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Introduction

Theory: HORSE (J-matrix) formalism as a natural extension of SM

How it works: a model 2-body problem
Application to A-body problems within the no-core shell model

Summary
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Lattice QCD vs ab initio
nuclear structure:
Real world
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Lattice QCD vs ab initio
nuclear structure:
Real world

Ab initio
nuclear theory

Exchange of methods, ideas, etc.

Thanks to organizers, I've learned a lot!



Thomas Papenbrock talk, INT, May 16 2016

What is the equivalent of Liischer’s formula for the harmonic oscillator basis?
[Liischer, Comm. Math. Phys. 104, 177 (1986)]

Convergence in momentum space (UV) and in position space (IR) needed
[Stetcu et al., PLB (2007); Hagen et al., PRC (2010); Jurgenson et al., PRC
(2011); Coon et al., PRC (2012); Konig et al., PRC (2014)]

Nucleus

Phase space covered by L ~ 2 JV [)
oscillator basis with (N, b)
Nucleus needs to “fit” into * Nuclear radius R < L

basis: » cutoff of interaction A < Ay



Thomas Papenbrock talk, INT, May 16 2016

For long wave lengths, a finite HO basis resembles a spherical box

1.4,_ L I T [ L ] L I T I ] ] T —

12 @ R, Square well - Ground-state wave

1.0-— \ V,=4 1 functions in position space
08 N\ no=18
S 0.6 N _| [Coon et al. (2012); Furnstahl,

04 — hardwallatL,| \ New=8 | HagenTP (2012); More, Ekstrom,

02k ==- HO besis \ - Furnstahl, Hagen, TP (2013);

0° . . . i X-i__._ - Furnstahl, More, TP (2014)]
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9k N /2 3 -
E; = Ex + age™ 2kt (r*)L = (r*)oo[1 = (co* + c18)e™"]
3 =2k L

Notes:

» Leading asymptotic formulas for k_L >> 1

» Algebraic corrections for partial waves with nonzero angular momentum
* Choose regime (N, hw) with negligible UV corrections

» Length scales L depends on nature of Hilbert space



Thomas Papenbrock talk, INT, May 16 2016

 \We derive similar results for continuum
spectrum.

* Maybe it will be useful for lattice QCD
community...



No-core Shell Model

NCSM is a standard tool in ab initio nuclear structure
theory

NCSM: antisymmetrized function of all nucleons
Wave function: V¥ = AH ¢ (14)

Traditionally single-particle functions ¢i(r;) are
harmonic oscillator wave functions

N_... truncation makes it possible to separate c.m.
motion

Discussed here by James Vary, Angelo Calci, Bruce
Barrett



No-core Shell Model

NCSM is a bound state technique, no continuum spectrum; not
clear how to interpret states in continuum above thresholds -
how to extract resonance widths or scattering phase shifts

HORSE (J-matrix) formalism can be used for this purpose

Other possible approaches: NCSM+RGM; Gamov SM;
Continuum SM; SM+Complex Scaling; ...

All of them make the SM much more complicated. Our goal is to
interpret directly the SM results above thresholds obtained in a
usual way without additional complexities and to extract from
them resonant parameters and phase shifts at low energies.

| will discuss a more general interpretation of SM results



J-matrix (Jacobi matrix)
formalism in scattering theory

« Two types of L2 basises:

» Laguerre basis (atomic hydrogen-like
states) — atomic applications

 Oscillator basis — nuclear applications
» Other titles in case of oscillator basis:

HORSE (harmonic oscillator representation
of scattering equations),

Algebraic version of RGM



J-matrix formalism

Initially suggested in atomic physics (E. Heller, H. Yamani,
L. Fishman, J. Broad, W. Reinhardt) :

H.A.Yamani and L.Fishman, J. Math. Phys 16, 410 (1975).
Laguerre and oscillator basis.

Rediscovered independently in nuclear physics (G. Filippov,
|. Okhrimenko, Yu. Smirnov):

G.F.Filippov and |.P.Okhrimenko, Sov. J. Nucl. Phys. 32, 480
(1980). Oscillator basis.



