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!
Outline	

•  In	the	talk	I	will	present	a	few	recent	problems	where	theoreGcal	
uncertainty	assessment	has	become	a	main	part	of	the	challenge:	
•  Nuclear	physics	of	light	nuclei:	tale	of	two	effecGve	field	theory	
descripGons	of	light	nuclei	

•  Nuclear	fusion	rates:	predicGng	the	proton-proton	fusion	rate	in	the	
Sun.	

•  Atomic	physics	of	in	extreme	density	and	temperature:	the	solar	
abundance	problem.	

•  In	all	these	problems,	my	feeling	is	that	I’ve	used	the	“chi-by-eye”	
version	of	theoreGcal	uncertainty	assessment:	
•  Is	there	a	beRer,	more	systemaGc,	approach?	
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Strong	interactions	at	low-energies:	

•  InteracGon	is	assessed	using	the	“cross-secGon”:	 Ju
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Scattering phenomena: classical theory

In classical mechanics, for a central

potential, V (r), the angle of scattering is

determined by impact parameter b(⇤).

The number of particles scattered per unit

time between ⇤ and ⇤ + d⇤ is equal to the

number incident particles per unit time

between b and b + db.

Therefore, for incident flux jI, the number

of particles scattered into the solid angle

d⌅ =2 ⇧ sin ⇤ d⇤ per unit time is given by

N d⌅ =2 ⇧ sin ⇤ d⇤ N = 2⇧b db jI

i.e.

d⌃(⇤)

d⌅

⌃ N

jI
=

b

sin ⇤

⇧⇧⇧⇧
db

d⇤

⇧⇧⇧⇧

Scattering phenomena: partial waves

 (r)  i

2k

⌥

 =0

i (2⇣+ 1)

�
e�i(kr� ⌅/2)

r
� S (k)

e i(kr� ⌅/2)

r

 
P (cos ⇤)

If we set,  (r)  e ik·r
+ f (⇤)

e ikr

r

f (⇤) =

⌥

 =0

(2⇣+ 1)f (k)P (cos ⇤)

where f (k) =

S (k)� 1

2ik
define partial wave scattering amplitudes.

i.e. f (k) are defined by phase shifts, ⇥ (k), where S (k) = e2i⇥⌅(k)
.

But how are phase shifts related to cross section?

classical	 quantum	
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Scattering phenomena: classical theory

In classical mechanics, for a central

potential, V (r), the angle of scattering is

determined by impact parameter b(⇤).

The number of particles scattered per unit

time between ⇤ and ⇤ + d⇤ is equal to the

number incident particles per unit time

between b and b + db.

Therefore, for incident flux jI, the number
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2ik
define partial wave scattering amplitudes.

i.e. f (k) are defined by phase shifts, ⇥ (k), where S (k) = e2i⇥⌅(k)
.

But how are phase shifts related to cross section?

classical	 quantum	

Defining	“strong	interacGon”	at	low	energies:	

σ = 4πa2 →∞

a	–	“scaRering	length”	–	extent	of	the	wave	funcGon	(layman	term)	
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Scattering phenomena: classical theory

In classical mechanics, for a central

potential, V (r), the angle of scattering is

determined by impact parameter b(⇤).

The number of particles scattered per unit

time between ⇤ and ⇤ + d⇤ is equal to the

number incident particles per unit time

between b and b + db.

Therefore, for incident flux jI, the number

of particles scattered into the solid angle
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Scattering phenomena: partial waves
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2ik
define partial wave scattering amplitudes.

i.e. f (k) are defined by phase shifts, ⇥ (k), where S (k) = e2i⇥⌅(k)
.

But how are phase shifts related to cross section?

classical	 quantum	

Defining	“strong	interacGon”	at	low	energies:	

σ = 4πa2 >> 4π all other
length scales

⎛

⎝
⎜

⎞

⎠
⎟

2

a	–	“scaRering	length”	–	extent	of	the	wave	funcGon	(layman	term)	

Infinity	in	physics:	



!
Strong	interactions	at	low-energies:	

•  InteracGon	is	assessed	using	the	“cross-secGon”:	 Ju
ne

	2
4,
	2
01
6	

Ba
ye
sia

n	
pr
og
ra
m
@
IN
T	
-	D

or
on

	G
az
it	

8	

Scattering phenomena: classical theory

In classical mechanics, for a central

potential, V (r), the angle of scattering is

determined by impact parameter b(⇤).

The number of particles scattered per unit

time between ⇤ and ⇤ + d⇤ is equal to the

number incident particles per unit time

between b and b + db.

Therefore, for incident flux jI, the number

of particles scattered into the solid angle

d⌅ =2 ⇧ sin ⇤ d⇤ per unit time is given by
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Scattering phenomena: partial waves
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 =0

(2⇣+ 1)f (k)P (cos ⇤)

where f (k) =

S (k)� 1

2ik
define partial wave scattering amplitudes.

i.e. f (k) are defined by phase shifts, ⇥ (k), where S (k) = e2i⇥⌅(k)
.

But how are phase shifts related to cross section?

classical	 quantum	

σ = 4πa2 >> 4πr2

a	–	“scaRering	length”	–	extent	of	the	wave	funcGon	(layman	term)	

Infinity	in	physics:	

r	–	“effecGve	range	of	the	interacGon”	
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Nuclear	physics	at	very	low	energies	is	strongly	interacting!	
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σ = 4πa2 >> 4πr2

a ≈10 fm >> r ≈1 fm
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σ = 4πa2 >> 4πr2

a ≈10 fm >> r ≈1 fm
1.	Nucleon-nucleon	scaRering	experiments,	
2.	deuteron	(bound	state	of	neutron		
					and	proton)	“vanishing”	binding	energy	–	
					from	dimensional	analysis	in	the		
					presence	of	one	dominant	length	scale.	

>>
1.	“Size”	of	the	nucleus.	

E = − !
2

2ma2
→ 0

n
p

p n



!
Nuclear	physics	at	very	low	energies	is	strongly	interacting!	

Ju
ne

	2
4,
	2
01
6	

Ba
ye
sia

n	
pr
og
ra
m
@
IN
T	
-	D

or
on

	G
az
it	

11	

σ = 4πa2 >> 4πr2

a ≈10 fm >> r ≈1 fm
1.	Nucleon-nucleon	scaRering	experiments,	
2.	deuteron	(bound	state	of	neutron		
					and	proton)	“vanishing”	binding	energy	–	
					from	dimensional	analysis	in	the		
					presence	of	one	dominant	length	scale.	

>>
1.	“Size”	of	the	nucleus.	

E = − !
2

2ma2
→ 0

“Pionless”	effecGve	field	theory	of	nuclear	physics:		
1.  Leading	order	–		r/aà0;		Next	to	leading	order	–	r/a	linear	correcGons	
2.  The	EFT	is	applicable	at	low	energies,	in	which	only	nucleons	are	valid		

degrees	of	freedom.	Most	general	interacGon	consistent	with	power	counGng.	
3.  If	Lagrangian	consistent	with	QCD	symmetries:	a	QCD	predicGon.	
4.  RenormalizaGon	group	invariance:	given	the	EFT	Lagrangian,	low	energy	observables		

are	insensiGve	to	details	at	high	energies:	introduce	a	cutoff	Λ,	and	verify	that		

observables	are	independent	of	Λ.	
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π/		EFT	@	LO:	3	particles	ground	state	
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Bedaque,	Hammer,	van-Kolck:	(1999)		
What	is	the	binding	energy	of	triton?	

same effect on the amplitude as varying the cutoff. Consequently, we can compensate
the changes in the asymptotic phase when Λ is varied by adjusting the three-body force
term appropriately. (A more rigorous discussion of the renormalization procedure can be
found in Ref. [15].)

We can obtain an approximate expression for the running of H(Λ) from invariance
under the renormalization group. Requiring that the equation for a+ does not change its
form when the high momentum modes are integrated out, we find

H(Λ) = −
sin(s0 ln(Λ/Λ⋆) − arctg(1/s0))

sin(s0 ln(Λ/Λ⋆) + arctg(1/s0))
(14)

where s0 ≈ 1.0064 and Λ∗ is a dimensionful parameter that determines the asymptotic
phase of the off-shell amplitude [15]. The running of the three-body force H(Λ) according
to Eq. (14) is shown by the solid line in Fig. 4. The dots are obtained by adjusting H(Λ)

Figure 4: Running of H(Λ) for Λ∗ = 0.9 fm−1: (a) from Eq. (14) (solid line), (b) from
numerical solution of Eq. (11) (dots).

such that the low-energy solution of Eq. (11) remains unchanged when Λ is varied. The
observed agreement provides a numerical justification for our procedure. The three-body
force is periodic with H(Λn) = H(Λ) for Λn = Λ exp(nπ/s0) ≈ Λ(22.7)n. In particular, the
bare three-body force vanishes for a discrete set of cutoffs. Note, however, that invariance
under continuous changes in the cutoff does require a non-vanishing bare three-body force.

