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e As we have discussed, complex computer models are in general very slow.

e Many calculations that take account of uncertainty need huge numbers of
model evaluations.

e We have seen History Matching, but forecasting, making decisions to
optimise certain outputs, designing new experiments etc. require even more
model evaluations.

e Emulators, which represent our beliefs about the computer model, are
very fast.

e Hence Emulators are essential for any serious analysis.

e We will now build a simple emulator.
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e For each output f;(x) we pick active variables 2 then emulate using:

Z/BZ] gzy +uz< A) +5@<$)

e The Zj By gij(a:A) is a 3rd order polynomial (say) in the active inputs.

e wu;(z?)is a Gaussian process.

e The nugget d;(xz) models the effects of inactive variables as random noise.

e The u;(xz*) have covariance structure given by:

COV(Ui(5’7i4)an($é4)) = UzzeXP[—’% —5’72‘ 267

e The Emulators give the expectation E| f;(x)] and variance Var(f;(x)) at
point x for each output given by 7 = 1, .., 11, and are fast to evaluate.
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e Lets consider a 1-dimensional example for simplicity, so f(x) = fi(x) and
x are both 1-dimensional.

e Therefore we don’t consider active and inactive inputs (as there is just one),
so we can drop the nugget term &;(z) and forget about 2** and the index 4.

e So the emulator equation reduces to

f(x) =2 B;9;(@) +u(x)

e The first term is a regression term, often composed of low order
polynomials in & (or other appropriate deterministic functions), so

N " Bigi(x) = Bo+ i+ Bax® + Bax® + ...
J

e To really simplify things, lets set this polynomial to a constant 5y (we will
return to the polynomial later). Therefore we have:

f(x) = Bo + u(z)
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e As we are going to use Bayes Linear methods to build our emulator, we
need to specify a priori the E(3y), Var(8y), E(u(z)) and the covariance
structure of u(x) which simply means the Cov(u(x), u(z’)).
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e So we have that: f(z) = Bo + u(x)

e As we are going to use Bayes Linear methods to build our emulator, we
need to specify a priori the E(3y), Var(8y), E(u(z)) and the covariance
structure of u(x) which simply means the Cov(u(x), u(z’)).

e We are free to set E(u(x)) = 0, as we can always redefine Sy.

e We then choose an appropriate covariance structure depending what we
suspect the behaviour of the computer model f(x) to be: if it is pretty
smooth as a function of x we may choose the Gaussian form:

Cov(u(z),u(z')) = o?exp|—|z — z'|*/6%]

where o2 and 6 are parameters we should specify.

e In this case we specify E(5p) corresponding to our beliefs about the mean
of f(x), with Var(5p) representing how unsure we are.
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e Remember that f(x) could represent any output of a complex model, so for
a reservoir model, it could be the BHP or oil production at 1000 days, while
x would be a vector of inputs e.g. porosities, permeabilities, fault multipliers.
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Remember that f(x) could represent any output of a complex model, so for
a reservoir model, it could be the BHP or oil production at 1000 days, while
x would be a vector of inputs e.g. porosities, permeabilities, fault multipliers.

However, we will stick to a simple 1-dimensional example where

f(z) = sin (?—f)

We imagine that due to computer time constraints we can only evaluate
f(x) at 6 points and choose the (not ideal) locations:

+9) = 0,10, 20, 30,43, 50

We evaluate f(a:(j)) for 3 = 1 to 6, and gather the results into vector D:

D = (f(aW), f(@?),..., f@ON"

C/2rx 0\ . /27rx10 /2 x50\ \ 7’
= | sin , S1n ,...,SIN
50 50 50

7
A

5
y
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e For simplicity we treat the constant term 3y as known and hence set
Var(8y) = 0, and choose the prior expectation E(8p) = 0 (a sensible
choice for a sine function).
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e For simplicity we treat the constant term 3y as known and hence set
Var(8y) = 0, and choose the prior expectation E(8p) = 0 (a sensible
choice for a sine function).

e We choose the parameters in the covariance function for u(z) tobe o = 1
and 6 = 15 representing curves of moderate smoothness (over the range
of  values [0, 50).

e We now have all we need to use the Bayes Linear equations to update our
prior beliefs E(f(x)) and Var(f(x)) about the behaviour of f(x) given
new run data D, to obtain adjusted beliefs Ep(f(x)) and Varp(f(x)):

Ep(f(z)) = E(f(z)) + Cov(f(x), D)Var(D)~"(D — E(D))
Varp(f(z)) = Var(f(z)) — Cov(f(z), D)Var(D)~'Cov(D, f(x))
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e FEverything on the right hand side of the BL update equations has been
specified: as f(x) = By + u(x), 8o = 0,0 = 1 and 6 = 15, we have:

E(f(z)) = fo, Var(f(z)) =o"
E(D) — (507 SR 7BO)T
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e FEverything on the right hand side of the BL update equations has been
specified: as f(x) = By + u(x), 8o = 0,0 = 1 and 6 = 15, we have:

E(f(z)) = Bo,
E(D) = (bo, - .
e Cov(f(x),D) is arow vector of length n = 6 with jth component

Cov(f(x),D);

Var(f(z)) = o

© BO)T

Cov(f(z), f(z\V))

0'26Xp

{_

Jz — 20|
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}

y D
b |

16/ 145



y D
b |

Simple 1-dimensional Sine Example

e Everything on the right hand side of the BL update equations has been
specified: as f(x) = Bo + u(x), Bo = 0,0 = 1 and 8 = 15, we have:

E(f(z))= Bo.  Var(f(z)) =0
E(D) — (507 SR 7B0)T

e Cov(f(x),D) is arow vector of length n = 6 with jth component

Cov(f(z),D); = Cov(f(z),f(z?))

R {Hx —:c<f>u2}

e Similarly Var(D) is an n X n matrix with (7, k) element

Var(D)r = Cov(f(x(j)),f(x(k)))

5 Hilf(j) _ le(k)H2
= o7expy — 02
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e Note that we can do the BL update for f(x) for a single new untried input x,
or we can simultaneously update for a set of m new inputs, where x would
now become a vector of length m.
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Note that we can do the BL update for f(x) for a single new untried input x,
or we can simultaneously update for a set of /m new inputs, where x would
now become a vector of length m.

Now f(x) is a column vector of length m.

In this case we use the same BL equations, but use Cov( f(z), D) which is
now an m X n matrix, Var(f(x)) is an m x m matrix, and E( f(z)) is a
column vector of length m.

You will try R code this afternoon that does this example with n = 6 and
m = 100.

Our emulator is complete and is represented as the adjusted expectation
and variance of f(x): Ep(f(z)) and Varp(f(x)).

We can now plot Ep( f(x)) as a function of x (in blue), and plot credible
intervals (in red) as Ep(f(x)) £ 3/ Varp(f(z)) .
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e Note the way that Ep(f(x)) (the blue line) agrees precisely with the 6
known runs (the black dots) given by D.
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e Note the way that Ep(f(x)) (the blue line) agrees precisely with the 6
known runs (the black dots) given by D.

e Note also that the credible interval (the red lines) shrinks to zero at the 6
known runs: this is due to Varp(f(z)) going to zero at the points in D.
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Emulator of Model Output f(x)

Model Output f(x)
0.0 0.5 1.0

-05

-1.0
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Input Parameter x

e Note the way that Ep(f(x)) (the blue line) agrees precisely with the 6
known runs (the black dots) given by D.

e Note also that the credible interval (the red lines) shrinks to zero at the 6
known runs: this is due to Varp(f(z)) going to zero at the points in D.

e Today you will work with R code that does the above, and you will be able to
play with 8y, o, 8, D, 2\9) and the function f(x).
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e Often we would want to emulate an expensive function because we are
interested in history matching: finding the inputs x that give acceptable
matches between the outputs f(x) and some history data z.
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Simple 1-dimensional Sine Example: Implausibility %‘g

e Often we would want to emulate an expensive function because we are
interested in history matching: finding the inputs x that give acceptable
matches between the outputs f(x) and some history data z.

e 2z is measured with observation error e, with variance o2, so were the model

perfect, we would use an implausibility measure I(x):

o Ep(f(@)) — 22
') = Rarp (@) + Var(e))
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e Often we would want to emulate an expensive function because we are
interested in history matching: finding the inputs x that give acceptable
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interested in history matching: finding the inputs x that give acceptable
matches between the outputs f(x) and some history data z.

2

2, S0 were the model

e 2 is measured with observation error e, with variance o
perfect, we would use an implausibility measure I(x):

Ep(f(z)) — 2|
(Varp(f(z)) + Var(e))

e Remember that high values of I(x) imply that x is unlikely to give a good
match (x is implausible), but low values just mean we are unsure about x.