HORSE:

Schrodinger equation:
H'W,,, (E,r) = BV, (E,r)

Wave function is expanded in oscillator functions:
1
lI!lm(Ea ) - = ul(E r) Yl'm(r)

w(E,r) E an(F

Schrodinger equation is an infinite set of algebraic equations:

(©.¢]

> (H}y = bnnt)ann (E) = 0.

n’=0
where H=T+V,
T — kinetic energy operator,
V — potential energy



HORSE:

Kinetic energy matrix elements:

nIm) = Guion () =~ Roa (1) Yion(7)

T! = (nlm|T|n'I'm') = /(bnlm(r)T(bn/l/m/(r) d>r

— 5ll’5mm’ /RanRn’l dr

Kinetic energy is tridiagonal:

T = " ulnt 1+ 172),

T = % (2n +1+3/2),

T i = — 2/t D+ 1432
Note! Kinetic energy tends to infinity as n and n’=n, n+1

increases:

!
T |~ n, n—oo, n=nnxl

nn'



HORSE:

Potential energy matrix elements:
1
|n£m> = d)n»hn(r) = ;Rmf(r) Yim('f’):

V;ff:: — (n£m|V|n'l'm') = /Qﬁngm(?‘) V¢n’l’m’ (T) d3'r
For central potentials only

fof:; = V:n; = 5mm:(5w / Rng(?”) V an(r) dr

Note! Potential energy tends to zero as n and/or n” increases:

!
V¥ 50, n,n = o0

nn'

Therefore for large nor n’:
T, > Ve norfand o > 1
A reasonable approximation when n or n” are large
H =T ,+V , ~T! , nor/and n' > 1.



HORSE:

* In other words, it is natural to truncate the potential energy:

nn! —

o {V;fn, if nand n' <N;

0 if n or n > N.

« This is equivalent to writing the potential energy operator as

V= TT y‘ |nlm) Vw (n'lI'm/|

n=0 p'=0 IV.mm

* Forlarge n, the Schrodinger equation

oo

Z (Hfln, - ann’E) an’l(E) =0
n'=0

takes the form



General idea of the
HORSE formalism

Infinite set of algebraic equations

N
> (Tl + Vi =6wE)au(E) =0, n<N-1

n'=0
T+V
Matching condition at n = N:
N
D [(Thw + View = SvwE) aui(E)] + Ty prans1(E) = 0
n'=0

Z (T:in’ - ann'E) a’n’i(E) = U, n Z N+1

T ettt {E)+ (T, — E)an(E) + T 41 Gng1,1(E) =0

n, n—

And this looks like a natural
T extension of SM where both
\ potential and kinetic energies are
truncated

This is an exactly
solvable algebraic problem!



Asymptotic regionn = N

« Schrodinger equation takes the form of three-term recurrent relation:
T?i,n—l an—l,f(E) + (Tin - E) an(E) + sz,n+1 Gn+1’g(E) =0

 This is a second order finite-difference equation. It has two independent
solutions:

_ T 1o n! 141 g I+1, o

T ryn! q

-1 2
o s
CulE) = (-1 \/ Tnt1+3/2) T=i+1/2) °P ( 2

X &(—n —1—-1/2, =1 +1/2; ¢*)

where dimensionless momentum ¢ = %

For derivation, see S.A.Zaytsev, Yu.F.Smirnov, and A.M.Shirokov,
Theor. Math. Phys. 117, 1291 (1998)



Asymptotic regionn = N

Schrodinger equation:

I,n—l an-l,f(E) + (T;in - E) G.nj(E) + sz,n+l a’n+1,3(E) =0

Arbitrary solution a,(E) of this equation can be expressed as a
superposition of the solutions S, (E) and C,(E), e.Q.:

Note that

an(E) = cosd(E) Sy(E) +sind(E) Cry(E)

> Su(B)Ru(r) 2 ilar) ~ sin{ = 7).

n=M

. [
Z CNI(E)RM(’”);—OZ —ny(gr) ~ cos (qr — %)

n=M



Asymptotic regionn = N
Therefore our wave function

{
w(E,r) = Zanz —)sm(qr+6—%)

Reminder: the ideas of quantum scattering theory.
Cross section
o ~sin?§

Wave function
{
U — sm(qr +0— W—)
r—roc 2

0 in the HORSE approach is the phase shift!



