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In This Talk: We Solve Lischer vs HAL QCD Puzzle

@ QCD to Nuclear Physics: Puzzle between Liischer's method and HAL

e Baryon Interaction from Lattice QCD

Lattice Formulations and Setup

Liischer's Method: Energy Shift in Finite Volume
HAL QCD Method: Potential

Energy Eigenvalue in Finite Volume

© HAL and Liischer — Origin of Fake Plateau

@ Summary and Outlook



2 Methods for Hadron Interaction from Lattice QCD

first principle calculations based on QCD

Liischer’s finite volume method — Liischer '86, '91
1. energy shift of two-particle system in “box” P> 2. phase shift

1
Ep =2VEk%2+m2-2m = kcotd(k Z = (

kL/2m)?

HAL QCD method — Ishii-Aoki-Hatsuda '07
1. NBS wave function P> 2. potential P> 3. phase shift
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Consistency of Luscher and HAL — I = 2 77 scattering
—> Good
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NN Interactions from Lattice QCD

‘ Luscher

HAL QCD ‘ phys. point

ISy | bound <  unbound
3S; | bound < unbound

unbound
bound

—> contradictions between Liischer and HAL QCD

P> What is the origin of the difference ?
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there are systematic discrepancies between
Liischer’s finite volume method and HAL QCD method

but those works used different quark mass, source (smeared and wall), ...

(] check baryon interactions from both methods with the same setup
B which is correct 7 what is the origin of discrepancies ?

Luscher vs HAL

B measure energy shift B analyze potential
wall source
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e Baryon Interaction from Lattice QCD
@ Lattice Formulations and Setup



Lischer’s Finite Volume Method
e “energy shift” in finite box L3

AEL:EBB—QmB :2\/k2+m23—2m3
= phase shift J(k)

1 1
]{ICOt(S(k) - E %Z:?) ”I’L|2 — (kL/27T)2

e measurement: plateau in effective mass

_ R(t)
AEeﬁ‘(t) = log R(t I 1) — AEL

R(t) = GBiB(t) — exp [— (EBB — ZmB)t]

- {Gs(1)}?
with Gpp(t)(Ggp(t)): BB(B) correlators

o effective mass plot 3 4 e

—> standard method in “single particle state” ] ]
Fig. Yamazaki et al. '12

5/22



Time-dependent HAL QCD Method I A

LT 7 7= —
&
7

L7
LT 777 =

B Nambu-Bethe-Salpeter correlation function

e

Rty < OB+ OB H}T0)10)
o Gs)P i
=" A (F)e” Enm2malt o O~ (Bun—2malt) ZZS

o a
B> in Liischer's method: ) . R(7,t) = R(t) = exp [-(Epp — 2mp)t]
O each v, (F)e Ert = (0|T{B(& + 7,t) B(%,t)}|2B, n) satisfies
k2 -
[" — HO] U (T) = /dr’U(f’7 )b (1)

mp

Euclidean tim

with non-local interaction kernel U (7,17
B R-corr. satisfies t-dep. Schrodinger-like eq. with elastic saturation
1 9 9 - S
——— — — — Hy| R(r,t) = | dr'U(7,r")R(r',t
|:4mB Ot2 Ot 0:| (T, ) / T (777) (T, )
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Time-dependent HAL QCD Method I A

LT 7 7= —
&
7

L7
LT 777 =

B Nambu-Bethe-Salpeter correlation function

e

Rty < OB+ OB H}T0)10)
o Gs)P i
=" A (F)e” Enm2malt o O~ (Bun—2malt) ZZS

< 7 7 TR
SO Fea AL
Ve /'

B> in Liischer's method: ) . R(7,t) = R(t) = exp [-(Epp — 2mp)t]
B R-corr. satisfies t-dep. Schrodinger-like eq. with elastic saturation
)

Ao - 2 O+ H 7 = _; fond _;
|:4mB otz ot 0} R(r,1) /d?" U(7, 7 R(r", t)

Euclidean tim

P “potential” using velocity expansion U(r, ") ~ V (r)d(r — r’)

1 (8/0t)*R(F,t)  (9/9t)R(F,t)  HoR(F,1)

Vi) =4 RGD R(7.1) RO, 1)

P> This method does not require the ground state saturation.
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Difficulties in Multi-Baryons
P> Liischer's method requires ground state saturation

Gnyn(t) = co eXp(—EéNN)t) +c exp(—EENN)

@ S/N becomes worse as [mass number A] x [light quark] x [t — o0]

S/N ~ exp {fA X (mN — gmﬂ) X t}

o smaller gaps: AE ~ 52/m ~ O(1/L?)