An important point should be stressed here. We have first renormalized the two-
body subamplitude (the dibaryon propagator) and then inserted the result in the three-
body equation. The loop appearing in this equation was then regulated by a cutoff and
renormalized by the introduction of a three-body force. This is equivalent to using separate

7

n
p

n

3H

triton	B.E.	at	LO	has	strong	cutoff	
dependenceèadd	3-body	contact	at	LO	
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π/		EFT	–	and	Correlations	in	light	nuclei	

•  No	4	body	parameter	at	LO.	
•  The	binding	energy	of	the	4-body	ground	state	should	be	correlated	
to	3-body	ground	state.	

•  Phenomenological	“Tjon”	correlaGon	(1975)	originates	in	Pionless	
EFT!	
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Tjon	line	

PlaRer	(2006),	PlaRer,	Hammer,	Meissner	(2005),	Kirscher,	Griesshammer,	Hofmann	(2007)	

3H

4He
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Nuclear	physics	at	very	low	energies	is	strongly	interacting!	
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r ≈1 fm

Finite	range	of	the	interacGon	indicates	the	existence	of	a	massive	
parGcle	that		intermediates	the	strong	force:	The	pion!		

mπ ≈135MeV/c
2~ 1
r
!c
c2
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Finite	range	of	the	interacGon	indicates	the	existence	of	a	massive	
parGcle	that		intermediates	the	strong	force:	The	pion!		

mπ ≈135MeV/c
2~ 1
r
!c
c2

“Chiral”	effecGve	field	theory	of	nuclear	physics:		
1.  Expansion	about	zero	momentum	and	zero	pion	mass	of	a	theory	of	nucleons		

interacGng	via	contacts	and	pion	exchanges.		
2.  The	EFT	is	applicable	at	energies	up	to	few	hundered	MeV/c.	
3.  The	Lagrangian	is	inGmately	related	to	QCD	fundamental	symmetries:	a	QCD	predicGon!	
4.  The	common	approach	is	NOT	renormalizaGon	group	invariant.	

n n
π

r ≈1 fm
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χEFT	potential	
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II. METHOD

In this section, we give an overview of the nuclear χEFT
that we employ to construct a nuclear potential (Sec. II A).
The optimal values for LECs are not provided by χEFT
itself; they need to be constrained from a fit to data.
For completeness, we summarize the well-known methods
to calculate the relevant experimental observables: NN
scattering cross sections (Sec. II B),NN 1S0 effective-range
parameters (Sec. II C), and bound-state properties for A ≤ 4
nuclei using the Jacobi-coordinate no-core shell model
(Sec. II D). We also present the objective function
(Sec. II E), the optimization algorithm (Sec. II F), and the
formalism for the statistical regression (Sec. II G).

A. Nuclear potential from χEFT

The long-range part of the nuclear interaction in χEFT is
governed by the spontaneously broken chiral symmetry of
QCD and mediated by the corresponding Goldstone boson,
the pion (π). This groundbreaking insight [39] enables a
perturbative approach to the description of phenomena
in low-energy nuclear physics [40]. High-energy physics
that is not explicitly important is accounted for through
a process of renormalization and regularization with an
accompanying power-counting scheme. The expansion
parameter is defined as Q=Λχ , where Q is associated with
the external momenta (soft scale) and Λχ ≈Mρ (hard scale),
with Mρ ≈ 800 MeV the mass of the rho meson. The
benefit of a small-parameter expansion is that higher orders
contribute less than lower orders. If the series is converging,
an estimate of the magnitude of the truncation error is
given by the size of the remainder.
The chiral order of a Feynman diagram is governed by

the adopted power-counting scheme. Given this, any chiral
order ν ≥ 0 in the expansion will be identified with a finite
set of terms proportional to ðQ=ΛχÞν. In this work, we have
adopted the standard Weinberg power counting (WPC),
which is obtained from the assumptions of naive dimen-
sional analysis. For the scattering of two or more nucleons
without spectator particles, ν is determined by (see, e.g.,
Ref. [18])

ν ¼ 2A − 4þ 2Lþ
X

i

Δi; ð1Þ

where A is the number of nucleons and L is the number of
pion loops involved. The sum runs over all vertices i of the
considered diagrams, and Δi is proportional to the number
of nucleon fields and pion-mass derivatives of vertex i.
Here, Δi ≥ 0 for all diagrams allowed by chiral symmetry.
In Fig. 1, we show the different interaction diagrams that
enter at various orders. For the NN system, contributions at
ν ¼ 1 vanish because of parity and time-reversal invari-
ance. Also, we consider nucleons and pions as the only
effective degrees of freedom and ignore possible nucleon

excitations; i.e., we use the so-called delta-less version
of χEFT.
The interaction due to short-range physics is parame-

trized by contact terms, which also serve to renormalize the
infinities of the pion loop integrals. The order-by-order
expansion of this zero-range contribution is also organized
in terms of increasing powers of Q=Λχ . Because of parity,
only even powers of ν are nonzero. Furthermore, the
contact terms of order ν ¼ 0 contribute only to partial
waves with angular momentum L ¼ 0, i.e., S waves,
whereas ν ¼ 2 contact terms contribute up to P waves.
In general, the contact interaction at order ν acts in partial
waves with L ≤ ν=2. Following Eq. (1), the terms in the
χEFT expansion, up to third order, are given by a sum of
contact interactions Vct and one- plus two-pion exchanges,
denoted by V1π and V2π , respectively:

VLO ¼ Vð0Þ
ct þ Vð0Þ

1π ;

VNLO ¼ VLO þ Vð2Þ
ct þ Vð2Þ

1π þ Vð2Þ
2π ;

VNNLO ¼ VNLO þ Vð3Þ
1π þ Vð3Þ

2π þ VNNN: ð2Þ

The superscript indicates the separate chiral orders ν ¼ 0,
2, 3, referred to as LO, NLO, and NNLO. For detailed
expressions, see, e.g., Ref. [27]. The three-nucleon inter-
action VNNN contains three different diagrams, as shown in
Fig. 1. These correspond to two-pion exchange, one-pion
exchange plus contact, and a pure NNN contact term.

NN NNN

LO

NLO

NNLO

FIG. 1. Schematic overview of the Feynman diagrams present
at leading order (LO), next-to-leading order (NLO), and next-to-
next-to-leading order (NNLO). Nucleons (pions) are represented
by solid (dashed) lines. The NNN interaction enters at NNLO.
A circle, diamond, and square represent a vertex of order Δ ¼ 0,
1, and 2, respectively.
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28	total	parameters	@	NNLO,	
FiRed	to	hundreds	of		
data	points!		
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Chiral effective field theory (χEFT) provides a systematic approach to describe low-energy nuclear
forces. Moreover, χEFT is able to provide well-founded estimates of statistical and systematic uncertainties
—although this unique advantage has not yet been fully exploited. We fill this gap by performing an
optimization and statistical analysis of all the low-energy constants (LECs) up to next-to-next-to-leading
order. Our optimization protocol corresponds to a simultaneous fit to scattering and bound-state
observables in the pion-nucleon, nucleon-nucleon, and few-nucleon sectors, thereby utilizing the full
model capabilities of χEFT. Finally, we study the effect on other observables by demonstrating forward-
error-propagation methods that can easily be adopted by future works. We employ mathematical
optimization and implement automatic differentiation to attain efficient and machine-precise first- and
second-order derivatives of the objective function with respect to the LECs. This is also vital for the
regression analysis. We use power-counting arguments to estimate the systematic uncertainty that is
inherent to χEFT, and we construct chiral interactions at different orders with quantified uncertainties.
Statistical error propagation is compared with Monte Carlo sampling, showing that statistical errors are, in
general, small compared to systematic ones. In conclusion, we find that a simultaneous fit to different sets
of data is critical to (i) identify the optimal set of LECs, (ii) capture all relevant correlations, (iii) reduce the
statistical uncertainty, and (iv) attain order-by-order convergence in χEFT. Furthermore, certain systematic
uncertainties in the few-nucleon sector are shown to get substantially magnified in the many-body sector, in
particular when varying the cutoff in the chiral potentials. The methodology and results presented in this
paper open a new frontier for uncertainty quantification in ab initio nuclear theory.