I*(z) =

e Usually we would judge that our model is inaccurate and hence has a
structural model discrepancy e, with variance 03. The implausibility

becomes: ,
[2(33) _ ’ED(f(CU))—Z‘
(Varp(f(xz)) + Var(e) + Var(e))
e For our example we take z = —0.8 and 02 + 2 = 0.022 and plot I(z).
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Simple Example: 2nd Wave History Match

e We now impose a cutoff on the implausibility:

I(z) <c
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e We perform a second wave of the iterative history match by running the
model at three more x points, chosen only from the non-implausible space.
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e We now impose a cutoff on the implausibility:

I(z) <c
e Where cis often chosen to be 3 due to Pukelsheim’s 3-sigma rule.
e x values that violate this cutoff are deemed implausible (plotted as red)

e x values that satisfy it are deemed non-implausible, which are OK for now,
but could be ruled out later (plotted as green).

e We perform a second wave of the iterative history match by running the
model at three more x points, chosen only from the non-implausible space.

e So we add the following runs to the vector D:

29— 40.37.33

wave

e (Thisis a slight simplification, often we may create a new emulator from the
(4)

xwafueQ

points alone, perhaps using the wave 1 emulator as prior). |
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We use an iterative strategy to reduce the input parameter space. Denoting the
current non-implausible volume by X’;, at each stage or wave we:
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We use an iterative strategy to reduce the input parameter space. Denoting the
current non-implausible volume by X’;, at each stage or wave we:

1. Design and perform a set of runs over the non-implausible input region X’;
Identify the set ()41 of informative outputs that we can emulate easily
Construct new emulators for f;(x), where @ € ()41 defined only over X;

Evaluate the new implausibility functions I;(x),? € Q)41 only over X

GO O

Define a new (reduced) non-implausible region X1, by Ip(z) < ey,
which should satisfy X C X1 C &

6. Unless (a) the emulator variances are now small in comparison to the other
sources of uncertainty (model discrepancy and observation errors) or (b)
computational resources are exhausted or (c) all the input space is deemed
implausible, return to step 1
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Iterative History Matching for Reducing Input Space.

We use an iterative strategy to reduce the input parameter space. Denoting the
current non-implausible volume by X’;, at each stage or wave we:

GO O

Design and perform a set of runs over the non-implausible input region X’;
Identify the set ()41 of informative outputs that we can emulate easily
Construct new emulators for f;(x), where @ € ()41 defined only over X;
Evaluate the new implausibility functions I;(x),? € Q)41 only over X

Define a new (reduced) non-implausible region X1, by Ip(z) < ey,
which should satisfy X C X1 C &

Unless (a) the emulator variances are now small in comparison to the other
sources of uncertainty (model discrepancy and observation errors) or (b)
computational resources are exhausted or (c) all the input space is deemed
implausible, return to step 1

If 6(a) true, generate a large number of acceptable runs from the final
non-implausible volume X

7
A

5
y
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e The simple emulator above had f(x) = By + u(x): this is a useful
emulator but will fail for many functions that have high input dimension.
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e We can improve our emulators by bringing back the polynomial terms so:
() = Bjgi(x) + ulx)
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e Now lets say we have 2 inputs so x is now a vector x = (x1,2). The
polynomial term of order 2 would look like:

> Bigi() = Bo+ Pra1 + Baxa + B3xi + Baxh + Psr1
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e These polynomial terms are very good a describing the global behaviour of
f(x) while the stationary process u(x) can mimic the more local
behaviour.
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e The simple emulator above had f(x) = By + u(x): this is a useful
emulator but will fail for many functions that have high input dimension.

e We can improve our emulators by bringing back the polynomial terms so:
() = Bjgi(x) + ulx)
J

e Now lets say we have 2 inputs so x is now a vector x = (x1,2). The
polynomial term of order 2 would look like:

> Bigi() = Bo+ Pra1 + Baxa + B3xi + Baxh + Psr1
J

e These polynomial terms are very good a describing the global behaviour of
f(x) while the stationary process u(x) can mimic the more local
behaviour.

e We can in principle specify prior expectations, variances and covariances
for all the 3; terms: E(3;) and Cov(5;, Bk), if we have informed beliefs

about them. |
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well spaced in the input space, the correlation between the u(z(7)) terms
will be small and our emulator will tend toward a standard regression model
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e For example, if we have access to a fast version of the model (e.g. a coarse
or lower resolution version of a reservoir model) that we can run many
times, we can use this to obtain highly informed priors for ;.

e This is a powerful technique that is noticably under used in the oil industry.

e Alternatively, if we have performed a reasonable number of runs that are
well spaced in the input space, the correlation between the u(z(7)) terms
will be small and our emulator will tend toward a standard regression model
(or linear model).

e Hence we can approximate the 3; terms by their Ordinary Least Squares
(OLS) estimate, (and use a corresponding estimate for o2 t00).

e As this is actually corresponds to using a Maximum Likelihood Estimate
(MLE), it can be used to approximate the full Bayesian posterior for the (s,
in the large run number limit, as described yesterday.

e We can obtain all the OLS estimates we need from the R function “Im()”

(see later this afternoon).
|
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list of them if the input dimension is high.
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terms that seem to mimic the function f(z) well.
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e Only some of the polynomial terms will be useful, and there may be a long
list of them if the input dimension is high.

e We reduce this problem by identifying the active inputs z4 for the output
f(x): those inputs that have a clear effect on f(x).

e Now we build the polynomial just out of terms involving the active inputs:
9 gj(:cA). (The other inputs are referred to as inactive).

e To reduce the size of the polynomial further we can use model selection
techniques, e.g. based on AIC or BIC criteria, to select only the polynomial
terms that seem to mimic the function f(z) well.

e This can be done with the R function “step()” (see this afternoon’s course).

e Now the emulator takes its full form (for a single output f(x)):

Fla) =3 By gy + ule®) + 6(a)

e §(x) an uncorrelated nugget that has E(&(z)) = 0 and Var(4(z)) = o%.
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e We prefer to put a lot of effort into finding a good polynomial that mimics
most of the behaviour of the function f(x).
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e This then frees the weakly stationary process (or Gaussian process) u(x)
to deal with the often more complex local behaviour.

e It also means that specifying attributes of the weakly stationary process
u(x), such as the correlation length 6 and the form of the correlation
structure itself, become less critical, as u(x) represents a less influential
part of the emulator.
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e We prefer to put a lot of effort into finding a good polynomial that mimics
most of the behaviour of the function f(x).

e This then frees the weakly stationary process (or Gaussian process) u(x)
to deal with the often more complex local behaviour.

e It also means that specifying attributes of the weakly stationary process
u(x), such as the correlation length 6 and the form of the correlation
structure itself, become less critical, as u(x) represents a less influential
part of the emulator.

e The identification of active inputs is also vital to the whole emulation
process: it can greatly simplify a very complex and high dimensional
function.
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e If the polynomial or regression terms are good enough, we can build fast
and useful emulators that are just linear models, with uncorrelated u(x).

e Will see (a bit) more of this in this afternoon’s session.

e Remember that at wave 1 it is unlikely that the reservoir model can be
accurately approximated by a low order polynomial, but in later waves when
we are in a small part of the input space, the approximation is often much
more accurate.

e Thisis due to f(x) having smoother behaviour over smaller input spaces.

e For an explicit demonstration of this, see our Galaxy papers.
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e We will now have a brief introduction to Designing future experiments or:
what data should | pay for?

e Often we want to use a complex model to predict the future, with
appropriate uncertainty.

e We would then want to use such predictions to inform us about decision we
have to make.

e For example, we may wish to choose the best experiment from a list of
possible experiments, to achieve some scientific goal.

e Similarly we may have the choice of paying for extra data, e.g. 4D seismic
data, and wondered whether it is worth it.

e We do this by History Matching first, then employing Decision Theory.

e Inthe examples | show, we are going to judge future experiments based on
how good we think they will be at reducing the size of the input space in a
future history match: therefore our Utility will be linked to space reduction.
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e Say we are interested in the concentration of a chemical which evolves in
time. We will model this concentration as f(x,t) where x is a rate
parameter and t is time.
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error at t = 3.9.
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e Say we are interested in the concentration of a chemical which evolves in
time. We will model this concentration as f(x,t) where x is a rate
parameter and t is time.

e We think f(x,t) satisfies the differential equation or model:

df (x,1)
dt

= of(z,t) = flz,t) = foexp(at)
e We will temporarily assume the initial conditions are fy = f(z,t =0) = 1.
e The system runs from ¢ = 0 to ¢ = 5 and we will measure f(z,t) with

error att = 3.5.

e Model features an input parameter x which we want to learn about.
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e Say we are interested in the concentration of a chemical which evolves in
time. We will model this concentration as f(x,t) where x is a rate
parameter and t is time.

e We think f(x,t) satisfies the differential equation or model:

df (x,1)
dt

— :ij(il?,t) — f(CE,t) — foeXp(CEt)

e We will temporarily assume the initial conditions are fy = f(z,t =0) = 1.