Internal region
(interaction region) n <

« Schrodinger equation

N
Z H. (0| \) = Ex(n|)), n<N

* |Inverse Hamiltonian matrix;

N

X (X'|n’)
H-E)\=-% n




Matching condition at n=N

Solution:

an(E) = —(H — E);5 T ng1 an4+1,0(E) = Gaw Ty w1 an41,1(E)
From the asymptotic region

ani{ E) = cos§(E) Sy E) +sind(E) Cy( E), n >N

Note, it is valid at n=N and n=N+1. Hence
Svi(B) = 9nn Ty np1 Sn41.1(E)
CNi(E)Y — 9nn T nat Cns1(E)
This is equation to calculate the phase shifts.

The wave function is given by

Vin(E.7) = w(E.7) Yin(#),

’U,g E 7 Zang

tand(F) = —

where
ani{ E) = cos8(E) Sy E) + sind(E) Coy( E), n >N

ani(E) = Yon Ty v11 an+1,1(E)



Problems with direct HORSE application

Svi(BY — 9nn Ty np1 Sn+1.1(E)

tand(E) = —
ano(E) CnilE) — 9N Tl nyt Cns1i(B)
- Alot of E, eigenstates needed while SM (H—E)) = -, = i {n| X HX =)
an' — nn! — E,\’ _E
codes usually calculate few lowest states only N X=0
* One needs highly excited states and to get H /N = Bx(n])),  n<N
rid from CM excited states. n'=0

(n’|\) are normalized for all states including the CM excited
ones, hence renormalization is needed.

We need (n'|)\) for the relative n-nucleus coordinate r, , but
NCSM provides (n’|)\) for the n coordinate r, relative to the
nucleus CM. Hence we need to perform Talmi-Moshinsky
transformations for all states to obtain (n’|\) in relative
n-nucleus coordinates.

Concluding, the direct application of the HORSE formalism in
n-nucleus scattering is unpractical.



Single-state HORSE
(SS-HORSE)

N
Z HE (0|2 = Bx(n|X), n<N

n’'={

N
el g N | X)X
(H E)m;’ - g’"’“’ o z E/\, — F

N=0

Svi(BY = 9nn Ty np1 Sn+1.1(E)

tand{ F) = —
no(E) CvilE) — 9Iun Ty na1 Cns1i(E)

Suppose E = E;:

tand(FEy) = SN+, (E))

B Cni1a(EN)

E, are eigenstates that are consistent with scattering information for
given hQQ and N__ ; this is what you should obtain in any calculation

max?

with oscillator basis and what you should compare with your ab
initio results.




Na scattering and NCSM, JISP16 5.k, Nyax) = EL75 (79, Niax)
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Na scattering and NCSM, JISP16 E,
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Single-state HORSE
(SS-HORSE)

N
Z HE (0|2 = Bx(n|X), n<N
n'=0

| X){N|n')
Ey—E

N
(H-E) = %= (

N=0

_ Swi(B) = G Thy vyt Sn+1(E)
CvilE) — 9Iun Ty na1 Cns1i(E)

tand(F) =

Suppose E = E;:

NOte InfOFI | |at|0| \ abOUt wave
S _|_ E ’

— function disappeared in this formula,
Cnt1a(EX) any channel can be treated

Calculating a set of E, eigenstates with different hQ and N, ,, within
SM, we obtain a set of J(£)) values which we can approximate by
a smooth curve at low energies.



S-matrix at low energies

1

Symmetry property: S(_k)zzgﬁﬁj
S(k) = exp 2i6
Hence 5(—k) = —8(k), k~VE,
5~ CVE +D(VE)* + FVE)’ + ...
As k —0: 6, ~ Kkt~ (\/E)%“
Bound state: S (K) = :J_FZ:EZ;

0o = T — arctan 4 [ —— |Eb| +VE+d(VE)? + f(WVE)®...
(k + m\) (k — 5%
(k= ki) (k + 537)

avVE a
E_b2+0\/_+d(\/_) L, = ——.

