and blue
online, respectively), which experience avoided crossing at T∞

0 ¼ 1.5 × 108 K. The coupling parameter was chosen to be s ¼ 0.001. The
dashed curves correspond to the m ¼ 2 ro and is modes (blue and red online, respectively) plotted under the assumption that they are
completely decoupled (s ¼ 0). The grey line is the instability curve for them ¼ 3 ro mode, plotted ignoring the resonance coupling with
the superfluid modes. The temperature T∞

0 is shown by the vertical dotted line. Similar to Fig. 2, the panel (b) shows temperatures and
frequencies of the sources from Table I. Only the fastest source 4U 1608-522 is shown in the panel (a). See text for details.

12The octupole m ¼ 3 ro mode can also experience a resonant
coupling with the superfluid m ¼ 3 oscillation modes. However,
the correspondent resonance temperatures are unlikely to be close
to those for the m ¼ 2 ro mode. Therefore, at T∞ ≈ T∞

0 the
instability curve for the m ¼ 3 ro mode will hardly be essentially
affected by coupling with superfluid modes.
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At the end of the day, the magnetic field may provide the answer... 
-  slippage at crust-core interface not allowed, but there is still a boundary 

layer due to discontinuous derivatives (how sharp is the phase transition?)  
-  damping due to vortex-fluxtube interactions in outer core may be very 

efficient and could also provide a saturation mechanism. 

[Ho, NA & Haskell 2011] [Gusakov et al 2014] 



XTE 1751-305 is an accreting millisecond pulsar spinning at fs = 435 Hz.  

Recent work reports evidence for coherent oscillations in RXTE data from the 
2002 discovery burst at  

        f = 0.5727597 × fs 

XTE 1751-305 

R-mode in XTE J1751−305 3
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Figure 1. Various relations between mass and radius obtained
from the observed ratio of spin frequency to ‘mode’ frequency,
assuming the mode to be the l = m = 2 r-mode. The solid black
line includes the effects of General Relativity at the first post-
Newtonian level, but neglects the effects of rapid rotation. The
dashed red line includes the effects of General Relativity but again
neglects rapid rotation. The solid red line includes both General
Relativity and an (Newtonian-based) estimate of the effects of
rapid rotation. These curves simply give our estimates of the mass
as a function of radius—no attempt has been made to bracket
uncertainties; see text for discussion.

κ = κN + δκGR + δκrot. (3)

The combination κN + δκGR ≡ κGR, as a function of M/R,
can be read-off from Figure 1 of Lockitch et al. (2003).
The rotational corrections are estimated by Lindblom et al.
(1999), who wrote their result in the form

δκrot = κ2

4Ω2

3G
R3

M
. (4)

In Lindblom et al. (1999) it was found that, for stars with
M = 1.4M⊙ and for a variety of realistic equations of state,
0.26 ! κ2 ! 0.32, so we take κ2 ≈ 0.29 as a representative
value. We then have

κ = κGR(M/R) + κ2

4Ω2

3G
R3

M
. (5)

Using the observed value κ ≈ 0.573, the numerical calcu-
lation of κGR of Figure 1 of Lockitch et al. (2003), and the
value κ2 = 0.29, the value of R can then be varied over some
sensible range, and equation (5) is solved numerically for
M(R). The results of such a calculation are depicted by the
solid red line in Figure 1. Note that our procedure is incon-
sistent, in that we use the n = 0 results of Lockitch et al.
(2003) for κGR, but an average over realistic equations of
state for a 1.4M⊙ star from the results of Lindblom et al.
(1999) for κ2. However, as noted above, in both cases the
variation in κ with respect to variations in the equation of
state is small, at the level of a few percent, so errors in-
troduced by this inconsistency are presumably at a simi-
lar level, much smaller than the variation in M when R is
varied over an astrophysically-plausible interval. Given the
relatively crude nature of our approximations, a detailed er-

ror analysis is clearly not appropriate, but given the several
percent variation of κGR of the relativistic correction with
polytropic index, and the variation in the rotational param-
eter κ2 over realistic equations of states, the error in this
M(R) curve due to our lack of knowledge of the real equa-
tion of state is plausibly smaller than 10%.