e The system runs from ¢ = 0 to ¢ = 5 and we will measure f(x,t) with
error at t = 3.9.

e Model features an input parameter x which we want to learn about.

e Note that normally we would not have the analytic solution for f(x,t).
|
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e One “model run” with the input parameter x = 0.4
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e One “model run” with the input parameter x = 0.4

e If we did not know the analytic solution for f(x,t) this would be generated
by numerically solving the differential equation.
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e Five model runs with the input parameter varying fromxz = 0.1tox = 0.5
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e Five model runs with the input parameter varying fromxz = 0.1tox = 0.5
e We are going to measure f(x,t) att = 3.5

e The measurement is not a point but comes with measurement error.
|
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Time (1)

e Major question: which values of x ensure the output f(z,t = 3.5) is
consistent with the observations?
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e Major question: which values of x ensure the output f(z,t = 3.5) is
consistent with the observations?

e It would seem that x has to be at least between 0.3 and 0.4.
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e To answer this, we can now discard other values of f(x,t) and think of
f(x,t = 3.5) as a function of  only.
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e To answer this, we can now discard other values of f(x,t) and think of
f(x,t = 3.5) as a function of  only.

e Thatistake f(z) = f(x,t = 3.5)
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Rate Parameter Value x

e We can now plot the concentration f(x) as a function of the input

parameter x.
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Rate Parameter Value x

e We can now plot the concentration f(x) as a function of the input

parameter x.

e Black horizontal line: the observed measurement of f
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We can now plot the concentration f(x) as a function of the input

parameter x.

Black horizontal line: the observed measurement of f

Dashed horizontal lines: the measurement errors
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Rate Parameter Value x

e If we know the analytical expression for f(x) = exp (3.5x), then we can
identify the values of x of interest.
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Rate Parameter Value x

If we know the analytical expression for f(x) = exp (3.5x), then we can
identify the values of x of interest.

Ilgnoring the measurement error would lead to a single value for x but this is
incorrect: we have to include the errors.
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If we know the analytical expression for f(x) = exp (3.5x), then we can
identify the values of x of interest.

Ilgnoring the measurement error would lead to a single value for x but this is
incorrect: we have to include the errors.
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If we know the analytical expression for f(x) = exp (3.5x), then we can
identify the values of x of interest.

Ilgnoring the measurement error would lead to a single value for x but this is
incorrect: we have to include the errors.
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e Uncertainty in the measurement of f(xz,t = 3.5) leads to uncertainty in the
inferred values of x.
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Concentration of f(x,t)

Rate Parameter Value x

Uncertainty in the measurement of f(x,¢ = 3.5) leads to uncertainty in the
inferred values of x.

Hence we see a range (green/yellow) of possible values of x consistent with
the measurements, with all the implausible values of x in red.
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Rate Parameter Value x

e Another important form of uncertainty is that of model discrepancy related
to how accurate we believe the model to be.
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Concentration of f(x,t)
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0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x

Another important form of uncertainty is that of model discrepancy related
to how accurate we believe the model to be.

This uncertainty arises from many issues e.g. is the form of the model (the
differential equation) appropriate, is the model a simplified description of a

more complex system, is there uncertainty in the initial conditions etc? |
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Rate Parameter Value x

e Model discrepancy is represented as uncertainty around the model output
f () itself: here the purple dashed lines.
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Concentration of f(x,t)

Rate Parameter Value x

e Model discrepancy is represented as uncertainty around the model output
f () itself: here the purple dashed lines.

e This results in more uncertainty in x, and hence a larger range of x values.
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e Consider the graph of f(x): in general we do not have the analytic solution

of f(x), here given by the dashed line.

y D
b |

59 /145



(o —
/7
o
/7
= v
>
=
-
(@)
C 7
o ¥ - @
E P
"E ,
() o
(@] /’
[ o —
o o
@) o
rd
P
,/
N — v 2
—”.’
[ | | | [
0.1 0.2 0.3 04 0.5

Rate Parameter Value x

e Consider the graph of f(x): in general we do not have the analytic solution

of f(x), here given by the dashed line.
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e Consider the graph of f(x): in general we do not have the analytic solution
of f(x), here given by the dashed line.

e Instead we only have a finite number of runs of the model, in this case five.
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e The emulator can be used to represent our beliefs about the behaviour of
the model at untested values of x, and is fast to evaluate.
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Rate Parameter Value x

The emulator can be used to represent our beliefs about the behaviour of
the model at untested values of x, and is fast to evaluate.

It gives both the expected value of f(x) (the blue line) along with a credible
interval for f(x) (the red lines) representing the uncertainty about the

model’s behaviour. |
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Rate Parameter Value x

e Comparing the emulator to the observed measurement we again identify
the set of x values currently consistent with this data (the observed errors
here have been reduced for clarity).
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Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x

e Comparing the emulator to the observed measurement we again identify
the set of x values currently consistent with this data (the observed errors
here have been reduced for clarity).

e Note the uncertainty on & now includes uncertainty coming from the

emulator. |

64 /145 '



= W
>
=
-
(@)
[
o <
=
©
=
C
o)
S o
o
@)

I\,

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x

e We perform a 2nd iteration or wave of runs to improve emulator accuracy.
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Rate Parameter Value x

e We perform a 2nd iteration or wave of runs to improve emulator accuracy.

e The runs are located only at non-implausible (green/yellow) points.
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Concentration of f(x,t)
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Rate Parameter Value x

We perform a 2nd iteration or wave of runs to improve emulator accuracy.
The runs are located only at non-implausible (green/yellow) points.

Now the emulator is more accurate than the observation, and we can
identify the set of all x values of interest.
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e We have seen how we can use an emulator to learn about the input
parameter x even for a slow model.
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e We have seen how we can use an emulator to learn about the input
parameter x even for a slow model.

e We had measured the system at ¢ = 3.5 and subsequently learnt about .
Now imagine we have to choose between two future experiments:

Experiment A: Measure f(x,t) at ¢ = 2 with same observed error as before.
Experiment B: Measure f(x,t) att = 5 with same observed error as before.

e We only have the money/resources to do one of these experiments, so
which is best?

e We can use the model’s predictions at £ = 2 and ¢ = 5 to determine which
experiment A or B is expected to be most informative about the input
parameter x, given our knowledge about f(x,t) att = 3.5.
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e Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) att = 3.5, and perform corresponding runs of the
model.
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Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) att = 3.5, and perform corresponding runs of the

model.

x = 0.309
x=0.314
x=0.319
x =0.324
x = 0.329

Time (1)
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Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) att = 3.5, and perform corresponding runs of the
model.

We can check the predictions made by these runs for f(x,t = 2).
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Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) att = 3.5, and perform corresponding runs of the
model.

We can check the predictions made by these runs for f(x,t = 2).
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The predictions imply that any measurement of f(x,t = 2) is highly
unlikely to be informative for x.

This is due to the measurement errors swamping the signal from the model
output f(x,t = 2).
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x = 0.339
x = 0.344

Concentration of f(x,t)
4
|

@] boococcocococooooooaS
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e The predictions for f(x,t = 5) show a different conclusion.
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e The predictions for f(x,t = 5) show a different conclusion.
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e The predictions for f(x,t = 5) show a different conclusion.

e For each possible measurement of f(x,t = 5) it is highly likely that we will
be able to rule out several more values of x as implausible.
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e For one possible measurement, we see that non-implausible values of x
would lie approximately between 0.344 and 0.354, ruling out approximately
70% of the possible values of z.
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For one possible measurement, we see that non-implausible values of x
would lie approximately between 0.344 and 0.354, ruling out approximately
70% of the possible values of z.

This high expected space reduction in x implies that Experiment B,

measuring f(x,t) att = 5, is clearly the best choice. 1
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e We have hence used the results of the first experiment, measurement of
f(xz,t = 3.5) to make predictions of the two possible experiments A and B.
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f(xz,t = 3.5) to make predictions of the two possible experiments A and B.

e We then choose Experiment B, measurement of f(xz,t = 5), as it is the
most efficient experiment for learning about x, as it has the highest
expected space reduction (reduction in the range) of x, for the given
measurement errors.
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e We have hence used the results of the first experiment, measurement of
f(xz,t = 3.5) to make predictions of the two possible experiments A and B.

e We then choose Experiment B, measurement of f(xz,t = 5), as it is the
most efficient experiment for learning about x, as it has the highest
expected space reduction (reduction in the range) of x, for the given
measurement errors.

e Note that although this method requires trusting the model predictions, in

general we would incorporate a model discrepancy term to allow for a
certain level of inaccuracy of the model.
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78 /145 '



Systems Biology: Arabidopsis

A3
b |

e Small flowering plant related to cabbage and mustard.

e One of the model organisms used for studying plant biology and the first
plant to have its entire genome sequenced.

e Changes in it are easily observed, making it very useful. |
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e Liu et. al. developed a kinetic model of hormonal crosstalk in Arabidopsis,
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e We have money to measure 4 more outputs in the future.