Resonance: S (k) =

d1 >~ — arctan



degrees

Universal function

] S (E)
arctan(- Sy, )/ Cy,1 ) fnl (£) = arctan| - Cnl (E)

N+1=10, 1=0
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S. Coon et al extrapolations

S. A. Coon, M. I. Avetian,

M. K. G. Kruse, U. van Kolck,

P. Maris, and J. P. Vary, PRC 86,
054002 (2012)

What is A, dependence for
resonances?

PHYSICAL REVIEW C 86, 054002 (2012)
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FIG. 7. (Color online) The ground-state energy of “H calculated
at five fixed values of A = /my(N + 3/2)hw and variable A, =
Vmyhw)/(N + 3/2). The curves are fits to the points and the
functions fitted are used to extrapolate to the ir limit A, = 0.




f.,(E)= arctan(— gzll ((l;:))j scaling with | A, = /(m,#Q)/(2n+1+3/2)

[ ] [ ] >> 2
. n —_—
Limit n — oo Vﬁﬂ

Soi(q) ~qy/To (n+1/2 4 3/4)7 5y (2g\/n + 1/2 + 3/4)
/o (n+ 12+ 3/4)77 sin[2q/n+ 1/2 + 3/4 — 71/2]

Ci(q) = — qy/To (n+1/2 4+ 3/4)1 ny(2q\/n + 1/2 + 3/4)
~y\/ro(n+1/2+ 3/4)7 1 cos[2q\/n +1/2 +3/4 — 7l /2]

VmnE
g = |*E g/n+1/2 +3/4=Y"N

hQ Asc




Universal function scaling

E [2(N+1+]+3/2 S.Coon et al (ir cutoff)
E,(MeV)= €= ol 20 ) /2]
e Aoe =[mnQ) I (N, +3/2)
fN+1 17 arCtan(SN+1 ,1/ CN+1 ,1)
=2 ) hQ=20 1=2
Ry ' |
: o N+l1= 5 |
or LNk |
I N+1 =20
% 100 — |
&
=
50 _— ]
"0 | | | | ; | | A 10

€ = E [2(N+1)+1+3/2] /hQ



How It works

* Model problem: na scattering by Woods-Saxon potential
J. Bang and C. Gignoux, Nucl. Phys. A, 313, 119 (1979).

UV cutoff of S. A. Coon, M. |. Avetian, M. K. G. Kruse, U. van
Kolck, P. Maris, and J. P. Vary, PRC 86, 054002 (2012) to

select eigenvalues:

A = /Myt B (Npax + 2 + £+ 3/2)




Model problem

EO [MeV]
— N W A L N N oo O

(=)

T T I T | I .
x Nmu=2 _‘:
< T WSB, p,, f
> 8 i -
« 10 1 2
v 12
14 .
16 >
| o 18 -
| . 20 12
-|— A>385MeV/ic d1 e
ELIJ
1 1F ..
g RSN o 8
s ] v . 20
B 5 — A > 385 MeV/c
| | | | L1 ] I
1 2 3 4 5 6 0 1 2

s [MeV] s [MeV]



Model problem

15————

T T T T T T T T T T T

WSB, j 29
A >385MeV/e

120

— Method
Numerov

WSB, P
A > 385 MeV/c

Ecm [MeV]

10

15



Model problem

15 T T T T T T T T T T T T T T T T T T T T T ;" T 7 T T T T T T T T T T
s g /.’- 120 -

WSB, py,

141 Select2: N_ =2-6

— Method
Numerov

| L L ) L | s . s L
5 10 15
E_ [MeV]

a, MeV 2 b2, MeV d, MeV ™ 3 E,., MeV T', MeV \/d —, MeV # pts.
A > 385, Nmaz =2+20| 0.412  0.948 0.00541 0.863 0.785 0.037 156
Select 2: Ny =2+6| 0411 0948 0.00530 0.863  0.782 0.070 39
exact (J-matrix) 0.836  0.780
a
d1 ~ — arctan +eVE +dWVE)  + ..., ¢c=——.