DOI: 10.1103/PhysRevX.6.011019 Subject Areas: Computational Physics,
Nuclear Physics, Particles and Fields

I. INTRODUCTION

Uncertainty quantification is essential for generating
new knowledge in scientific studies. This insight also
resonates in theoretical disciplines, and forward error
propagation is gaining well-deserved recognition. For
instance, theoretical error bars have been estimated in
various fields such as neurodynamics [1], global climate
models [2], molecular dynamics [3], density functional
theory [4], and high-energy physics [5].
In this paper, we present a systematic and practical

approach for uncertainty quantification in microscopic

nuclear theory. For the first time, we provide a common
statistical regression analysis of two key frameworks in
theoretical nuclear physics: ab initio many-body methods
and chiral effective field theory (χEFT). We supply a set of
mathematically optimized interaction models with known
statistical properties so that our results can be readily
applied by others to explore uncertainties in related efforts.
The ab initio methods for solving the many-nucleon

Schrödinger equation, such as the no-core shell model
(NCSM) [6] and the coupled cluster (CC) approach [7],
are characterized by the use of controlled approximations.
This provides a handle on the error that is associated
with the solution method itself. Over the past decade, there
has been significant progress in first-principles calculations
of bound, resonant, and scattering states in light nuclei
[6,8–12] and medium-mass nuclei [7,13–16]. The appear-
ance of independently confirmed and numerically exact
solutions to the nuclear many-body problem has brought
forward the need for an optimized nuclear interaction
model with high accuracy, quantified uncertainties, and
predictive capabilities.
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II. METHOD

In this section, we give an overview of the nuclear χEFT
that we employ to construct a nuclear potential (Sec. II A).
The optimal values for LECs are not provided by χEFT
itself; they need to be constrained from a fit to data.
For completeness, we summarize the well-known methods
to calculate the relevant experimental observables: NN
scattering cross sections (Sec. II B),NN 1S0 effective-range
parameters (Sec. II C), and bound-state properties for A ≤ 4
nuclei using the Jacobi-coordinate no-core shell model
(Sec. II D). We also present the objective function
(Sec. II E), the optimization algorithm (Sec. II F), and the
formalism for the statistical regression (Sec. II G).

A. Nuclear potential from χEFT

The long-range part of the nuclear interaction in χEFT is
governed by the spontaneously broken chiral symmetry of
QCD and mediated by the corresponding Goldstone boson,
the pion (π). This groundbreaking insight [39] enables a
perturbative approach to the description of phenomena
in low-energy nuclear physics [40]. High-energy physics
that is not explicitly important is accounted for through
a process of renormalization and regularization with an
accompanying power-counting scheme. The expansion
parameter is defined as Q=Λχ , where Q is associated with
the external momenta (soft scale) and Λχ ≈Mρ (hard scale),
with Mρ ≈ 800 MeV the mass of the rho meson. The
benefit of a small-parameter expansion is that higher orders
contribute less than lower orders. If the series is converging,
an estimate of the magnitude of the truncation error is
given by the size of the remainder.
The chiral order of a Feynman diagram is governed by

the adopted power-counting scheme. Given this, any chiral
order ν ≥ 0 in the expansion will be identified with a finite
set of terms proportional to ðQ=ΛχÞν. In this work, we have
adopted the standard Weinberg power counting (WPC),
which is obtained from the assumptions of naive dimen-
sional analysis. For the scattering of two or more nucleons
without spectator particles, ν is determined by (see, e.g.,
Ref. [18])

ν ¼ 2A − 4þ 2Lþ
X

i

Δi; ð1Þ

where A is the number of nucleons and L is the number of
pion loops involved. The sum runs over all vertices i of the
considered diagrams, and Δi is proportional to the number
of nucleon fields and pion-mass derivatives of vertex i.
Here, Δi ≥ 0 for all diagrams allowed by chiral symmetry.
In Fig. 1, we show the different interaction diagrams that
enter at various orders. For the NN system, contributions at
ν ¼ 1 vanish because of parity and time-reversal invari-
ance. Also, we consider nucleons and pions as the only
effective degrees of freedom and ignore possible nucleon

excitations; i.e., we use the so-called delta-less version
of χEFT.
The interaction due to short-range physics is parame-

trized by contact terms, which also serve to renormalize the
infinities of the pion loop integrals. The order-by-order
expansion of this zero-range contribution is also organized
in terms of increasing powers of Q=Λχ . Because of parity,
only even powers of ν are nonzero. Furthermore, the
contact terms of order ν ¼ 0 contribute only to partial
waves with angular momentum L ¼ 0, i.e., S waves,
whereas ν ¼ 2 contact terms contribute up to P waves.
In general, the contact interaction at order ν acts in partial
waves with L ≤ ν=2. Following Eq. (1), the terms in the
χEFT expansion, up to third order, are given by a sum of
contact interactions Vct and one- plus two-pion exchanges,
denoted by V1π and V2π , respectively:

VLO ¼ Vð0Þ
ct þ Vð0Þ

1π ;

VNLO ¼ VLO þ Vð2Þ
ct þ Vð2Þ

1π þ Vð2Þ
2π ;

VNNLO ¼ VNLO þ Vð3Þ
1π þ Vð3Þ

2π þ VNNN: ð2Þ

The superscript indicates the separate chiral orders ν ¼ 0,
2, 3, referred to as LO, NLO, and NNLO. For detailed
expressions, see, e.g., Ref. [27]. The three-nucleon inter-
action VNNN contains three different diagrams, as shown in
Fig. 1. These correspond to two-pion exchange, one-pion
exchange plus contact, and a pure NNN contact term.

NN NNN

LO

NLO

NNLO

FIG. 1. Schematic overview of the Feynman diagrams present
at leading order (LO), next-to-leading order (NLO), and next-to-
next-to-leading order (NNLO). Nucleons (pions) are represented
by solid (dashed) lines. The NNN interaction enters at NNLO.
A circle, diamond, and square represent a vertex of order Δ ¼ 0,
1, and 2, respectively.
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Chiral effective field theory (χEFT) provides a systematic approach to describe low-energy nuclear
forces. Moreover, χEFT is able to provide well-founded estimates of statistical and systematic uncertainties
—although this unique advantage has not yet been fully exploited. We fill this gap by performing an
optimization and statistical analysis of all the low-energy constants (LECs) up to next-to-next-to-leading
order. Our optimization protocol corresponds to a simultaneous fit to scattering and bound-state
observables in the pion-nucleon, nucleon-nucleon, and few-nucleon sectors, thereby utilizing the full
model capabilities of χEFT. Finally, we study the effect on other observables by demonstrating forward-
error-propagation methods that can easily be adopted by future works. We employ mathematical
optimization and implement automatic differentiation to attain efficient and machine-precise first- and
second-order derivatives of the objective function with respect to the LECs. This is also vital for the
regression analysis. We use power-counting arguments to estimate the systematic uncertainty that is
inherent to χEFT, and we construct chiral interactions at different orders with quantified uncertainties.
Statistical error propagation is compared with Monte Carlo sampling, showing that statistical errors are, in
general, small compared to systematic ones. In conclusion, we find that a simultaneous fit to different sets
of data is critical to (i) identify the optimal set of LECs, (ii) capture all relevant correlations, (iii) reduce the
statistical uncertainty, and (iv) attain order-by-order convergence in χEFT. Furthermore, certain systematic
uncertainties in the few-nucleon sector are shown to get substantially magnified in the many-body sector, in
particular when varying the cutoff in the chiral potentials. The methodology and results presented in this
paper open a new frontier for uncertainty quantification in ab initio nuclear theory.
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I. INTRODUCTION

Uncertainty quantification is essential for generating
new knowledge in scientific studies. This insight also
resonates in theoretical disciplines, and forward error
propagation is gaining well-deserved recognition. For
instance, theoretical error bars have been estimated in
various fields such as neurodynamics [1], global climate
models [2], molecular dynamics [3], density functional
theory [4], and high-energy physics [5].
In this paper, we present a systematic and practical

approach for uncertainty quantification in microscopic

nuclear theory. For the first time, we provide a common
statistical regression analysis of two key frameworks in
theoretical nuclear physics: ab initio many-body methods
and chiral effective field theory (χEFT). We supply a set of
mathematically optimized interaction models with known
statistical properties so that our results can be readily
applied by others to explore uncertainties in related efforts.
The ab initio methods for solving the many-nucleon