79/145



Hormonal Crosstalk in Arabidopsis

y D
b |

e Liuet. al. developed a kinetic model of hormonal crosstalk in Arabidopsis,

e Model describes the function of POLARIS (PLS) peptide in auxin
biosysthesis.

e Also describes the complex interactions of three measurable hormones:
auxin, ethylene and cytokinin in various cases.

e Model effectively has 96 outputs, 16 of which have been measured (z).
e We have money to measure 4 more outputs in the future.

e Model has 32 unknown input rate parameters which have ranges of 5
orders of magnitude,
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e Liuet. al. developed a kinetic model of hormonal crosstalk in Arabidopsis,

e Model describes the function of POLARIS (PLS) peptide in auxin
biosysthesis.

e Also describes the complex interactions of three measurable hormones:
auxin, ethylene and cytokinin in various cases.

e Model effectively has 96 outputs, 16 of which have been measured (z).
e We have money to measure 4 more outputs in the future.

e Model has 32 unknown input rate parameters which have ranges of 5
orders of magnitude,

e Here the input x is a vector of length 32, but the output f(x) is of length 96.
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e First major question: Is the model f(x) currently consistent with the
observed measurements z? If so can we identify the set X'(z) of all
acceptable inputs?
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Arabidopsis Design of Experiment
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e First major question: Is the model f(x) currently consistent with the
observed measurements z? If so can we identify the set X'(z) of all
acceptable inputs?

e To answer this we perform a History Match.

e Second major question: What is the most informative future experiment we
can perform to learn about the Arabidopsis system?

e To answer this we need to:

- Specify the class of possible experiments considered.

- Use the results of the History Match to obtain model predictions for all
future experiments that are consistent with current observations.

- Choose the most efficient experiment based on an Expected Space
Reduction criteria and complementary robustness considerations.

e This will result in a design for a new experiment that is expected to be highly

informative about the input or rate parameters of the Arabidopsis system.
]
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Slides describing model inputs and outputs.

Chemical Output

Initial concentration

Auxin

X

PLSp
Ra
Ra_star
CK

ET
PLSm
Re
Re_star
CTR1
CTR1_star
IAA
cytokinin
ACC

0.1
0.1
0.1
0
1
0.1
0.1
0.1
0
0.3
0
0.3
0
0
0

w
Measurable
Yes
Yes
Yes
Yes
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Reaction Network Model

A3
b |
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32 Reaction Rates: 32 Input parameters Eé’
Input min max Input min max
k1 0.001 100 kia 0.001 100
k2 0.0002 20 k2a 0.0028 | 280
k2b 0.001 100 k2c 1x107° 1
k3 0.002 200 k3a 0.00045 | 45
k4 0.001 100 k5 0.001 100
k6 0.3 0.3 k6a 0.0002 | 20
k7 0.001 100 k8 0.001 100
k9 0.001 100 k10 3x10~7 | 0.03
k10a 0.0005 50 k11 0.005 | 500
k12 0.0001 10 k12a 0.0001 10
k13 0.001 100 k14 0.003 | 300
ki5 | 85%x107° | 85 k16 0.0003 | 30
k16a 0.001 100 k17 0.0001 10
k18 0.0001 10 k18a 0.001 100
k19 0.001 100 kivauxin | 0.001 100
k1vCK 0.001 100 k1veth 0.001 100

e So now the input x = (k1, kl1a, k2, k2a, ... ,k19, k1vauxin, k1vCK, k1veth)
|
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Arabidopsis Model W
dAuxin k1ia koo ET PLSp
dt T+ X TRt I oK L 1 Prsp
k1 kap | 2€ P
(k3 + k3qg X)Auzin + kiyquainl AA
dX
E k;16 - k;16aCTRlstar - kl'?X
dPLSp
—_— ksPLSm — kgPLSp
dt
dRa
= —kqgAuxinRa + ks Rastar
t
dRa
% ksAuxinRa — ks Ragstqr
dCK k18a .
dt W — k’lgCK + k;]_,UCKC'ytOk;’L’n/Ln
18
dET
7 k1o + k12 AuxinCK — k13 ET + k1yeth ACC
dPLSm kg Ra
— —16 ST k7PLSm
t ET
T k6a
dRe
= k11 Restar ET — (k1o + k100 PLSp)Re
dRestqr
T —ki11RegtaqrET + (kzlo =+ kloaPLSp)Re
dCTR1
T —ki1a4RestarCTR1 + k15CT Rlstqr
dCTRlstaqr
dt kig4RestarCTR1 — k15CT Rlgtqr
]
dIAA deytokinin 0 dACC 0 84 /145 '
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Measurements of root hormone level.

WT + ACC

y P
A |
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Fundamental Scientific Questions

A3
b |

Fundamental scientific questions:
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Fundamental Scientific Questions
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Fundamental scientific questions:

1 (a) Are there any choices of rate parameters consistent with the 16
observed trends z?

(b) Can we identify the set X'(z) of all such input or rate parameters?

3 What design of future experiment will reduce this set X'(z), and hence
resolve uncertainty about the rate parameters?

86 /145



O
L®]
O
S
()
L
)
[
(@
(7))
c
-
S
o
o
o
AN
(7))
=
(o}
(7))
o
c
o
T
©
()
>
S
O
(/)]
o)
O

0} S 0 c=

adA] pjIm WoJ} [BoIWBYD Ul 8sealoul Boj

oy dsd 1P

o MO P

of 13 yp

o) uixny Jip

8y dsd Hp

o MO Hp

oy 13 4p

8f uixny Jip

ey dgd Hp

Bl MO 4P

B 13 JIp

BJ uixny JIp

87 /145 '




Emulation: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e Consider the graph of f(x): in general we do not have the analytic solution
of f(x), here given by the dashed line.

e Instead we only have a finite number of runs of the model, in this case five.
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Emulation: 1D example

y D
b |

Concentration of f(x,t)

I I I I I
0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e The emulator can be used to represent our beliefs about the behaviour of
the model at untested values of x, and is fast to evaluate.
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Emulation: 1D example

y D
b |

Concentration of f(x,t)

I I I I I
0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e The emulator can be used to represent our beliefs about the behaviour of
the model at untested values of x, and is fast to evaluate.
e Gives the expected value of f(x) (blue line) along with a credible interval for

f(x) (red lines) representing the uncertainty about the model’s behaviour. |
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Implausibility Measures: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e Comparing the emulator to the observed measurement we again identify
the set of x values currently consistent with this data (the observed errors
here have been reduced for clarity).
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Implausibility Measures: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e Comparing the emulator to the observed measurement we again identify
the set of x values currently consistent with this data (the observed errors
here have been reduced for clarity).
e Note: uncertainty on & now includes uncertainty coming from the emulator.
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Implausibility Measures: Arabidopsis Model
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Iterative Input Space Reduction: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e Comparing the emulator to the observed measurement we again identify
the set of x values currently consistent with this data (the observed errors
here have been reduced for clarity).
e Note: uncertainty on & now includes uncertainty coming from the emulator.
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Iterative Input Space Reduction: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x

e We perform a 2nd iteration or wave of runs to improve emulator accuracy.
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Iterative Input Space Reduction: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e We perform a 2nd iteration or wave of runs to improve emulator accuracy.
e The runs are located only at non-implausible (green/yellow) points.
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Iterative Input Space Reduction: 1D example

y D
b |

Concentration of f(x,t)

0.1 0.2 0.3 0.4 0.5

Rate Parameter Value x
e We perform a 2nd iteration or wave of runs to improve emulator accuracy.
e The runs are located only at non-implausible (green/yellow) points.
e Now the emulator is more accurate than the observations, and we can

identify the set of all  values of interest. 1
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Iterative Inpu tSpace Reduction: Arabi dops s Model Wave 2
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Iterative Input Space Reduction: Arabidopsis Model Wave 3
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Iterative Strategy for Arabidopsis Model: Wave 1
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Iterative Strategy for Arabidopsis Model: Waves 1 and 2
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Wave 1,2 and 3

Iterative Strategy for Arabidopsis Model
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Iterative Strategy for Arabidopsis Model: Wave 1,2 and 3
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Designing New Experiments
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e We now have found several runs that belong to the set /X', consistent with
16 observed trends.
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e We now have found several runs that belong to the set /X', consistent with
16 observed trends.

e We have funding for 4 additional experiments: want to choose these to
maximise space reduction (to reduce the size of X' ), to learn about the
iInputs x.

e We are considering a class of 96 experiments formed from a combination of
plant type, chemical measured and feeding regime, which leaves 96 - 16 =
80 possible future experiments to choose from.

e We will select 4 experiments from 80 based on an expected space
reduction criteria, using implausibility measures.

e \We hence expect to learn most efficiently about the rate parameters x from
this design of 4 experiments.
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Designing new experiment: 1D example

y D
b |

© 7 — x=0.1

|

|

x=0.2 :
x=0.3 |

— x=04 ;
—_— X =0.5 |

6
I

Concentration of f(x,t)
4
|

Time (1)
e Using the emulator we can choose several values of x consistent with the

measurement of f(x,t) att = 3.5, and perform corresponding runs of the
model.