E—b2



problem

L | | [T 180""I""I""III rprrerprTea
70 N = . N _ =1
i max WSB,sl/2 WSB,sm s ™,
i A > 385 MeVie 1018 A> 385 MeVie N 1]
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— v
s |
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20
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Model problem

T T T T T T T T

70 B +« N = SB
max -
ol | ¥ WSB, sy, WSB, s, . Nmax—;
L |, Select2: N =1--5 / 150 Select2: N =1--5 4 5
50 |«
I O 'g 120
[} 40 - |
2. 5
< ol
K30 | * w 90
20} ]
i 60
10 |
00 = 300

E,, MeV ¢, MeV ™ 3 d, MeV ™ 3 f, MeV™ 3 \/datum, MeV # pts.

A > 385, Npaz =1+19 | —=7.084 —0.159 +1.22-107% —1.0-107° 0.183 78

A > 385, Npaz =1+5 | —6.865 —0.158 +1.24-107% —1.0-107° 0.332 35

Select 1, Nypaz = 1+ 19| —6.865 —0.158 +1.21-10"% —0.8-107° 0.139 188

Select 2, Nypaz =1+5| —6.370  —0.155 +1.21-107° —1.0-107° 0.264 48
diag. Ham. —9.85




E, [MeV]

E, [MeV]

na scattering: NCSM, JISP16

B (52, Ninax) = E{= (hQ Ninax) — EL=HRQ, Nopax)
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E, [MeV]

na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax
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E, [MeV]

na scattering: NCSM, JISP16

(782, Npnax)

EA(hQa NmaX) — Efzg)(
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E, [MeV]

na scattering: NCSM, JISP16

(782, Npnax)

Ek(hﬂa NmaX) — Efzg)(

15

4dAv e+ x

| ! | ! |

no, Py,
Select 2: Nmax=2--4

120

ovda
> o n(l, p3 /2 + max 4
or_ Select 2: Nmax=2--4 — Method
a . . — App. exp.
: * Exp.
0 . h
Vq b
| , | ]
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na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)

512—arctanEg2 +cVE+dWVE)? + ..., c:—%.
3/27, n—"He a, MeV 2 b2, MeV d, MeV ™ 3 E., MeV T', MeV \/d ~—, MeV # pts.
A > 600, Nypaz =6 + 18| 0.505 1.135 —0.00009 1.008 1.046 0.031 46
Select 1 0.506 1.054 +0.00647 0.926  1.008 0.053 63
Select 1 + (Nmaz =2)| 0.506 1.019 +0.00932 0.891  0.989 0.070 68
Select 2: N,,,. =2+4| 0.515 1.025 +0.0101 0.892  1.008 0.106 11
Select 2: Nypaz =2+6| 0.512 1.022 +0.00988 0.891  1.002 0.097 18
Select 3: Npor = 12 0.469 1.307 —0.0265 1.197 1.050 0.011 8
R-matrix [3] 0.80 0.65
J-matrix [4] 0.772  0.644
Fit with exp. data 0.358 0.839 +0.00559 0.774  0.643 0.21 [deg] 26




na scattering: NCSM, JISP16

E)\ A, Npax) = EL~ (hQ Niax) — EL74(AQ, Niax)
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na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)
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na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)

| ’ | ! I

|
2
4 no, Py
g| Select2:N . =4--6




na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)

i)
01 = —arctami +eVE+dWEP+ ..., c= .