AL:LO ALZQXLO AL:OO
—— NN 4= Inelastic
l — Elastic
E— — NN

P HAL QCD method
@ only elastic states saturation — E-indep potential

1 2 - . .
[8 0 Ho] R(7,1) = / 4rU (7. 7R 1)

t)+--- >~ coexp(—E,

NN
5
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Lattice Setup
B 2 + 1 improved Wilson + Iwasaki gauge!
lattice spacing a = 0.08995(40) fm, a=! = 2.194(10) GeV
my; = 0.51 GeV, my = 1.32 GeV, mi = 0.62 GeV, mz = 1.46 GeV

B 2-type quark sources
o wall source

standard of HAL QCD

@ smeared source
the same as Yamazaki et al'.
— NN int. by Lischer
& Helium binding energy

O analyze Z=('Sp)-channel — the same rep. as NN(!Sg) and better S/N
with high stat. — ex. 48%: (#tsmeared src.)/(Yamazaki et al.) ~ 5

volume  # conf. # smeared src.  # wall src.

40° x 48 200 512 48
483 x 48 200 4 x 256 4 x 48
64% x 64 327 256 4 x 32

T Yamazaki-Ishikawa-Kuramashi-Ukawa. arXiv:1207.4277. 8/22



© Baryon Interaction from Lattice QCD

@ Liischer's Method: Energy Shift in Finite Volume



==(!Sg) Effective Energy Shift Plot

effective mass plot
AEE (1) = log R(t)/R(t + 1) — E== — 2m=
with R(t) = G==(t)/{G=(t)}?

[2e)

<

1] 5 v \
.

3 v

— 0

@ smeared source % v
AEp ~ -8 MeV 2 s v

s Ve
LT

< smeared src. 53(180) ——
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t

20
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==(!Sg) Effective Energy Shift Plot

effective mass plot

AEZL(t) =log R(t)/R(t + 1) — E==z — 2mz=
with R(t) = G==(t)/{G=(t)}?

@ wall source
AEL ~ —3 MeV
@ smeared source
AEL ~ —8 MeV
o plateau depends
on quark source
77

=48

(t) [MeV] at L

ff

A

L smeared src.

wal_l src.

0 5
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Effective Masses of == and =

wall source smeared source
wall sre. = —e—
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Effective Masses of == and =
wall source

smeared source

2940 = 2940 -
_ wall sr¢. = —e— _ @
5 wall sre. 5('Sg) —=— > °
%2930 §2930 9%2””“{, *
=290 # 112920 ‘l’% 4,‘1'{,1
N *#’ [y L]
8 2910 .# 8 2910
g g
£ 2900 # £ 2000
X X =
& & smeared sr¢. = —e—
2890 * 2890 smeared src. Z=(°S)) —&—
0 5 0 15 20 0 5 0 15 20
. ¢ . t
e Be careful with effective mass plot "
w/o plateaux in E&L(¢t) & m&(t), T 5| & < v
~ A ¥
== = = ' p
AEe(t) = Eggr (t) — 2mep (1) > 0 %, I
§ VAAA¢4
““ " : St
shows a “fake” plateau by S VW‘PH*{"{’
. o [
cancellation B 10 | smeared sre. ZZ(1S)
Il src. Z5('Sy) —a—
P> we need much larger ¢, < wall ste. Z5( o)

and much more statistics
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“Fake” Plateaux = Wrong Conclusion

0 .
5 | P “direct method”
S wall src. vs smeared src.
D -
= 6 o different plateaux
[ . .
[{ééq 8t \$ e different conclusions
—A
g -10 ¢ smegig :iz unbound or bound
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© Baryon Interaction from Lattice QCD

@ HAL QCD Method: Potential



HAL: NBS Wave Functlon and =

§ sx10° S;eafed sre.: i:i;‘ S o wall src. — weak t-dep.
2 o | 2 t=12 o smeared. src. — strong t-dep.
S Nsrcit=13 — .
g x0T g wallgret=13 —> O(100) MeV of cancellation
g a0 b e time-dep. HAL method works well
[
g
S -5
2 2x10™ )
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HAL: NBS Wave Function and Z=('Sy) Potential V()

5 8x107 S;eafed src.: i- %‘3‘ — | o wall src. — weak t-dep.
£ : t=12 o smeared. src. — strong t-dep.
= 5 & . . | .
g x0T Wa““""izié L —> O(100) MeV of cancellation
b= 4x1075 1 e time-dep. HAL method works well
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g
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=Z(!Sg) Potential: Wall Source vs Smeared Source