Schrödinger equation, such as the no-core shell model
(NCSM) [6] and the coupled cluster (CC) approach [7],
are characterized by the use of controlled approximations.
This provides a handle on the error that is associated
with the solution method itself. Over the past decade, there
has been significant progress in first-principles calculations
of bound, resonant, and scattering states in light nuclei
[6,8–12] and medium-mass nuclei [7,13–16]. The appear-
ance of independently confirmed and numerically exact
solutions to the nuclear many-body problem has brought
forward the need for an optimized nuclear interaction
model with high accuracy, quantified uncertainties, and
predictive capabilities.
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Power	counGng	leads	to	3-body	forces	
at	Next-to-next-to-leading	order.	
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Nuclear scales

a3S1
≈ 5.4 fm, a1S0

≈ −23.7 fm ≫ 1/mπ ≈ 1.4 fm
effective ranges (1.8 fm, 2.7 fm) are natural

Beyond models: rigor and consistency in modern nuclear theory – p. 12

Binding momentum of deuteron 

Binding momentum of 3H, 3He 

Nuclear scales

a3S1
≈ 5.4 fm, a1S0

≈ −23.7 fm ≫ 1/mπ ≈ 1.4 fm
effective ranges (1.8 fm, 2.7 fm) are natural

Beyond models: rigor and consistency in modern nuclear theory – p. 12

Nuclear scales

a3S1
≈ 5.4 fm, a1S0

≈ −23.7 fm ≫ 1/mπ ≈ 1.4 fm
effective ranges (1.8 fm, 2.7 fm) are natural

Beyond models: rigor and consistency in modern nuclear theory – p. 12

At	very	low	energies	both	
EFTs	are	applicable!	
Can	we	learn	something	from	
that?	

1.  EFTs	have	inherent	inaccuracy,	as		
they	include	neglected	orders.		

2.  However,	onen	higher	orders	include		
new	parameters,	that	need	to	be	fiRed	to	
observables.	

EFT	Uncertainty	Challenge	1:	
1.  How	does	one	choose	the	observable	to	fit?	
2.  Are	there	right/wrong	choices?	
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

3H

3He
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1.  CorrelaGon	originates	in	the	fact	that		
electrostaGc	forces	are	weak	compared	to	strong	force.	

2.  Same	correlaGon	found	in	pionless	EFT.	
3.  Difference	between	lines	are	a	higher	order		

(isospin	breaking	effect):	
no	meaning	for	line	crossings.	à		
simultaneous	fi@ng	is	“fine	tuning”.	

4.  CorrelaGon	would	persist	to	unnatural	values	of	cD,	cE:	
Natural	size	assumpEon	does	not	hold!	

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

3H

3He
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	 4He
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	 4He

3H

3He

1.  CorrelaGon	originates	in	“pionless	EFT”	Tjon’s	line:	
–	large	scaRering	length	compared	to	range.	

2.  Difference	between	lines	are	a	higher	order		
no	meaning	for	line	crossings.	à		
simultaneous	fi@ng	is	“fine	tuning”.	

3.  CorrelaGon	would	persist	to	unnatural	values	of	cD,	cE:	
Natural	size	assumpEon	does	not	hold!	
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i.e.,	3H,	3He	and	4He	b.e.s	are	not	independent	observables,	
and	cannot	be	used	as	such	to	fix	the	3NF	LECs.	
Choosing	them	simultaneously	is	fine	tuning.	
EFT	Uncertainty	Challenge	1:	
1.  Are	there	right/wrong	choices	of	fipng	observables?	

à	yes	there	are!	
2.  Can	one	choose	the	correct	fiMng	observable	in	advance?	

à	Look	for	Leading	order	correla;ons	in	other	theore;cal		
descrip;ons	of	the	problem.	

	

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	 4He

3H

3He



!NUCLEAR	FUSION	REACTION	RATES	IN	
THE	SUN:		
ASSESSING	THE	ACCURACY	OF	NUCLEAR	
PHYSICS	PREDICTIONS	

Proton-proton	fusion	in	the	Sun	
cannot	be	measured	terrestrially.	
Reliable	theoreGcal	predicGon	needed.	
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Precision,	Uncertainty,	and	predictions	
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“χEFT”	

Widely	believed:	
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SFII	–	Adelberger	et	al.,	Rev.	Mod.	Phys.	83,	195	(2011)	
in quadrature, we find that the current best estimates for
S11ð0Þ are

4:01ð1# 0:009Þ $ 10%25 MeV b potential models;

4:01ð1# 0:009Þ $ 10%25 MeV b EFT&;

3:99ð1# 0:030Þ $ 10%25 MeV b pionless EFT:

(24)

The larger uncertainty in the pionless EFT result is due to the
relatively weak constraints on L1;A that can be imposed within
two-nucleon systems, but, as mentioned, this situation will
soon be improved. The agreement of the central values
obtained in the potential model and EFT* indicates the
robustness of the results as long as the two-body current is
constrained by tritium ! decay. Meanwhile, the agreement of
the error estimates in the two approaches is primarily due to
the fact that, as explained above, the dominant part of the
uncertainty has been estimated using the same argument.
Based on the result obtained in the potential model and
EFT*, we adopt as the recommended value

S11ð0Þ ¼ 4:01ð1# 0:009Þ $ 10%25 MeV b: (25)

We adopt the Bahcall and May (1969) value for S011ð0Þ

S011ð0Þ ¼ S11ð0Þð11:2# 0:1Þ MeV%1: (26)

Bahcall and May (1969) also estimated dimensionally that
S0011ð0Þ would enter at the level of (1%, for temperatures
characteristic of the solar center. As this is now comparable to
the overall error in S11, we recommend that a modern calcu-
lation of S0011ð0Þ be undertaken.

IV. THE dðp;!Þ3He RADIATIVE-CAPTURE REACTION

The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
maintained at (3$ 10%18.

However, the dðp;"Þ3He reaction plays a more prominent
role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the

Gamow peak in a protostar) is of fundamental importance for
modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
abundances, scaling as

d

H
/ R%0:32

pd ;
3He

H
/ R0:38

pd ;
7Li

H
/ R0:59

pd ; (27)

where Rpd is the value of S12 relative to the fiducial value in

Cyburt (2004). Thus a 10% error in the pd capture rate
propagates into roughly 3.2%, 3.8%, and 5.9% uncertainties
in the light element primordial abundances, d, 3He, and 7Li,
respectively.

A. Data sets

The extensive experimental data sets for pd radiative
capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
and n3He radiative captures at thermal neutron energies.

B. Theoretical studies

The most extensive and recent theoretical studies of the
dðp;"Þ3He reaction at low energies have been carried out by
Marcucci et al. (2005). The calculated S12, shown in Fig. 3, is

210 Adelberger et al.: Solar fusion cross . . .. II. The pp chain . . .
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in quadrature, we find that the current best estimates for
S11ð0Þ are

4:01ð1# 0:009Þ $ 10%25 MeV b potential models;

4:01ð1# 0:009Þ $ 10%25 MeV b EFT&;

3:99ð1# 0:030Þ $ 10%25 MeV b pionless EFT:

(24)

The larger uncertainty in the pionless EFT result is due to the
relatively weak constraints on L1;A that can be imposed within
two-nucleon systems, but, as mentioned, this situation will
soon be improved. The agreement of the central values
obtained in the potential model and EFT* indicates the
robustness of the results as long as the two-body current is
constrained by tritium ! decay. Meanwhile, the agreement of
the error estimates in the two approaches is primarily due to
the fact that, as explained above, the dominant part of the
uncertainty has been estimated using the same argument.
Based on the result obtained in the potential model and
EFT*, we adopt as the recommended value

S11ð0Þ ¼ 4:01ð1# 0:009Þ $ 10%25 MeV b: (25)

We adopt the Bahcall and May (1969) value for S011ð0Þ

S011ð0Þ ¼ S11ð0Þð11:2# 0:1Þ MeV%1: (26)

Bahcall and May (1969) also estimated dimensionally that
S0011ð0Þ would enter at the level of (1%, for temperatures
characteristic of the solar center. As this is now comparable to
the overall error in S11, we recommend that a modern calcu-
lation of S0011ð0Þ be undertaken.