108/ 145



Designing new experiment: 1D example
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o= x = 0.309 ;
x =0.314 :
x =0.319 :
X = 0.324 !
X = 0.329 :
x = 0.334 !
:
[}
[}
[}
[}
|

6
I

x = 0.339
x =0.344
X = 0.349
x =0.354

Concentration of f(x,t)
4
|

Time (1)
e Using the emulator we can choose several values of x consistent with the

measurement of f(x,t) att = 3.5, and perform corresponding runs of the
model.

109/ 145



Designing new experiment: 1D example
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== x = 0.309
x=0.314
x =0.319
X = 0.324
X = 0.329
X = 0.334
x = 0.339
X =0.344
X = 0.349
X = 0.354

6
I

Concentration of f(x,t)
4
|

Time (t)
e Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) at¢ = 3.5, and perform corresponding runs of the
model.

e We can check the predictions made by these runs for Y (t = 2). 1
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x =0.319
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X = 0.329
X = 0.334
x = 0.339
X =0.344
X = 0.349
X = 0.354

6
I

Concentration of f(x,t)
4
|

Time (t)
e Using the emulator we can choose several values of x consistent with the
measurement of f(x,t) at¢ = 3.5, and perform corresponding runs of the
model.

e We can check the predictions made by these runs for Y (t = 2). 1
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Designing new experiment: 1D example

(e o)

Concentration of f(x,t)
4

e The predictions imply that any measurement of Y (¢ = 2) is highly unlikely

x =0.309
x =0.314
x=0.319
X =0.324
X =0.329
x =0.334
x = 0.339
x =0.344
X = 0.349
X = 0.354

to be informative for .
e This is due to the measurement errors swamping the signal from the model

output Y (¢ = 2).

Time (t)

y D
b |
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Designing new experiment: 1D example
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o= x = 0.309 ;
x =0.314 :
x =0.319 :
X = 0.324 !
X = 0.329 :
x = 0.334 !
:
[}
[}
[}
[}
|

6
I

x = 0.339
x =0.344
X = 0.349
x =0.354

Concentration of f(x,t)
4
|

Gl bococcoccococooooooS

Time (t)

e The predictions for Y (t = 5) show a different conclusion.
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e x = 0.309 ;
x =0.314 :
X =0.319 :
X = 0.324 !
X = 0.329 :
x = 0.334 ;
:
[}
[}
[}
[}
|

6
I

x = 0.339
x =0.344
X = 0.349
x =0.354

Concentration of f(x,t)
4
|

Time (1)

e The predictions for Y (t = 5) show a different conclusion.
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Designing new experiment: 1D example

y D
b |

o= x = 0.309 ;
x =0.314 :
x =0.319 :
X = 0.324 !
X = 0.329 :
x = 0.334 !
:
[}
[}
[}
[}
|

6
I

x = 0.339
x =0.344
X = 0.349
x =0.354

Concentration of f(x,t)
4
|

Time (t)
e The predictions for Y (t = 5) show a different conclusion.
e For each possible measurement of Y (¢ = 5) it is highly likely that we will
be able to rule out several more values of x as implausible.
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Designing new experiment: 1D example
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® 7 — x=0.344
— x=0.349
— x =0.354

6
I

Concentration of f(x,t)
4
|

Gl bocccococococccococoooooSs

Time (t)

e For one possible measurement, see that non-implausible values of x would
lie between 0.344 and 0.354, ruling out 70% of the possible values of x.
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Designing new experiment: 1D example

y D
b |

® 7 — x=0.344
— x=0.349
— x =0.354

6
I

Concentration of f(x,t)
4
|

Time (t)

e For one possible measurement, see that non-implausible values of x would
lie between 0.344 and 0.354, ruling out 70% of the possible values of x.
e This high expected space reduction in x implies that Experiment B,

measuring f(x,t) att = 5, is clearly the best choice. 1

116/145 '



Ak
<] 4

History Matching Plots Plus New Outputs

ol

adAl plim woJ) [ea1wayd ul 8sealoul Boj

ojopey dSTId
o9y dsTd P
ojey dsTd 4P
oje} dsTd Hp
oy dsd #p
) dsd Jp
e/ dsd 4P
Ojojel MO 4P
o) MO JIp
ofef MO 1P
9je) MO )P
o MO HP

3 MO 1P

B MO 1P
nw™)O JIp
ojojel 13 JIp
ol9f 13 4P
ojej 13 JIp
ojey 13 JIp

o 13 4P

o 13 4p

B 13 JIp
nw-13 JIp
OJofef uIXNy i
oJ9f uIXny JIp
Ofef uIXny JIp
Sfef uIxny JIp
oj uxny Jip
j uxny Jip
B uxny Jip

nWuxny 4ip

117 /145




(1N
<] 4

Predictions for New Outputs

- -4 OO
T TERRNe

+lH Q0O

L

- I - - - 00 00

- - - - 400 ©
+ Il - - - 00 00

Ojofey” ws dsTd JIp
oje)” WS dsd Hp
ofeyws dsd #p
o) ws dsTd P
oy ws dsTd P

o) ws dsTd yIp

e ws dsTd 4P
pesjou”ws ds1d JIR
ojejey Imdsd 4P
oje) M dSTTd HP
ojey M dSTd 4P
oy Im dSTd 4P
Ojofe) WS MO 4Ip
oje) WS MO )P
ojeJ WS MO )P
9jey WS MO HP

o ws™HO JIp

8 ws MO 4P

B ws )0 P
paesjou”Ws MO JIp
OJoe) W MO HIP
o) NW YO NP
ojey nW YO JIp
ajej nw MO JIp

o WO 4P

8 nW MO P

B WO P
ojee) IM MO P
oy IM MO P
opey I MO P
ajBy I MO HIp
Ojoje) WS 13 P
oje) ws™ 13 P
ojejws™ 13 )P
ojej ws |3 JIp

o ws™ 1 4P

o ws 1 4p

B ws |3 4p
pesjou”ws™ | 3 JIp
Ojoje; w137 4Ip
oj) nw 13 JIp
ojey nw 1 JIp
oy w13 4P

o nuwT 1P

o nw 137 P

B nw137yp
ojeye M 13 1P
T = )
=T T = )

oje M 1T 4P
OJoje) WS XNy JIp
Ojoy WS uIXNy JIp
Ojey WS uIXNY JIp
ojej WIS uIXny 4P
oj WS uIXNy JIp
8j” ws™uxny” Jip

B wsuxny I
pasjou ws uixny JIp
Ojoje) NI UIXNY JIp
Ojo) NWuIXny jIp
Ojey NWuIxny jIp
ajej nwuIxnyJIp
o nuiTuIxnyJip

8 nwuIXny Jp

Bl nwuIxny 4p
oyeyey IMUIXNY 4P
opey M UXNY )P
oJey IM UXNY )P
afey IM UIXNY Hp

118 /145



Ak
<] 4

Space Cut Out Criteria for New Outputs

Choosing output 1

0t

80

90 v'0

[S]3 1O 1D eoeds peloedxs

ayey”ws dsTd JIp
ojey ws dgTd 4P
ojey M dST1d HP
ajey M dsTd 4P
o) ws™uxny yip
ojey nw 13 4P
ojeyws™ |3 HIp
oy M 1T 4P

8 WS MO Hp

oy nw 13 JIp
ojoye ws dsd 4P
oy ws™ 13 Jp
ojopey M dSTd 4P
ajey” WIS MO JIp
oy nw™ 13 P
oy M 13 Jp
ojey ws™ |3 4P
S4By I MO 4P

8y ws™dsd P
Ojoye; wWs 13 Hp
ojepe M 137 Ip
ojeye; nwi™ | 37 4Ip
B WS MO HP

ajey I uIXNy JIp
ajej WS uxXny Hp
o ws 13 4P

e ws™dsd P
oy nw1374p

oy NW™ MO Hp

o) wsdsTd ™ JIp

B W YO )P
Jjojel Nw uIxny Hp
ajey nwuixny Jp
ojey nw uIxny Hp
B nwuixny p
Opey M UIXNY 1P
ojey WIS uXNy” JIp
oJajel M UIXNy HIp
Ojoey WS uIXny P
oy NW 13 4P
oy M 1T 4P
oj9) M dsTId Ip
ojef ws dsTd 4P
ojey ws™ 13 JIp
ojoye; WS MO HP
ojopey IM MO HIP
ojey WS MO HIp
Ojey M MO JIP
Ojoe W MO P
ofey NW MO P