P wall src. “stable” <— P> smeared src. t-depend
wall source smeared source
40 40
10 i if{i . 30 : ifig —_—
2 a0 t=11 —— > :
= =
2 B
0 2
i i
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Residual Diff. of Pot.: Next Leading Order Correction
Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V?}6(r — 1) (for 1Sg)

L8_2 _9_ Ho| R(r,t) = /d?’r'U(r YR(r',t)
dm ot2 Ot ’ ’ ’
1 (9%/0t)R (0/ot)R HoR V2R(r,t
Lo LLOR OFBIR B0k _ 1)) VD) = et
4m R R R R(r,t)
we have R¥™¥ (r t) and RV (r,t) => let's solve Vp(r) and V;(r)
P wall source P> smeared source
e Good convergence of LO pot. e with NLO pot. correction
40 T 40
5 30 E 2 11V0(vr11 = 307¢ 4 ne: YO(,r)
> ; V0 VRYRY > ; V() VIRITEARIMEAT
= i vl gy e = 07 VI )
3 10 % E 10}
g o = g o
S 0f 5 2 ot
20 i T 20
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40 . -40
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© Baryon Interaction from Lattice QCD

@ Energy Eigenvalue in Finite Volume



HAL QCD meets Luscher: Energy Shift from Potential

P HAL QCD gives reliable interaction w/o g.s. saturation
g g
quark source, time, and volume independent

P> what is the true “energy shift” in finite volume

INPUT: potential V(7) = 40
SOLVE: eigenvalue problem’ =
[Ho + V] = AEY =0
& 20
in finite volume L3 it
40
® smeared src. __( Sp) —%
‘g 5 ‘%vall‘ﬁrc ::( S Y 0 1 2 3 4 5
=, . h vol. g.s. [MeV] 1st [MeV]
2 ‘%mﬁ# 1 10° -4.55(1.18) 75.63(1.31)
s *v, % 483  -2.58(22)  52.87(33)
. 14y %‘ 625 -1.13(9)  28.71(9)
< . . —
; : TR eigenvalues using V,(7,t = 12)

t i ref. B. Charron for HAL Coll. arXiv:1312.1032. 15/22



Conclusion: EE(lSO) is Unbound at current mass

kcot &(k E AE =2v/m? + k2 —
L Inf? = kL/2 )%
volume dep. of AEy phase shift §
35 5
2 0l 407 x 48att=12 —— |
— 487 x 48att=12 ——
_0 o 25 i 64° x 64att=12 —>— |
% S 20 Luscher formula
s 2 S 15 f
= k=
-4 s 10
Q T
< 6 é 5
HAL QCD method —&— S O TN
8 o/ Lt SE
0 -6 -5 -5 -5 -10 . : .
0x10°  5x10 1><310 i 2x10°  2x10 0 50 100 150 200
1L (a7 Ecy [MeV]

B wall src. pot. => solve eigenvalue & Liischer formula =—> phase shift
B wall src. pot. => fit & solve Schrodinger eq. => phase shift
o using 2 Gaussians + (Yukawa)? ansatz for V,.(7) fit
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Short Summary: Consistency of 2 Methods

@ ground state saturation of multi-baryon is extremely difficult
@ even without g.s. saturation there may appear plateau
—> it should be checked by other source or variational method
fake plateaux —> wrong conclusion
e HAL QCD method gives source indep. results w/o g.s. saturation.

v “etiseher-vs-HAd= —> “Liischer(smeared) vs Liishcer(wall)”
explain AEeff()

Pot. Wli‘h W(I“ Src. ﬁ Direct Wli‘h th“ Src.
NLO pot. corr. $ Fake plateaux

ol'lllq
Pot. with smear src. Direct with smear src.
40 »
< 30 I 5 A v Y
£ 20 = N q
= s o A Y 4
E 10 = A Y
5 o E KAAAAA44\++ A
= 10 s +
< oy ‘7’ 7Y
H} 10 | smeared src. ::( Sp)
-30 S wall sre. Z=(°S)) —4A—
40 17/22
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© HAL and Liischer — Origin of Fake Plateau



Wavefunction, Potential, Eigenvalues and Eienfunctions

NBS wave function Potential
smear @ t= 12" - - a| @ 6axed@t=12 ——
=z 40 x 48 @t=12 ——
i HAL method £ ,,| | & #seiz—
_ wall @ t =12 . z l}
g i }i 8 -» :>U 0
= >
K20
/K d
40

0 10 15 20 25 30 35 40 45 0 05 1 15 2 25 3 35
r [fm]
K olve [/, + V]y = E
feed bmk Ho + Viy = By

Eigenvalues & Elqenfunchons

4th A1
002 3rd Al -
2nd Al .
- "N | ground state
oy n g.s.
cecomposifion & excited states
projection =
(elastic scattering)

0 5 10 15 20 25 30 35 40 45 18/22



Exited States in Wavefunction
P> R-corr. decomposition by energy eigenmodes <« from HAL pot.