IV. THE dðp;!Þ3He RADIATIVE-CAPTURE REACTION

The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
maintained at (3$ 10%18.

However, the dðp;"Þ3He reaction plays a more prominent
role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the

Gamow peak in a protostar) is of fundamental importance for
modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
abundances, scaling as

d

H
/ R%0:32

pd ;
3He

H
/ R0:38

pd ;
7Li

H
/ R0:59

pd ; (27)

where Rpd is the value of S12 relative to the fiducial value in

Cyburt (2004). Thus a 10% error in the pd capture rate
propagates into roughly 3.2%, 3.8%, and 5.9% uncertainties
in the light element primordial abundances, d, 3He, and 7Li,
respectively.

A. Data sets

The extensive experimental data sets for pd radiative
capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
and n3He radiative captures at thermal neutron energies.

B. Theoretical studies

The most extensive and recent theoretical studies of the
dðp;"Þ3He reaction at low energies have been carried out by
Marcucci et al. (2005). The calculated S12, shown in Fig. 3, is
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SFII	recommended	value	(2011):	

“χEFT”	calcula;on	by	Marcucci	et	al.,	Phys.	Rev.	LeH.	(2013):	
Use	consistent	3H	decay-rate	to	constrain	consistently	axial	MEC		
(DG,	Quaglioni,	NavraGl,	PRL	2009),	and	predict	pp-fusion	rate.	

Table 3. Cumulative S- and P -wave contributions to S(0) in units of 10−23 MeV fm2. The
results labelled “χEFT(500)” and “χEFT(600)” have been obtained within the χEFT approach
with two different cutoff values, 500 and 600 MeV. The results obtained within the PMA are
also shown. The theoretical uncertainties are given in parentheses and are due to the fitting
procedure adopted for the LEC’s (or g∗A within the PMA) in the weak current.

1S0 · · · + 3P0 · · · + 3P1 · · · + 3P2

χEFT(500) 4.008(5) 4.011(5) 4.020(5) 4.030(5)
χEFT(600) 4.007(5) 4.010(5) 4.019(5) 4.029(5)

PMA 4.000(3) 4.003(3) 4.015(3) 4.033(3)

In conclusion, the χEFT results of table 3 can be summarized in the conservative range
S(0) = (4.030±0.006)×10−23 MeV fm2, with a P -wave contribution of ≃ 0.2×10−23 MeV fm2.

Finally, we show in figure 2 the energy dependence of S(E) in the energy range 2 – 100 keV,
as obtained within the χEFT approach. The S- and (S + P )-wave contributions are displayed
separately, and the theoretical uncertainty is included—the curves are in fact very narrow bands.
As expected, the P -wave contributions become significant at higher values of E. From these
results, a least-squares polynomial fit to S(E) has been performed up to order O(E2), i.e., by
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Figure 2. (Color online) Energy dependence of S(E) in the range 2 – 100 keV. The S- and
(S + P )-wave contributions are displayed separately. In the inset, S(E) is shown in the range
3–15 keV.

6

Including:	p-wave	contribuGon	(+0.5%),	full	EM	(-0.25-(-0.75)%),	
	 	difference	between	500	and	600	MeV	cutoff	and	potenGal	models.	

Recently	Archaya	et	al	(1603.01593)	χEFT:		

6

FIG. 2. (Color online). The green band indicates the spread
of S(0)-values due to variations in Tmax

Lab

used in the opti-
mization of the NNLO chiral force, as well as the propagated
statistical uncertainties of all LECs and gA, as a function of
the cuto↵ ⇤

EFT

in the �EFT. ⇤
EFT

was varied between 450
MeV and 600 MeV in steps of 25 MeV. The cuto↵ in the
current and the interaction sectors were always equal to each
other. This figure demonstrates that the S-factor is relatively
insensitive to reasonable variations in the cuto↵.

FIG. 3. (Color online). Correlation matrix of the zero-energy
S-factor (S(0)), the squared radial wave function overlap
(⇤2), and the ratio of the 2B and 1B current matrix elements
(�

2B

). We also show the correlations between theese quan-
tities and the ground state energies (E), point-proton radii
(r

pt�p

) for A = 2, 3, 4 nuclei as well as the matrix element of
the reduced axial-vector current (E1

A) of the triton �-decay
and the quadrupole moment (Q(2H)) and D-state probability
(D(2H)) of the deuteron.

tract those with the spline Jacobians extracted in this
work. A graphical representation of the relevant correla-
tions is shown in Fig. 3. This particular correlation ma-
trix is based on the NNLO interaction with ⇤

EFT

= 500
MeV and Tmax

Lab

= 290 MeV. The same pattern emerges
with any of the 42 di↵erent interactions employed in this
work. As expected from the Q-value dependence of the
phase space volume, the S-factor strongly anticorrelates
with the deuteron ground state energy. It is noteworthy

that the squared radial overlap ⇤2 of the deuteron and
relative-proton wave functions does not correlate signif-
icantly with S(0). This indicates that the dependence
of the S-factor on binding energy indeed occurs pre-
dominantly through the phase space. We also observe
that an increase in the deuteron radius would increase
the radial overlap with the proton-proton wave function.
The quadrupole moment of the deuteron and its D-state
probability anti-correlate with ⇤2. Here, it is important
to point out that our squared radial overlap only con-
tains the 1B piece of the current operator. Thus it only
measures the overlap between S-wave components. A
smaller D-state probability implies a larger S-state prob-
ability. Consequently, the anti-correlation between ⇤2

and Q(2H)/D(2H) mostly traces the same underlying S-
wave component of the deuteron wave function. Finally,
we observe a strong correlation between the strength of
the 2B current and the reduced axial-vector current of
the triton �-decay. In fact, the LEC c

D

plays a domi-
nant role for both currents. In conclusion, we quantify
all expected correlations and confirm that they emerge
in our statistical analysis.

IV. RESULTS AND DISCUSSION

We have calculated the pp-fusion S-factor using �EFT
and carried out a state-of-the-art uncertainty analysis by
employing a family of mathematically optimized chiral
potentials at NNLO with consistently renormalized cur-
rents. We focused on the threshold S-factor and have
therefore only considered initial S-wave pp scattering. To
O(↵), we obtain a threshold S-factor

S(0) = (4.081+0.024

�0.032

) ⇥ 10�23 MeV fm2 , (19)

where we combined, for simplicity, all uncertainties
by adding them in quadrature, and then taking the
min/max values of the green band in Fig 2. This error
represents all uncertainties originating from �EFT, the
computational method, and the statistical extrapolation
to obtain the threshold value. The e↵ects of higher or-
der electromagnetic contributions that are proportional
to ↵2 remains to be accounted for. These corrections
lower the threshold S-factor by about a percent [6, 7, 9].
From the energy dependence of these corrections, calcu-
lated in Ref. [6], we estimate a 0.84% reduction in S(0).
The inclusion of these electromagnetic e↵ects leaves the
uncertainties that are due to the strong interaction un-
changed, and the final result becomes

S
cor

(0) = (4.047+0.024

�0.032

) ⇥ 10�23 MeV fm2 . (20)

For comparison, the uncertainty presented here is four
times larger than the estimate reported in the pioneer-
ing �EFT calculation in Ref [9]. The comparison of the
central values, however, is not so straightforward since
their calculation includes additional terms in the cur-
rent operator involving additional LECs, namely g

4S

and
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“χEFT”	

“χEFT”	

 π/		EFT	

 π/		EFT	

Widely	believed:	
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 π/		EFT	

 π/		EFT	

Can	we	reach	precision	physics	with	 π/		EFT?		
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Role	of	 π/		EFT:	
Coherent	and	sysytemaGc	(theoreGcal)	uncertainty	quanGficaGon.	
Big	quesGon:	is	precision	physics	a	possible	fronGer	of	 π/		EFT?	

We	revisit	the	pp-fusion	problem	within	pionless	
EFT,	fixing	the	unknown	LEC	using	triton	decay.	
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Advantages	of	 π/	EFT	for	proton-proton	fusion:	
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1. Small	number	of	parameters.	
2. Two	NLO	π/		EFT	arrangements.	
3. A	“cheat-sheet”	in	the	electromagneGc	sector.	
4. Cutoff	independence	up	to	infinity.	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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A	fully	perturbative	pionless	EFT	A=2,	3	calculation	
@NLO	

•  LO	Parameters:	
•  nn	and	2-np	ScaRering	lengths:	3S1,	1S0.	
•  pp	scaRering	length.	
•  Fine	structure	constant.	
•  Three	body	force.	