B wsuxny 4ip
oje) WS MO 1P
ojey M MO 1P

O WSO P
ojey NWIuIXNY JIp
9y NwuIxny” JIp
o nuwiTuIxny Hp
ofey NW MO 4P

o WO HP
ojey M uIXNY 1P
Ojo) WIS ujXNy JIp
oj WS uIxny yIp
oy nw YO JIp

e ws 15 }p

e nw 3P
p88jou WS uIxny JIp
pasjou” ws MO 1P
pagjou” ws dsTd HpP.
pasjou” ws |3 JIp

119/145




Choosing output 2

ojef ws dsTd 4P
oje; mdsTd P
9j wsTuIxnyJIp
ofey IM 137 Ip
ofe; nw 13 1P
ofejws™ 13 p

8 WS MO P
9jel WIS HO JIp
aJe) IM MO IP
ojorey 1M dsd 4P
ojojey” wis™dsTd 1P
8 nw137yIp

ajey w13 )P
Sje/ W™ 137 p

9 ws 13 4P
ojaje M1 1P
B WS MO P
Ojoje Ws™ 13 41p
aje 137 1p
jey” WIS™ XNy JIp
ojojel W1 371Ip
Sje/ M uIXNY P
) nwuixnyJip
ajel w3 1P
ajey nuIuIxny” Jip
OJajey NWUIXNY P
o) N uIXNY 4P
B WO P

o ws™131p

OJej WS UIXNY JIp
Oy M uIXNY JIp
o nw—1374p
0J9jey” WIS™UIXNY JIp
o) wsdsTd ™ JIp
oJajel M UIXNy HIp
ojope) IM MO P
0Joje"WIS™HO P
e M MO JIP
e Wws™HO P
Ofe/ WO 1P
Ojajel W3O JIp
e ws™ds1d 4P
B WS uIxny JIp
oy NW13 1P
o9y Ws™ 13 JIp
o9y s~ dgd 4P
ooy IM 1P
opo Im dsTId WP
0J9) WS™HO P

oy ws dsd 4P
013y M MO JIP
afel M ds1d 1P
o WS MO P

o NW™HO P

oJ9) NW MO 1P
o9y N XNy 4P
aj nwuIxnyJip
oj N uIXnyJIp
09y M UIXNYJIp
0J9) WS UIXNY 1P
oj WS uIxny JIp
8 NWHO P

e nw 13 yp

Bl wsT13 )P
posjou” s ds1d 1P
posjou” ws™ 13 JIp
pasjou” WS uIxny 1o
pasjou WS MY P
ojey ws dsTd #p

Space Cut Out Criteria for New Outputs

80 90 0 20 00

[S]3 1nO 1D eoeds peloedxs

120/ 145



Choosing output 3

9j wsuIxnyJIp

9 WS MO P
9jel WIS™ MO JIp
aje IM MO HIP
jey” WIS™ XNy JIp
Sjel M uIXNy I
8 nw137yIp

B WS MO 1P

9 ws™13yp

9jel nw uixny Hp
ajel M 13 1p
ofe/ nw 13 4Ip
ajel w39 1P
aje nw1 3P

B NWHO P

oy N uIxNy JIp
ojej WS 13 JIp

) nwuixnyJip
aje/ W™ 137 4p
oy IM 13 4P
OJajey NW UIXNY 1P
Ojejel Nw 13 JIp
OJajey” WIS™HO P
oJajel W3O JIp
o) WS UIXNY JIp
ojejey ws ™13
Oy M uIXNY 1P
LTI L )
Oje) Ws™HO P
o) IM MO P
ofe; W3O 1P
Ojpe) IM MO 1P
0J9jey” WIS™UIXNY JIp
Bj wsTuIxnyJIp
oJajel M UIXNy HIp
o9y Ws™ 13 4P
oJp NW13 7P
o)9 13 1P

oj9 M dsTId 1P
oje; mdsTd Up
e ws dsd P
o WSO Ip

0J9) WS™HO P
o9y ws™dgd 4P
o) IM MO P
ajel M dsTd P
o WMo P

o) ws dsd HP
oJ9 NWM3O P
o8y W uIXNY 4P
oy wsT13 4P

aj nwTuIxnyJip
ojoye; ws dsd 4P
of nuiTuIXnyJ1p
o) ws dsTd P
of nw—1374p
ojoje M dSTd P
09y WS UIXNY JIp
OJ9) M UIXNY 1P
oj wsuIxnyJip

8 NW MO P

Bl ws™137)p

e nw137yIp
pasjou” W™ )Y P
pasjou”ws™13 1P
pasjou ws uixny Jp
pasjou” ws™ds1d 4R
ojef ws dsTd 4P
ojey ws dsTd #p

Space Cut Out Criteria for New Outputs

80 90 0 20 00

[S]3 1nO 1D eoeds peloedxs

121 /145



Choosing output 4

ajel WSO JIP
Sjel I MO 1P

B WS MO Hp
oJajey NWIUIXNY P
ajey nuwy P
B NWTHO P
aje/ nuruixny” Jip
o) N uIxny Jip
ofel w137 1p

B} nwuixny }Iip
ofel M 137 11p
ojej WS 13 JIp
ojefey WS MO 4P
OjeJ WS UIXNY 1P
ey M MO HP
Oy M uIXNY 1P
WETLET o Tls)
ojejey WS 13 4P
OJJBy M UIXNYHP
ajel M1 37 4P
ojajel W3O JIp
OJej WS MO P
ojoyey w13 1P
ojaje M1 1P
8y nw 13 )Ip

aje/ Wws™ 13 4p
ofe; NW MO P
ajey nw 13 )P

9 ws™137yp

BJ WS uIXny §ip
OJajey” WIS™UIXNY 1P
09y Ws™ 13 4Ip
ajey” WIS™ XNy JIp
Sje M uIXNy JIp
oj9y NW134Ip

9 WS O Ip
0J9)WS™HO P

e ws dsd P
o9 137 1Ip
ojey IM dSTd P
ajey M dsd P
019 MO P

o WS MO P

o9 M dsT1d 1P
o NW— MO IIP

9) nwTuIxnyJip
o9y NI uIXNY 4P
ojo) ws dsTd yIP
9j ws™dgd P
oJ9) NWHO 1P

of nwiuIXny1p
ojosey WS~ dsTd HP
o ws 13 4p

09y WS UIXNY 1P
OJ9) M UIXNY ™ JIP
of nw—1374p
ojojey M dSTd P
o) ws dsTd P
oj wsuxny ™ yIp
8 nWTHO P

B ws 13 4p

e nw137p
pasjou WS uixny Jip
pasjou”ws™13 1P
posjou” s ds1d 1P
posjou” WS™ MY JIP
- olel wsTdsd P

- opey ws dsTd HP

- ey wsTuxny 4P

Space Cut Out Criteria for New Outputs

[S]3 1nO 1D eoeds peloedxs

122 /145



ofel M 137 11p
oje/ nw— 13 4Ip
OJajey WIS™HO P
oJoje WIS 13 1P
Oy N uIxNy” 4P
ajey nwiuIXny
e M MO P
ofey ws™13 4P
ofe; N MO IP
OJej WS ™M P

BJ nwuixny Jp
ojaje) nwiuiXny Jip
Ojaje W™ 3O JIp
ojoje W1 371Ip
9je/ WS 13 )P
aje M1 1P
OJajel IM MO P
oje) WS ulXny” Jp
aje nw1 3P

8y nw 13 )P
ojaje M1 1P
9 ws™137Yp

ojgy Nw—13 74P
09y Ws™ 13 4Ip

B NWHO P

B wsSTHO P

oJ9 137 1Ip
OJjey” WIS™ UIXNY JIp
ojey M ds1d1Ip
o) M UIXNY JIp
oJayey M UIXNy HIp
0J9) WS™HO P
0J9) W MO P

e ws™dsd P
ojo mdsTId Ip
ajel M dsTd 1P
o WSO P

ajey nuwyO 4P
o9y Wws™dgd P
ajeJ W™ uIxny Jp
Bj wsTuixnyyip
Sjel MO 1P
0J9) NW MO 1P

o NWHO P

9 WS MO P

8 ws dsTd 4P
Sjel M uIXny I
oj nwiTuIxnyJIp
o ws—dsdIIp
ojojey” wis™dsTd 1Ip
ojefey M dSTd 4P
aj nwTuIxnyJip
o ws 13 4p

o9y N uIXNY 4P
0J9) WS UIXNY 1P
O3y M UIXNY 1P
o nw™1374p

oj WS uIxny JIp
e nw131p
Bws™137)p

8 NW MO P
pasjou” WS uIxny 1P
pasjou” ws dsT1d 4R
pasjou”ws™13 1P
- PasjouT WS HY P
- oy wsTdsd 4P
- ore; wsTdsTd 1P
- ele/ wsTH O IP