Rwall/smcar(f»’ t) _ Z azlvall/smearan (,,:‘7 t) exp (7AEnt)

R(F=0,t) =

O ex. 1st excited state
o wall source
b1/bp < 0.01

@ smeared source
bl/bo ~ —0.1

@ with energy gap
E1 — EO ~ 50 MeV
for L3 = 483

n
ZR(F,t) _ beall/smeare—AEnt
r n

“contamination” of excited states b,, /by

1E+00 T
1E-01
1E-02 .

1E-03 ¢
1E-04
1E-05
1E-06

48° wall:4 —E—
— —

483§mear:+ —o—
- ——

'Sy att =14

=

[b,/b0

0 50 100 150 200 250
AE, [MeV]
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Excited States Contamination and Fake Plateau

>, bnexp (—AERt)
Y onbnexp (“AEL(t+1))

AE(t) = log

B “direct measurement” — well reproduced by low-lying 3 eigenmodes’
P “fake plgteau of smeared src. around t = 14 — 18

o0 v = o satt=14

N 5 v A pimear aatt=14 *

~ - wall src. = (SO) Cf

— v “smeared src. == So) 1

> 0 v

[ vé vly

= MAAA A ¥

S -5 4\.4 J'N A T
o 1) 44& EET
U] -10 |

<

-15
0 5 10 15 20
tlal

T eigenvalues AFE,,, coefficients bzmear/wall forn=0,1,2, at t = 14.
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Excited States Contamination and Fake Plateau

ABug(t) = log >, bnexp (—AERt)
S bnoxp (—AE,(t + 1))
B “direct measurement” — well reproduced by low-lying 3 eigenmodes’
P “fake plateau” of smeared src. around t = 14 — 18
0 g.s. saturation of smeared solirce — 100 lattice units ~ 10 fm !!!

% - ol satt=14
smear _
s lea b0, pat = 14
~ v wall src. Z2(°S)) —v—
— @ smeared src. EE(ISO) —hi—
= 0%
10 = \
2 3 ,
. =
KT So KT 2
— VV Asmearedsrc.EE('SU) i ~
3’ K251 S
1]
:E?\ 5 i T }: A q -10
i 24 =TT |
210
L e s
15 0 20 40 60 80 100
0 5 10 15 20
t[a] t [a]

1 eigenvalues AFE,, coefficients bzmear/wall forn=0,1,2, at t = 14.
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Lischer's Method by “Sink™ Projection

introducing “some” function f(7)

R(t) = Z f(F)Z (0IB("+ %, 1) B(%)J (0)|0) = Z f(F)R(T, 1)

and effective energy shift — AE{EQ (t) =log RO (t) /R (t + 1)

®

s S 4 Y
z A 1

S AV &
~ Ag ‘{; AllY
% ‘?AAAéé‘{; +A

~ _5 Vw .
5 ety

M 10 } smeared src. ZZ(,So)

< wall src. Z=(°S) —a—

0 5 10 15 20

t 21/22



Lischer's Method by “Sink™ Projection

introducing “some” function f(7)
R (1) Zf f)Z 0B(F+ 2 )BT (0)/0) = 3 fFPR(F.)

and effective energy shift — AEe(ﬁ) (t) = log RO (t) /R (t + 1)
P> “correct plateau” by using f(7) = \IJE;S(F) <« from HAL pot.

o 10 wall src. EE(]SO)
T'I- smeared src. EE(ISO)
N5 g.s. proj. wall —v—
~ g.S. proj. smear —=4—
? 5 A v 14 E A
2 s . = v £ )4 4;!7
o 0 A s S
g S AK“MAM%\H LY ‘d:{:}
o "yi4d] < -10
O smedreﬂ srC. _:iEIEO; I
<1 ‘wall src. ==
o 5 0 5 0 12 13 14 15 16
t t [a]
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@ Summary and Outlook



Summary: Lischer =vs= and HAL QCD are Consitent

@ “Direct method” — ground state saturation is extremely difficult
—> do not trust plateau, it may be a wrong signal!

e HAL QCD works well without g.s. saturation.