•  NLO	parameters:	
•  2 effecGve	ranges.	
•  RenormalizaGons	of	pp	and	3NF.	
•  (isospin	dependent	NLO	3NF		
to	prevent	logarithmic	divergence		
in	the	binding	energy	of	3He).	

•  Weak	Interac;on:	LO	(gA	–	1	body),	NLO	(L1A	–	2	body)	
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These	parameters		
fixed	using	nuclear	data	

From	neutron	
decay	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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3H→3 He + e− +νe

e eν

p + p→ d +νe + e
+

e eν

n→ p + e− +νe

e 

νe

neutron	decay:	
measured	

triton	decay:	
measured	

Proton-proton	
fusion	–	needs	
to	be	predicted	
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A	fully	perturbative	pionless	EFT	A=2,	3	calculation	
@NLO	

•  LO	Parameters:	
•  nn	and	2-np	ScaRering	lengths:	3S1,	1S0.	
•  pp	scaRering	length.	
•  Fine	structure	constant.	
•  Three	body	force.	

•  NLO	parameters:	
•  2 effecGve	ranges.	
•  RenormalizaGons	of	pp	and	3NF.	
•  (isospin	dependent	NLO	3NF		
to	prevent	logarithmic	divergence		
in	the	binding	energy	of	3He).	

•  Weak	Interac;on:	LO	(gA	–	1	body),	NLO	(L1A	–	2	body)	
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These	parameters		
fixed	using	nuclear	data	

From	neutron	
decay	

From	triton	
decay!	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Advantages	of	 π/	EFT	for	proton-proton	fusion:	
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1. Small	number	of	parameters.	
2. Two	NLO	π/	EFT	arrangements.	
3. A	“cheat-sheet”	in	the	electromagneGc	sector.	
4. Cutoff	independence	up	to	infinity.	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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The	role	of	the	deuteron	tail	

•  Many	low	energy	reacGons	depend	on	deuteron	normalizaGon.	

•  One	has	a	choice	of	rearranging	the	expansion:	

•  rho-parameterizaGon:	

•  Z-parameterizaGon:		
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Zd =
1

1−γρ
≈1+γρ + γρ( )

2
+ ...

Zd =
1

1−γρ
≈1+ (Zd −1)+ 0       +...

LO	 NLO	 N2LO+…	

Both	are	valid	rearrangements!		
Z-parameterizaGon	has	quicker	convergence,	especially	
for	observables	sensiGve	to	the	deuteron	tail.	

Phillips,	Rupak,	Savage,	Phys.	LeR.	B473,	209	(2000)	
Grießhammer,	Nucl.	Phys.	A744,	192	(2004)	

that runs with the cuto↵ ⇤.

Figure 4: The Faddeev equation for N-dibaryon scattering with a 3-body force. Double line is a
propagator of the two intermediate auxiliary fields d and t, denoted by D; K: is a propagator of the
exchanged nucleon; H(⇤):

Formally, the 3-body force term is obtained by adding [1]:

L3 = �MN
H(⇤)

⇤2

�
y2tN

† �~t · ~��N+ y2sN
† (~s · ~⌧)† · (~s · ~⌧)N+

1

3
ytys

h
N † �~t · ~��† (~s · ~⌧)N

i◆

(24)

to the Lagrangian eq. (9).
eq. (24) represents a contact 3-body force written in terms of dibaryon and nucleon

fields (see Figure 4).

2.6 The deuteron normalization

The deuteron normalization is given by [38]:

Z�1
d = i

@

@p0

1

iDt(p0, p)

���
p0=

�2t
MN

,p=0
(25)

For the full propagator:

Zd =
1

1� �t⇢t
= 1|{z}

LO

+ �t⇢t|{z}
NLO

+(�t⇢t)
2

| {z }
N2LO

+(�t⇢t)
3

| {z }
N3LO

+... = 1.69 (26)

and the ERE coe�cient Ct
2 [23] is defined by:

Ct
2 = 2⇡

�
ZNLO

d � 1
�

MN�t (µ� �t)
2 (27)

which is equivalent to Q expansion around p = 0
By using the e↵ective range expansion (ERE) parametrization we need to insures

that the deuteron (spin-triplet, T ) pole residue Zd =
1

1��⇢t
= 1.69 is given correctly in an

expansion of the e↵ective range about the deuteron pole. By Using the Z-parametrization,
instead of the convergence displayed in eq. (26) we now have, by explicit construction
[10,43]:

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+ 0|{z}
N2LO

+ 0|{z}
N3LO

+... = 1.69 (28)

and therefore:

Ct
2 =

2⇡
�
ZNLO

d � 1
�

MN�t (µ� �t)
2 = 2⇡

0.69

MN�t (µ� �t)
2 . (29)

In the following sections we will use both normalizations eqs. (26) and (28) in order to
find the better agreement with the experimental data.
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De-Leon,	Gazit,	in	preparaGon	(2016)	
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1. Small	number	of	parameters.	
2. Two	NLO	π/	EFT	arrangements.	
3. A	“cheat-sheet”	in	the	electromagneGc	sector.	
4. Cutoff	independence	up	to	infinity.	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Analogy	between	weak	and	EM:	
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38	
µd µ 3H

µ 3Hen + p→ d + γ

3H→3 He + e− +νe

e eν

p + p→ d +νe + e
+

e eν

n→ p + e− +νe

e 

νe

µ p µn

Weak	observables	

EM	observables	

Use	the	same	strategy	in	both	cases:	fix	probe	LECs	at	A=3	and	predict	A=2.	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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39	
µd µ 3H

µ 3Hen + p→ d + γ

3H→3 He + e− +νe

e eν

p + p→ d +νe + e
+

e eν

n→ p + e− +νe

e 

νe

µ p µn

Weak	observables	

EM	observables	

Use	the	same	strategy	in	both	cases:	fix	probe	LECs	at	A=3	and	predict	A=2.	

De-Leon,	Gazit,	in	preparaGon	(2016)	

Pionless	EFT	reproduces	low-energy	
electromagneGc	A=2	observables	when	using	
A=3	observables	as	input,	to	a	very	good	
precision	(~1%),	with	assessed	theoreGcal	
uncertainty	of	about	3%.	
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1. Small	number	of	parameters.	
2. Two	NLO	π/		EFT	arrangements.	
3. A	“cheat-sheet”	in	the	electromagneGc	sector.	
4. Cutoff	independence	up	to	infinity.	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Triton	decay	–	GT	cutoff	independence	
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41	
“Empirical”	extracGon	of	GT	(using	calculated	F	strength)	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Adding	the	LO	1-body	contribuGon	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Adding	the	NLO	1-body	contribuGons	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

De-Leon,	Gazit,	in	preparaGon	(2016)	
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Triton	decay	–	GT	cutoff	independence	

Rho-parameterizaEon	 Z-parameterizaEon	 Ju
ne

	2
4,
	2
01
6	

Ba
ye
sia

n	
pr
og
ra
m
@
IN
T	
-	D

or
on

	G
az
it	

44	
Adding	all	contribuGon,	but	L1A	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

1st	esGmate	of	theoreGcal	uncertainty:	
All	NLO	contribuGons	are	of	the	same	order	(1-2%),		
one	can	esGmate	higher	order	effects	as	the	NLO	contribuGon.	
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Adding	all	contribuGon,	but	L1A	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

1st	esGmate	of	theoreGcal	uncertainty:	
All	NLO	contribuGons	are	of	the	same	order	(1-2%),		
one	can	esGmate	higher	order	effects	as	the	NLO	contribuGon.	

Translates	to	±2%	difference	in	pp	fusion	

De-Leon,	Gazit,	in	preparaGon	(2016)	
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ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

2nd	esGmate	of	theoreGcal	uncertainty:	
difference	between	Zed	and	Rho	ParamerizaGons.	

Spp (Z − par.) =3.93

Spp (ρ − par.) = 4.09

De-Leon,	Gazit,	in	preparaGon	(2016)	
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ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

2nd	esGmate	of	theoreGcal	uncertainty:	
difference	between	Zed	and	Rho	ParamerizaGons.	