- ey ws uxnyJip

Choosing output 5

[S]3 1nO 1D eoeds peloedxs

()]
)
-
Q.
)
-
O
S
()
<
S
O
=
©
-
()
[
"
&
)
-
O
)
-
O
O
(&)
(4]
Q.
/p)

123 /145



ojofe; WS MO Hp
OJey M MO 1P
OjolRy IM MO P
afey N uIXNy P
ofey NW MO 4P
Ojoye N uIxny” JIp
Ofej WS MO JIp

Bj nwuixny Jip
ojofe; NW MO P
Oje] nw uIxny Jp
oy w13 P

oy nw 13 )Ip
oy M 13 Jp
oy ws™ |3 4P
Ojo) WS YO HP

oy ws™ 13 P

Oje} ws uixny Hp
o ws MO 4P

afe; Im dsd P
B} wWs uixny jp
oy NW MO 1P
ojey ws™ |3 4P

B Wy )P

oy NW 13 4P
oJoJB) M uIXNy JIp
e ws dsd P
o WO HP
opey M 1T 4P
Ojoe) WS uIXNy P
ope) M MO 1P
Ojeye; nwi” | 37 JIp
oy NW MO P
ojey M dST1d HP
oJel M uIXny JIp
9 WS MO Hp

B WSO P
9} Nw uIxny Hp
o) ws dsd HP
ojey nw 13 4P
ojBy M MO 4P

9} Nw uIxny Jp
ojoy ws™dgTd HIp
8jel M uIXny Jp
ojey ws™ |3 4P
ojeyel IM 13 JIp
ojof M dsTId P
o w137 4P

O} Nw uixny Jip
9jej” WIS™ uIXNy JIp
o) ws dsTd P
oy ws 13 4P
ojosey WS~ dsTId HP
Ojope; WS 13 4P
Ojoy WIS uxny” JIp
ojoje M dSTd P
ope) M uIXNy JIp
oj WS uIxny yIp
8 NW YO JIp

e ws 13 Jp

e nw 137 p
pasjou” ws™ |3 JIp
pasjou” WS MO 1P
pasjou” ws dsTd HP
pasjou” WS uixny P
- oy wsTdsTd P
- oyey ws dsTd HP
- erey ws MO Hp
oy M 13T
o ws uxny yip

Choosing output 6

[S]3 1nO 1D eoeds peloedxs

()]
)
-
Q.
)
-
O
S
()
<
S
O
=
©
-
()
[
"
&
)
-
O
)
-
O
O
(&)
(4]
Q.
/p)

124 /145



Choosing output 7

Qwhlzw:l._.\m_l,,_u

o} ws 13 JIp

oje) nw uIxny Hp
e nw137p

ajey nwuixny Jp
oJoje) W™ uIXny Hp
BJ nwiuixny Jip
ofel M 13 )P
ojey WS uIXny Jp
m@lElml._.md_u

Bl nw 3O Jp
ajel M dsTd JIp
B/ wis™uIxny Jip
ojey IMUIXNY JIp
ey s LT 4P
ojoje) Im 13 1ip
e ws dsd P
ajej WIS uxny yp
oy ws™ 13 JIp
Sjey M MO JIp
el M uIXny” JIp
9j ws dsd P
oJaye) WS~ XNy JIp
afel nw MO 1P
oJoJB) M uIXNy JIp
ey M dsd Hp
8} ws MO P

B WS 40 P
Oje Im MO P
o_mﬁ:su.rmd_m
ojej m dsd HP
Oje} nw 13 4Ip
EIEwII._.m_IJ_nl
Ojojey nw 13 #p
Ojaje} IM MO JIp
)3 M uUIXNYy JIp
ojejel NW MO JIp
8} nwi uixny }Iip
ohﬂlrmml.\_.m_l,,_u\
Ojojel 1M In_w‘_n_ P
ojepey ws dsTd 4P
ojofe} ws 13 4Ip
of Nw uixny p
oje) WS dSTd 4P
O} WS MO 4P

o WSO P
Oje} nw MO p
0J9) NW uIXny Hp
oﬁ:EHhm_d_m

of ws dsTd Hp
o U0 P
Oj9) WS MO ip
0J9) WS uIxny 4p
oy M MO P
OJ8) Nw MO P

o) WIS™ uIXNy JIp
8 nw O 1P
pasjou”ws dsTd 4P
B ws™ 13 )p
pasjou WS uIxny Jip
e nw 13 4p
posjou” ws™ | J P
pasjou” ws MO JIp
- olel wsTdsd 4P

- epey ws dsTd HP

- OJe/el ws MO P

- el ws O P

- oM 13 P

- ey wsTuxny P

Space Cut Out Criteria for New Outputs

[S]3 1nO 1D eoeds peloedxs

125/145



Choosing output 8

B/ nwiuIXny Jip
oje} W uIXNy~ JIp
Ojojey NWI—uIXNY 1P
afe/ nwuIxny ™ JIp
afey nw MO JIp
ofe; mdsTd 1P
ojey NW MO )P
ojey 1M uIXNy JIp
ofej ws™ 13 4p
e ws dsTd P
B WO IP
ojey M 1T 4P
ajey M dsTd P
ojefel M uIXNy Hp
o) WS MO P
oy M 13 Hp
ojejel NW™ MO 4P
OJe) WS™ uxny Jp
BJ WS UIXNy ™ JIp
0Joje) WS uixny Hp
B WS MO )P
afel 1M MO JIp
8y ws dsTd Jip
oy ws™ 13 )P
oy ws™ 13 4P
el M uIXny” JIp
ojoye; ws dsd P
ojopey M dSTd 4P
oje) IM dSTd P
ojojel M MO P
8 ws MO Hp
ojolel IM 13 Hp
o) IM MO Hp
of nwiuIxny Hp
o) ws™ MO Hp
SLUINE N
QJ9) WS uixny lp
8} nwi uixny }Iip
EILTT = T)
o) ws dsTd P
oy ws 13 Jp
ojojey WS 13 JIp
OBy IM MO Hp
o ws 13 P
o) nw MO Hp
9jel WS uixny Jip
ojey WS MO P
oy nw 13 §p
o nw 137 )Ip
Oja) nw uIxXny lip
ooy N MO )P
oy nw 13 )P
o)) IM uixXny JIp
o) WIS™ uIXny JIp
ojey ws dsTd 4P
S W MO P
pasjou” ws™ | J P
pasjou” ws MO HP
pasjou” WS uixny P
e nw137p
e ws™ 13 yp

- PasjouTwsTdsTd 1P

- oy wsTdsid 4P

- oy wsTdsTd Hp

- OJjelel ws O P

- eley ws O Jp

- el nwTI3TIp

- oM 13 P

- ey wsTuxny P

Space Cut Out Criteria for New Outputs

[S]3 1nO 1D eoeds peloedxs

126 /145



(1N
<] 4

Predictions for New Outputs

pejpe=== 7 |====== 1 0
= -CHL L
i ‘T
O r------- ------ 4
Fr - ---- 10 O
© [==q1___ |-==== 4
oT---I-LQ
o o= . Eoe--- 4+ O
o= fpe==d
Fegieeg fFe===== 4 o}
© Fe=====9 L F====== 4
poe  jes=== 4
el 2 Fooo- 1
r--a - - - -- 4
pocsss -
F-------
e |m===== 4
F-- - - - -
[ )
Fee]  te==== 4
Fe{ _ Fe=== 4
Fed  tesses 4
F--- - - -
Feg  fpes== 4
or-Il-
EEE  poood
pod  je===== 4
F-- -
r-- - - - -- 4
= o= I LI 1
O O+----JR---- O
r--H----0
O OF--------- - -
r-------
© F=s==== - -
Fes{  je====d
or-Il
a
OO0 +t----ll-----0
Food  |s===d
©° S — P
Fos So=oq
@ r---- -
F-- .-
© + Ml
O Or----EEE - 4
+--H-----0
@) (OF========5 [ p====d
Fes]  Je===d
+r--Hll--10@0
F- - - -
+-lll----0 O
Or---lll----Q
+# 00
F-- - - - - - 4
+Jlll--+ O® O
ol
k- ----00 O
+ il -4 OO (@)
k- ----00 O
k- ----00 O
+ il -+ OO O
+ il -+ OO O
k- ----00 O
r--Hl---4 Q@D
F---- -
r-fll-- @ O
r---lll--4+ O®
_ _ _
14 é 0 ¢~

ojopey WS dSTd 4P
oje)” WS dsd Hp
ofeyws dsd #p
o) ws dsTd P
oy ws dsTd P

o ws dsd 4P

ej ws dsTd 4P
paejou”ws ds1d HIR
ojo5ey 1M dSTd P
o9y M dSTd 4P
ofey M dsTd 4P
afey M dgd 1P
ojeye) WS MO P
oJe) WS™MO P
ofey WS™MO HIP
oje} WS MO HP

