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The Sign Problem

In practice, generate fields         distributed as  

Then,                                    with statistical errors. 

But if                           ….then what?  You’ve got a “sign problem”. 
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S = SR + iSI
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The Sign Problem
A complex action occurs in a variety of situations 

1. QCD at finite chemical potential 

2. Most theories with a chemical potential 

3. Hubbard Model away from half filling 

4. Any real time dynamics, etc… 

So, is there a way around? 
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Geometric Solution
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What’s a thimble?
Thimble = a surface of steepest descent/stationary phase 
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1D Example: 

Notice: Not all thimbles contribute 
to integral
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In general:  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Beltway Algorithm
Start with one thimble integration: hOi0 =
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Non-trivial task!
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Beltway Algorithm
 Tangent space  
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Relativistic Bose Gas
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Phase due to curvature?
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The Jacobian
Seff (�̃) = SR(�(�̃))� Re(lnJ(�̃))
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Evolves as:

This is really hard to do!
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The Estimators
The problem:

Solution 1:

log(J) = log(det(M))

Just reweigh after the fact!
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Do they work?
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Conclusions
• One thimble computations below 
• Fast jacobian estimator makes algorithm possible 
• Analysis of Bose gas above      possible with alternate 

surfaces 

• Perfect simultaneous multi-thimble calculations 
• Application to real time dynamics 
• Thimbles in gauge theories

Marching on

µc

µc
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Charge: Tangent Plane
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Equivalent Surfaces
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Multi-Thimble
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Multi-Thimble
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