Translates	to	±2%	difference	in	pp	fusion	

Spp (Z − par.) =3.93

Spp (ρ − par.) = 4.09

De-Leon,	Gazit,	in	preparaGon	(2016)	
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So…	is	3%	too	big	to	be	called	precision	physics?	
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gA	systemaGc		
uncertainty	(since	~2010)	 theoreGcal	

uncertainty	

gA		
stat.	
unc.	

3H	
halflife	
syst.	
unc.	

i.e.,	theoreGcal	uncertainty	of	the	same	order	of	systemaGc	experimental	
error	due	to	gA	and	3H	half	life	(2%	total).	

Spp (gA =1.2701) = 4.01 ± 0.08± 0.07 ± 0.04

Spp (gA =1.276) = 4.14 ± 0.08± 0.07 ± 0.04

De-Leon,	Gazit,	in	preparaGon	(2016)	



!
Thus,	

•  Pionless	EFT	reproduces	low-energy	electromagne;c	observables	to	
a	very	good	precision	(~1%),	even	at	NLO.	

•  TheoreGcal	uncertainty	esGmated	from:	
•  (Natural)	Size	of	NLO	contribuGon	(all	NLO	contribuGons	are	of	the	same	
order	of	magnitude).	

•  Difference	between	different	arrangements	of	perturbaGve	expansion.		
•  Both	error	esGmates	lead	to	about	2%	uncertainty.	

•  Proton-proton	fusion	NLO	predicGon	and	error	assessment	reliable!	
•  Uncertainty	quanGficaGon	challenges:	

	Is	there	a	way	to	assign	some	confidence	level	to	the		
	theore;cal	uncertainty?		
		
	Is	there	a	beHer	way	to	incorporate	experimental	systema;c	
	uncertain;es?	
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!ATOMIC	PHYSICS	AT	THE	SOLAR	
INTERIOR:		
HOW	WELL	DO	WE	KNOW	OUR	SUN?	

Ju
ne

	2
4,
	2
01
6	

Ba
ye
sia

n	
pr
og
ra
m
@
IN
T	
-	D

or
on

	G
az
it	

50	



!The	Solar	Interior	
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•  RadiaGve	zone:	energy	transport	by	photon	diffusion.	



!
A	solar	recipe	
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Bailey,	J.	E.,	et	al.	2009	

ConvecGon	zone	radius:	a	
predicGon	of	both	

constraints…	

Helioseismology:		
outer	constraint	

Neutrinos:	
inner	temperature	



!
A	solar	recipe	

Standard	Solar	
Model	(SSM)	
•  HydrostaGc	
•  1D	
•  OpaciEes	
•  Eqs.	of	state	(EOS)	
•  Nuclear	rates	
•  …..	
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Bailey,	J.	E.,	et	al.	2009	

Neutrinos:	
inner	temperature	

Helioseismology:		
outer	constraint	

Abundances	

•  Solar	atmosphere	
spectra	(1D\3D)		
•  Meteorites	



!
Metals	are	a	major	source	of	opacity	in	the	Sun	

	
Opacity	fracGons
@ConvecGon	zone	

          	

June	24,	2016	 Bayesian	program@INT	-	Doron	Gazit	 54	

Metals	

H+He	

Opacity	contribuEon	

M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	

•  98%	H+He	
•  Other	~2%	–	“Metals”	
•  A	Hot-Dense	Plasma	(@Rcz:	180	eV,	0.5	g/cc;	@center:	1.5	keV,	150	g/cc)	
•  Pressure	is	not	affected	by	these	“metals”.	
•  However	“metals”	have	many	bound	electrons:	contribute	to	opacity!	

Bailey,	J.	E.,	et	al.	2009	

CZ



!
The	Rosseland	Opacity	

•  Photon	mean-free-path	

•  Rosseland	Mean
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Energy		
Flux

Planck	Energy	Density



!
The	Rosseland	Opacity	

•  Photon	mean-free-path	
•  RadiaGve	heat	transfer	–	diffusion	approximaGon	at	each	frequency	

•  Rosseland	Mean
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Iron	@	ConvecEon	Zone	
Bailey,	J.	E.,	et	al.	2009	



! Atomic	Transitions	ScaWering	

Bound-Free	

Free-Free	

Bound-Bound	

Bound-Bound	

Bound-Free	
Free-Free	

ScaWering	
Rosseland	
FracEon	
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Typical	opacity	spectra	of	a	mid-Z	element	

•  Bound-Bound	and	Bound-Free	dominate	by	
orders	of	magnitude	

•  Existence	of	bound	electrons	strongly	increases	
opacity	



!

( )( )bb a ab ab ab
C C a C

b C

E N w P E E
α β α

β
α β

κ
→ → ∈

∈

= −∑ ∑ ∑
Level	
PopulaGon	

TransiGon	
Amplitude	 Lineshape	

TransiGon	
Energy	

The	Bound-Bound	Opacity	Spectra	

Levels	
ConfiguraEons	Orbital	Jumps	

10-1000	 ( ) ( )3001 1O O−
( ) ( )1001 1O O−

Two	major	difficulGes:	
1. For	mid-Z	and	high-Z	elements	-	a	HUGE	number	
of	lines	for	each	pair	of	configuraGons		

2. For	hot	plasmas	-	a	HUGE	number	of	atomic	
configuraGons	must	be	included	
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!

A	Huge	Number	of	ConfiguraGons	In	The	Solar	Interior	
	

Most	abundant	
elements	across	

the	sun		

@ConvecGon	Zone	
All	elements	

at	the	CZ	boundary		
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M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Solar	opacity	calculaSons	using	the	super-transiSon-array	method”	ApJ	,	821:45,	2016	



!Unresolved	Transition	Arrays	(UTA)	
•  In	a	hot	plasma,	the	large	number	of	lines	between	
pairs	of	configuraGons	onen	overlap	and	can	be	
approximated	by	a	single	“effecGve”	line	

•  Calculate	only	the	moments	of	the	effecGve	lines	

( )22 21
k k k

k
I E E

I
σ σ⎡ ⎤= − +⎢ ⎥⎣ ⎦∑

1
k k

k
E I E

I
= ∑k

k
I I=∑

, ,k k kI E σ

, ,I E σ Intensity	 TransiGon	Energy	

Energy	Variance	
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Bauche-Arnoult,	C.,	J.	Bauche,	and	M.	Klapisch.	PRA	1979	

Exp.	Spectra

UTAs



!

Coarse	Graining	

( )( )bb a ab ab ab
C C a C

b C

E N w P E E
α β α

β
α β

κ
→ → ∈

∈

= −∑ ∑ ∑
( ) ( )3001 1O O−

( ) ( )1001 1O O−
Levels	

ConfiguraEons:	

The	Coarse-Graining	Hierarchy	
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!

The	problem	is	challenging	–		
but	many	methods	lead	to	the	same	result!	
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M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	
Blancard,	et.	Al	ApJ	745.1	(2011):	10	&	Iglesias	et	al.		ApJ	464	(1996):	943.	
	

Opacity	models	–	difference	represents	
uncertainty?	

Our	
Model	

We	have	
developed	a	
STA	atomic	
code	(STAR)	



!
A	solar	recipe	

Abundances	

•  Solar	atmosphere	
spectra	(1D\3D)		
•  Meteorites	

Standard	Solar	
Model	(SSM)	
•  HydrostaGc	
•  1D	
•  OpaciEes	
•  Eqs.	of	state	(EOS)	
•  Nuclear	rates	
•  …..	
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Bailey,	J.	E.,	et	al.	2009	



!
A	solar	recipe	

Abundances	

•  Solar	atmosphere	
spectra	(1D\3D)		
•  Meteorites	

Standard	Solar	
Model	(SSM)	
•  HydrostaGc	
•  1D	
•  OpaciEes	
•  Eqs.	of	state	(EOS)	
•  Nuclear	rates	
•  …..	
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Bailey,	J.	E.,	et	al.	2009	

~𝟏𝟎𝝈 discrepancy!	



!

1.  F.L.	Villante	and	B.	Ricci	-	APJ	2010	
2.  F.L.	Villante	-	APJ		2010	
3.  Bergemann,	and	A	Serenelli.	2014	
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•  20%~ less	metals	in	new	abundance	determinaGon	
•  Metals	determine	most	of	the	opacity,	but	not	EOS	
•  Solar	opaciGes	are	exclusively	theoreGcal	
•  OpaciEes	are	believed	to	be	the	“source”	of	the	problem	
•  Other	ideas	–	revised	solar	models	(magneGc	fields,	

rotaGon,	dark	maRer…	etc.)	no	saGsfactory	model	exists	

Solar	abundance	problem	



!