o ws MY P

8 ws MO P

B ws MO P
pagjou”Ws MO JIp
ojefe W™ MO HIP
ope) NW YO P
ofey NW YO )P
ajej NW MO P

o WD P

8 W MO P

B W3O P
ojee) IM MO P
048} IM MO P
OBy IM MO P

8B IM MO P
ojeje)Ws™ |3 4P
ojey Ws™ 13 P
ojey ws™ 13 )P
ofej ws™ |3 JIp

o ws 1 4P

e ws |3 4p
pasjou” WS~ 13 4P
ojopey nw 13 }Ip
oy nw™ 13 )Ip
ofej nw 13 JIp
ajej nw |9 JIp

o nw” [ J P

8 nw g JIp

e nw 13 Jp
oJoel M 13 P
oy M 13 JIp
ojey M 13 JIp

aje M 13 JIp |
0Joye)” WIS UIXNY JIp
0Jo WIS uIXny JIp
ojej WS uixny JIp
aje) WS uxny Jp
o) WS uixny Jip

o) ws uixny” Jip

BJ WS uixny” yp
pasjou ws uixny JIp
Ojoje) nw uIxny JIp
oJo) NW™uIXNy Hp
o} Nw™uIXNy Hp
ojeJ nw—uxny JIp
of nw—uIXny JIp

By nwuXnyyp
ojeye) IM uIXNy I
ojey 1M uiXNY I
ofeyTIMUIXNY I
ajBy IM UIXNY P

127 /145



Space Cut Out Criteria

A3
b |

e Consider the implausibility measure for a future measurement z; :

E(fi(z)) — 2’
Var(f;i(x)) + Var(e;) + Var(e;))

1(2%')(5’;) ~ (
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Space Cut Out Criteria

A3
b |

e Consider the implausibility measure for a future measurement z; :

E(fi(z)) — 2’
Var(f;i(x)) + Var(e;) + Var(e;))

1(2%')(5’;) ~ (

e We will cut out  from further analysis if I(;(z) > cas as before, but now z;
IS a random quantity.
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Space Cut Out Criteria

e Consider the implausibility measure for a future measurement z; :

E(fi(z)) — 2’
Var(f;i(x)) + Var(e;) + Var(e;))

Ié)(x) ~ (

e We will cut out  from further analysis if I(;(z) > cas as before, but now z;
is a random quantity.
e Given z;, define the indicator function I;(x, z;) s.t.

I(x, %) = 1 if Iy(z) >cy, @ cutout
100 i Igy(z) < ey, @ not cut out

—~
—h
~—
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Space Cut Out Criteria

y D
b |

e Consider the implausibility measure for a future measurement z; :

E(fi(z)) — 2’
Var(f;i(x)) + Var(e;) + Var(e;))

Ié)(x) ~ (

e We will cut out  from further analysis if I(;(z) > cas as before, but now z;
IS a random quantity.

e Given z;, define the indicator function I;(x, z;) s.t.

L(x, 2) = { 1 if Ig(x) >cy, o cutout )

)
0 if I (x) <cum, @ notcutout

e For given z;, the fraction of space cutout S; due to output ¢ is:

1
Si(z;) = V_X XL;(x,zi)dx
xre
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Space Cut Out Criteria

E’fﬁli
L2

e Given the best input =*, and distributional assumptions for z; we have that:

zile® ~ N(ui(x™), Ug(x*) + Var(e¢;) + Var(e;))

with p;(z*) = Ep(fi(z=12%)) and g;(z*) = Varp(fi(z=1x%)).
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zile® ~ N(ui(x™), 0'1-2(28*) + Var(e¢;) + Var(e;))

with p;(z*) = Ep(fi(z=12%)) and g;(z*) = Varp(fi(z=1x%)).
e Therefore the expected space cut out .S; given x* is then

E(S;|z™) / / (x, z;)m(2;|x™)dxdz;
VX reX

e and the expected space cut out S; for new output 7 is

1 * *
X JaxreX Jz; JxeXx

e If we want to identify our Utility U; with the space cutout .S;, we will then
choose the experiment to measure output ¢ to maximise E(.S;).

e In fact we want to choose 4 outputs 1, 7, k, [ such that the analogous
expected space cut out E(.S; ; ;1) is maximised.
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e Integrals are expensive so we use the set of n, acceptable runs x;,
Jj=1,..,n, where x; € X to approximate the integrals.
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Jj=1,..,n, where x; € X to approximate the integrals.

e In which case E(.S;) becomes

Ng Mgim MNga

)IDIPMUCRD

k=1 a=1 j=1

E(S;) =~

2
Ny MNsim

e where we approximate the z; integral by simulating ng;,,, draws of z; from
7(z;|x) for each 7. Can do analytically in some cases.
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Jj=1,..,n, where x; € X to approximate the integrals.

e In which case E(.S;) becomes
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k=1 a=1 j=1

E(S;) =~
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e where we approximate the z; integral by simulating ng;,,, draws of z; from
7(z;|x) for each 7. Can do analytically in some cases.

e Should really do this using emulators, but for this calculation the runs may
be sufficient.

e This is because the runs would inform the most important parts of the
integrals.

e Again, we are interested in the analogous multivariate quantity E(S; ; x.1)
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e Selected outputs by stepping up to 8 outputs, then back down to 4: robust.

e Sensitivity analysis: performed two calculations with high/low model
discrepancy and observed errors: same choice of outputs in both cases.

e The four most informative experiments chosen to maximise E(Sq;,j,k,l):

plant | chemical measured feeding regime expected space cut
PSLox PLSp auxin + ethylene 956%
PSLox PLSp auxin -+ cytokinin 82%
PSLox Auxin ethylene 91%
PSLox Cytokinin auxin + ethylene 94%
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Experimental Design Results: 4 new experiments chosen

e Selected outputs by stepping up to 8 outputs, then back down to 4: robust.

e Sensitivity analysis: performed two calculations with high/low model
discrepancy and observed errors: same choice of outputs in both cases.

e The four most informative experiments chosen to maximise E(Sq;,j,k,l):

plant | chemical measured feeding regime expected space cut
PSLox PLSp auxin + ethylene 956%
PSLox PLSp auxin -+ cytokinin 82%
PSLox Auxin ethylene 91%
PSLox Cytokinin auxin + ethylene 94%

e First two experiments completed.

y D
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Results for First Two New Experiments
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Relative expression of POLARIS (PLS) in Col-0 plants 3 hours after
transfer

0.00120

0.00100 T

0.00080

0.00060
M 3 hours

0.00040

0.00020

0.00000 -
No treatment BAP+IAA ACC+IAA

Seven day old Columbia wildtype plants were transferred to media containing either
cytokinin and auxin (BAP + IAA), an ethylene precursor and auxin (ACC + IAA) or no
hormone treatment. After three hours, the relative abundance (expression) of the
POLARIS mRNA was measured with gPCR. Three separate biological replicates were
used and error bars represent the standard error of the mean.
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Iterative Input Space Reduction: Arabidopsis Model Wave 3
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Arabidopsis Model with 2 New Results
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Concluding Comments
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e Large reduction in input space due to just 2 new experiments.
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e Large reduction in input space due to just 2 new experiments.

e All these calculations are designed to be efficient: approximations used are
very beneficial.

e We chose a good set of new experiments, not necessarily the theoretical
best (which we wouldn’t believe anyway).

e We have chosen experiments to learn about all input or rate parameters
using the expected space reduction criteria: we could have chosen to learn
about specific rate parameters of interest.

e We can also design experiments to challenge the model, i.e. to validate it if
necessary.
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Final Concluding Comments
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e We have a broad methodology for performing full uncertainty analyses on
such complex models of biological systems.

e The correct treatment of uncertainty is vital: without this, any analysis will
be problematic and untrustworthy.

e The emulation methods we describe can be used to exhaustively explore
model features (helpful when developing models).

e Due to the need to synthesis many sources of uncertainty within one
coherent calculation, a Bayesian approach is ideal.
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e Much work in the emulation of deterministic models (much to be done too!).
Some decent papers are (see Managing Uncertainty in Complex Models
website http://www.mucm.ac.uk):

History Matching and use of fast approximate models:

P.S. Craig, M. Goldstein, A.H. Seheult, J.A. Smith (1997). Pressure matching
for hydocarbon reservoirs: a case study in the use of Bayes linear strategies for
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Statistics, vol. lll, eds. C. Gastonis et al. 37-93. Springer-Verlag.
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For the Arabidopsis model used in this talk see (further papers in preparation:

Liu, J., Mehdi, S., Topping, J., Tarkowski, P., and Lindsey, K. (2010), Modelling
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