Assuming that the inferred compactness reflects the na-
ture of the neutron star, we can combine the result with the
radius constraint from X-ray burst sources. According to the
most recent analysis by Lattimer & Steiner (2013), the al-
lowed radius range for all neutron stars between 1.2M⊙ and
2.0M⊙ is 10.9 to 12.7 km1. In other words, one would expect
R = 11.8 ± 0.9 km, or, more appropriately given our likely
level of accuracy, R = 12 ± 1 km. Combining this result
with the inferred compactness, we conclude that the mass
of the XTE J1751−305 neutron star should lie in the range
1.59− 1.91M⊙, with a preferred value of M ≈ 1.8M⊙. This
is a perfectly reasonable mass for a neutron star that has ac-
creted enough mass to be spun up to the observed fast spin.
More detailed calculations, especially concerning the fast ro-
tation correction in General Relativity (perhaps building on
Gaertig & Kokkotas 2008) are needed to improve on this.

The close proximity (in frequency) of a crustal toroidal
mode could have a significant effect on the r-mode frequency,
and change the above estimates. However, as Strohmayer &
Mahmoodifar noted, proximity to such an avoided crossing
would require an unexpectedly large value for the crustal
shear modulus, so this solution does not seem very likely.
There are other pieces of physics, beyond the inclusion of
full relativity, rapid rotation, and the crust, that could af-
fect the r-mode frequency. These include magnetic fields
and superfluidity. The weak magnetic fields of LMXBs in-
dicate that magnetic corrections should be negligible [see,
e.g. Lander et al. 2010, for normal (rather than supercon-
ducting) interiors at least]. Similarly, studies of Newtonian
stars with superfluid cores indicate that the r-mode we
are considering here is relatively insensitive to this aspect
(Passamonti & Andersson 2012).

3 OBSERVATIONS AND SPIN EVOLUTION

Having established that the observed frequency would
be consistent with a global r-mode oscillation in
XTE J1751−305, let us now turn to the implications for and
constraints from the measured spin evolution of this system.
We will begin by applying ‘standard’ accretion theory to this
system, which involves only accretion and magnetic fields,
deferring the inclusion of r-modes to Section 4.

The 2002 X-ray outburst in XTE J1751−305 occurred
from April 3 to April 30, had a rise time of less than 4 d,
peaked around April 4–5, and declined exponentially with
a decay timescale of ≈ 7 d (Markwardt et al. 2002). Pulsa-
tions at the spin-frequency of 435 Hz were only detectable

1 Note that a lower radius range is found by Guillot et al. (2013).
However an important systematic effect (as well as others) is the
assumption of a hydrogen atmosphere when fitting X-ray data.
A helium atmosphere leads to a larger inferred radius (see, e.g.
Servillat et al. 2012; Catuneanu et al. 2013). This difference in
composition is approximately taken into account in the analysis
of Lattimer & Steiner (2013).

c⃝ 2014 RAS, MNRAS 000, 1–8

Provided a global oscillation modulates the 
light curve with the rotating frame 
frequency (?), the result is consistent with 
an r-mode once one accounts for 
relativistic corrections. 

This would constrain the star’s mass 
(making use of radius constraints from 
other X-ray burst sources).  

However, the suggested amplitude is too 
large to be reconciled with the observed 
spin-evolution of the system.  

 There is always a spin-down penalty associated with r-mode excitation, even if 
the mode is stable. 

[NA, Jones & Ho 2014] 



summary 
The r-modes remains a “viable” gravitational-wave source and may be the 
mechanism that limits neutron star spin. 

Instability window depends on core physics (composition/state of matter/
transport coefficients). 

Observations (in some sense) constrain theory, but... 
Still have the same three questions as (nearly) 20 years ago: 

 

 

 

 

 

 

1.  Are the r-modes unstable in a realistic 
neutron star model? 

2.  Why does the growth of an unstable 
mode saturate and what is the achieved 
amplitude? 

3.  How does a star with an active 
instability evolve? 