@ NBS corr. and “potential” clarify excited states contamination

and origin of fake plateau.

@ using NBS corr., “potential”’ and wavefunctions
o improvement of Liishcer's measurement — “feed back method”

Pot. with wall src. % Direct with wall src.
$NLO pot. corr. $ Fake plateaux

Pot. with smear src. Direct with smear src.
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N('Sp), NN(3S;), Triton and Helium

Do not trust plateaux.

2 PN 2 0
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o speed up for 3He/*He calc. — unified contraction algorithm Doi-Endres '13




So-Called “Plateau”
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Figure: (a) NPL (2015) dineutron L = 483 (b) ZZ(1Sy) L3 = 483 with the same
range of AF
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Effective mass of Single Channel

0.75
o0
07 98
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Figure: (a) NPL (2015) nucleon L = 483 (b) our data = mass L = 483 with the
same range of AF
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Weight of Eigenstates in Wavefunction
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Figure: (a) smeared source. (b) wall source.
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Wavefunction and Eigenfunctions below Threshold

smear @ t=12 - T T 4hAr
t=13 = 0.02 | 3rd Al -

t=14 . 2nd Al
wall @ t =12 N 1st

g t=13 0.01 gs.
7 t=14 “ V1LY
/\ 0

001 b
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

T T

R(r,t)
=12)

P (rt

nth Al AE, [MeV]

0 2258
1 5249 e Al states (SO(3,Z) rep. of L =0)
5 112.08 below inelastic threshold (48 vol.)

' » E4+E 5 E"+E00.29 GeV
i ;gi-;g > S4+E 50430029 GeV

cf. my; = 0.51 GeV

Table: 482 wall source @ ¢t = 12



Excited States Contamination and “Fake-Plateau”
ex. R(t) = byexp(—AEyt) + by exp(—AEt)
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t-dependence of Potential
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Projection of Eigenstate: “Sink” Projection
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Next Leading Order of Derivative Expansion
Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V?}6(r — 1) (for 1Sg)

ia—z—ﬁ—ﬂ R( t)—/d3 'U(r,7")R(r', 1)
dmoz gt oy T AT PRI,
) L(@Q/atQ)R_(a/(‘)t)R_HOR B V2R(r,t)
" dm R R R R(r,t)
P Now, we have RS™ear apd Rwal
Vo(?") + Vl(r)v2Rsmear/Rsmear — Ki?aﬁar (’I“, tsmear)
Vo(r) + Vi(r) V2R / RV = VSil(r, tyan),
P LO Vy(r) and NLO Vi(r) potentials are given by

Vi(r) = Vtsorélaiar(rv tsmear) — ‘7’5‘3’35(73 twall)
) = V2Rsmear/Rsmear _ v2Rwall/Rwall
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= f/total (Ta t)

Vo(r)+Vi(r)

‘/O(T) = ‘Z;smear(,r’ tsmear) - Vi(T)

otal

e V2R/R — V2R/R in denominator



Results: NLO Potential 400 | TV
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Results:NLO Potential (1) Vi(r) and Vi(r)
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Results:NLO Potential (2) V4 and V; in smeared and wall
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Results:NLO Potential (3) SVD

solving SVD with several t's

1 V2R™P(r t1)/R™P(r,t1) Viomi(r,t1)
1 V2Rwall(r7 tl)/RwaH(T, tl) ‘N/tvo\/éi;{ (T, tl)
1 V2R (r,t5)/ RO (r, t) <V0(7')) = | Viowi(r.t2)
1 (r,t2) | \Va(r) Vol (r, t2)

VZRwall(r’ tz)/RwaH r t2

r [fm r [fm]

Figure: (a) Vo(r) (b) Vi(r) using SVD



Results:NLO Potential (4) Energy Eigenvalues

Vel Vo(r) and V(r) + Vi(r) V2

energy eigenvalues are consistent with each other

—> wall source potential ~ LO

volume at 483 x 48 t g.s. [MeV] 1st [MeV]
vovall () 11 -2.30(20)  53.08(29)

12 -2.58(22)  52.87(33)

13 -2.70(30)  52.80(41)

VR (r) 13 -5.33(59)  49.86(58)

14 -4.76(55)  50.46(54)

Vo(r) 11,12,13 -2.47(23)  52.91(32)
12,13,14 -2.62(28)  52.86(37)

Vo(r) + Vi(r)V?  11,12,13 -2.56(1.56) 53.07(2.73)
12,13,14 -2.74(2.52) 51.58(3.77)

Table: The energy eigenvalues from “potential method”.
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