1.  F.L.	Villante	and	B.	Ricci	-	APJ	2010	
2.  F.L.	Villante	-	APJ		2010	
3.  Bergemann,	and	A	Serenelli.	2014	
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•  20%~ less	metals	in	new	abundance	determinaGon	
•  Metals	determine	most	of	the	opacity,	but	not	EOS	
•  Solar	opaciGes	are	exclusively	theoreGcal	
•  OpaciEes	are	believed	to	be	the	“source”	of	the	problem	
•  Other	ideas	–	revised	solar	models	(magneGc	fields,	

rotaGon,	dark	maRer…	etc.)	no	saGsfactory	model	exists	

Solar	abundance	problem	
opacity!



!
Missing	Opacity	–	a	“Solar	OPACITY	Problem”	

	

The	Sun	
Helioseismology,	neutrinos	
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M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	
Blancard,	et.	Al	ApJ	745.1	(2011):	10	&	Iglesias	et	al.		ApJ	464	(1996):	943.	
	

Missing	
Opacity	

Opacity	models	–	difference	
doesn’t	represents	uncertainty?	

Our	
Model	



!
Steps	Towards	Solution	

• Point	out	and	check	physics	“beyond”	current	state	
of	the	art	atomic	models	

• AlternaGvely,	point	out	and	quanGfy	sources	of	
uncertainty	in	atomic	models	and	check	sensiGviGes	

• We	have	developed	state	of	the	art	atomic	models	
in	order	to	invesGgate	the	source	of	the	solar	
opacity	problem	
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1.  			M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	
2.  M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Solar	opacity	calculaSons	using	the	super-transiSon-array	method”	ApJ	,	2016	
3.  M.	Krief,	A.	Feigel	“Variance	and	shi]	of	transiSon	arrays	for	electric	and	magneSc	mulSpole	transiSons”,	HEDP	2015	
4.  	M.	Krief,	A.	Feigel	“The	effect	of	first	order	superconfiguraSon	energies	on	the	opacity	of	hot	dense	ma^er”,	HEDP	2015	



!
Missing	Opacity	–	a	“Solar	OPACITY	Problem”	

	

The	Sun	
Helioseismology,	neutrinos	
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M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	
Blancard,	et.	Al	ApJ	745.1	(2011):	10	&	Iglesias	et	al.		ApJ	464	(1996):	943.	
	

Missing	
Opacity	

Opacity
Models	

Our	
Model	

We	have	
developed	a	
STA	atomic	
code	(STAR)	



!
Possible	explanations?	

Source	
of	

problem	

ContribuGon	
from	High-Z	
elements?	

Effect	of	the	
Plasma	

environment?	 Atomic	calculaGon	
(i.e.,	calculaGon	of	
spectra	given	a	

potenGal)	
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!
Possible	explanations?	

Source	
of	

problem	

ContribuGon	
from	High-Z	
elements?	

Effect	of	the	
Plasma	

environment?	 Atomic	calculaGon	
(i.e.,	calculaGon	of	
spectra	given	a	

potenGal)	
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STA	calculaEons	of	solar	
opaciEes	show	a	very	
good	agreement	with	
DETAILED	calculaEons	



!
Possible	explanations?	

Source	
of	

problem	

ContribuGon	
from	High-Z	
elements?	

Effect	of	the	
Plasma	

environment?	 Atomic	calculaGon	
(i.e.,	calculaGon	of	
spectra	given	a	

potenGal)	
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!Effect	of	heavy	elements?	

1.  M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Solar	opacity	calculaSons	using	the	super-transiSon-array	method”	ApJ	,	821:45,	2016	
2.  Iglesias,	C.	A.,	Wilson,	B.	G.,	Rogers,	F.	J.,	Goldstein,	W.	H.,	Bar-Shalom,	A.,	&	Oreg,	J.	(1995).	APJ,	445,	855-860.	

	

Fr
ac
Eo

n	

Opacity	fracEon	

Number	fracEon	
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3176 , 0.16 /T eV g cmρ= ≈

CalculaEon	is	possible	only	with	STA	



!Possible	explanations?	

Source	
of	

problem	

ContribuGon	
from	High-Z	
elements?	

Effect	of	the	
Plasma	

environment?	 Atomic	calculaGon	
(i.e.,	calculaGon	of	
spectra	given	a	

potenGal)	
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•  Line	Shapes	
•  Level	populaGons	
•  Line-Shins	(screening)	



!

Marcel	Klapisch,	APIP,	April	2016	

Photons	Escape	Through	Opacity	“Windows”		
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!

Ju
ne

	2
4,
	2
01
6	

Ba
ye
sia

n	
pr
og
ra
m
@
IN
T	
-	D

or
on

	G
az
it	

76	

Uncertainties	in	collisional	line	broadening:	enormous	
differences	between	models	

1.  M.	Krief,	A.	Feigel,	D.	Gazit,	ApJ	2016	
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Uncertainties	in	collisional	line	broadening:	enormous	
differences	between	models	

1.  M.	Krief,	A.	Feigel,	D.	Gazit,	ApJ	2016	

•  A	complex	many	body	phenomena,	external	to	the	atomic	
calculaGon.	

•  Was	never	directly	measured	at	stellar	interior	condiGons	
•  Comparisons	with	OP	(Detailed	accounGng	of	lines)	shows	at	

least	a	factor	of	x15,	someGme	as	big	as	x100.	



!
Opacity	variaGons	resulGng	from	uncertainGes	in	

collisional	line	broadening	

M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	

•  No	experimental	data	-	what	is	the	actual	uncertainty	of	current	models?	
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The	sun	
Helioseismology,	neutrinos	

x15	

x10	
x2	



!
A	factor	of	~100	is	needed	to	solve	the	problem	

quanEtaEvely	and	qualitaEvely	

The	sun	
Helioseismology,	neutrinos	

M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	

•  The	uncertainty	may	depend	on	the	line,	atomic	number,	temperature	and	density	
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x200	
x100	

x50	



!
A	factor	of	~100	is	needed	to	solve	the	problem	

quanEtaEvely	and	qualitaEvely	

The	sun	
Helioseismology,	neutrinos	

M.	Krief,	A.	Feigel,	and	D.	Gazit,	“Line	broadening	and	the	solar	opacity	problem”,	ApJ	2016	

•  The	uncertainty	may	depend	on	the	line,	atomic	number,	temperature	and	density	
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x200	
x100	

x50	
A purely theoretical calculation,!
How can we estimate uncertainties reliably?!
Other sources of uncertainty?!



!
A	Rumsfeld	type	of	summary	J		
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hRps://www.youtube.com/watch?v=GiPe1OiKQuk		

Well,	there	are	known	
knowns…	and	known	

unknowns…	and	of	course,	
unknown	unknowns...	



!
Summary…	
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•  I	showed	a	few	“qualitaGve”	approaches	to	“quanGtaGvely”	assess	
theoreGcal	uncertainGes:	

Correla;ons	in	
light	nuclei:	
PredicGons	of			

one	EFT	should	be	
reflected	in	other	
EFT:	disregarding	
it	may	result	in	

fine	tuning.	There	
are	right	and	
wrongs	in	

choosing	fipng	
observables.	

	

“Known-knowns”:	

Predic;on	of	the	proton-proton	
fusion	rate:	

Reliable	theoreScal	uncertainty	
1.  Natural	size	of	sub-leading	

contribuSon.	
2.  RG	invariance.	
3.  Rearranging	perturbaSon	exp	
4.  An	analogue	reacSon	where	

experiment	exists.	
5.  (theoreScal	physicist’s)	heaven	

lies	where	large	experimental	
uncertainty	exists		

	

“Known-unknowns”:	

Solar	opacity	problem:	
1.  Clearly	–	range	of	

models	cannot	be	
used	as	uncertainty	
quanGficaGon.		

2.  The	fact	that	
theory	fits	
experiment	doesn’t	
mean	it’s	right…	

“Unknown-unknowns”	

Is	there	a	more	systemaGc	approach?	If	not	no…	please	tell	me!	doron_gazit@me.com		



!The	Ion-Sphere	model	
•  The	plasma	is	divided	into	spherical	cells	
•  The	density	dictates	the	size	of	the	“Wigner-Seitz“	cell,	in	which	
neutrality	is	imposed		

•  The	surrounding	plasma	of	each	cell	is	considered	a	heat	bath	
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