E—1? 2
1/27, n—"He a, MeV 2 b%, MeV d, MeV 2 E., MeV T', MeV \/m’%, MeV +# pts.
A > 600, Nyoe =6+ 18| 1.680 3.443 —-0.00036 2.031 5.559 0.061 46
Select 1 1.711 3.307 +0.00231 1.843 5.491 0.120 66
Select 1 + (Npmaz =2)| 1.735 3.302 +0.00342 1.798 5.540 0.208 70
Select 2: Nyjpor =2 +4| 2.460 6.734 —0.00150 3.710 11.241 0.326 9
Select 2: Njpor =2 +6| 1.817 3.534 +0.00314 1.884 5.981 0.368 16
Select 2: Nypor =4 +-6| 1.746 3.340 +0.00285 1.817 5.606 0.151 12
Select 3: Ninaz = 12 1.238 4283 —0.0297 3.516 4.890 0.037 9
R-matrix 3| 2.07 5.57
J-matrix [4] 197 520
Fit with exp. data 1.622 3.276 +0.00463 1.960 5.249 0.038 |deg] 26




na scattering: NCSM, JISP16
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na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)
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na scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)

do =~ T — arctan 4 | % +VE +d(VE)?® + f(VE)®...

(] 5

1/2%, n—*He Ey, MeV c, MeV ™~ 2 d, MeV ™ 2 f, MeV~ \/—EL MeV # pts.

daturm?

o

A > 600, Nppor =5+17| —5.996 —0.171 —8.02-10"° 6.48-10° 0.085 39

Select 1 —-6.072 —0.172 -1.42-10"* 1.05-107° 0.115 47
Select 2: Ny =5+7| —3.052 —0.138 +5.50-10"% —3.0-107% 0.037 7
Select 2: Ny =5+ 9| —4.538 —0.156 +2.21-10"* —-1.3-107° 0.159 14

s

Fit with exp. data —13.75 —0.1556 —4.29-10"° 2.2-10"*  0.018 [deg] 26




Coulomb + nuclear interaction

VSh_{ VNucl+VCoul’ TSR/;

/
07 ’I“>R,. R ZRNucl-

WR, (jﬁ) Fﬁ) — WR/ (ng, Fg) tan 55}1

tanod, = — :
L od Wgri(je,Gy) — Wgi(ne, G¢) tan 52%
: dr. . d TYAVA: jic?
W/(],F):(—] kr)| Fe(n,kr) — 7 kr—Fn,kr) , N = = Z1Zsa\| —
REVJE S dr[e( )} £ ) = el )dr[ d )] Ty k b 2F
« SS-HORSE:
tan 0, () — Wri(ne, Fr)Sant2,0(Ey) + Wre (Jo, Fo)Cony2,e(Ey)

- Wri(ng, Go)Sans2.0(Ey) + Wr(Ge, Go)Conae(Ey)

. 2F
e Scalingat N +1 \/— :
g + 1> 20

Same idea as discussed by Gautam Rupak on May 20



pa scattering: NCSM, JISP16

E)\(hQ, Nmax) — ES\A:E)(hQa Nmax) — E3\424(h97 Nmax)
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pa scattering: NCSM, JISP16
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pa scattering: NCSM, JISP16
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pa scattering: NCSM, JISP16

(RS, Nmax)
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pa scattering: NCSM, JISP16

Select a, b?, c, d-10°, E,., T, a%, #
MeV: MeV MeV~2 MeV~ 2 MeV MeV keV

Pi1j2
1.254 3.981 —0.571 4.26 3.195 4.750 39 36
1 1.228 4.044 —0.580 4.90 3.290 4.702 109 56

1.122 4.456 —0.580 4.59 3.827 4.565 75 10

Arndt 1.725 4.146 —0.470 2.96 2.658 6.362 0.317° 19

P3j2
0 0.507 2.147 —0.454 290 2018 1.464 26 36
1 0.515 2.063 —0.490 8.74 1.931 1.454 67 58

2 0528 2.206 —0.488 B.77 2.067 1.543 12 10

Arndt 0.502 1.736 —0.384 2.04 1.610 1.299 0.455° 19




Summary

« SM states obtained at energies above thresholds can
be interpreted and understood.

« Parameters of low-energy resonances (resonant
energy and width) and low-energy phase shifts can
be extracted from results of conventional Shell Model
calculations

A message: looks like that at large quanta only kinetic

energy is important. Neglecting potential energy in
higher model subspaces can save a lot of memory
and computer resources.



Thank you!






