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QCD and hadron physics 2

• any sufficiently accurate approach to QCD will reproduce all the complexities of 
     hadron amplitudes determined in experiments

• bumps, shoulders, thresholds, “resonant”, “non-resonant” …

let’s start with something simple,  
       a well-known elastic resonance …

• ultimately want to  
      reproduce effects & then understand them
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excited hadrons are resonances 3

ρ resonance
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excited hadrons are resonances 4

RESONANT PHASE SHIFT

PARTIAL WAVE AMPLITUDE
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resonances are pole singularities 5

• pole singularities in complex s = E2

COMPLEX ENERGY PLANE

bound 
state

resonance
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lattice QCD 6

• fields on a finite cubic lattice in Euclidean space time

‘sum’ ‘field correlation’ ‘probability weight’

CUBIC LATTICE

no direct access to scattering 

amplitudes in Euclidean time

Monte Carlo 

sample fields

can extract a discrete spectrum

periodic  

boundary  

conditions

• compute correlation functions

e.g.
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lattice QCD 7

• fields on a finite cubic lattice in Euclidean space time

‘sum’ ‘field correlation’ ‘probability weight’

CUBIC LATTICE

Monte Carlo 

sample fields

periodic  

boundary  

conditions

• compute correlation functions

e.g.

can extract a discrete spectrum

hadron spectrum 

is continuous !?
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one-dim quantum mechanics 8

• consider scattering of two identical bosons

finite-range  
potential

outside the well

scattering 
phase-shift

continuous  
momentum
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‘scattering’ in a finite-volume 9

• consider scattering of two identical bosons

outside the well

• apply periodic boundary conditions

discrete  

energy  

spectrum

periodic  
boundary

periodic  
boundary
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‘scattering’ in a finite-volume 10

discrete  

energy  

spectrum

e.g. no interaction, δ(p) = 0
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‘scattering’ in a finite-volume 11

discrete  

energy  

spectrum

e.g. a weak repulsive interaction, 

upward energy shift
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‘scattering’ in a finite-volume 12

discrete  

energy  

spectrum

e.g. a weak attractive interaction, 

downward energy shift
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‘scattering’ in a finite-volume 13

discrete  

energy  

spectrum

e.g. a non-rel Breit-Wigner resonance 

90o

ER
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‘scattering’ in a finite-volume 14

discrete  

energy  

spectrum

e.g. a non-rel Breit-Wigner resonance 

‘avoided  

  level 

  crossings’

ER
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3+1 dim field theory in a cubic volume 15

Lüscher:

known 
functions

[ modulo some subtleties 
    regarding !-mixing ]

25 years this week

AND MANY EXTENSIONS  
BY OTHER AUTHORS …



hadron scattering & resonances from QCD | INT exotics

spectrum → phase-shift 16
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• e.g. the ρ resonance in cubic boxes

L×L×L BOX SPECTRUM PHASE SHIFT
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spectrum → phase-shift 17
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obtaining the spectrum 18

• a large basis of operators

qq-like
_

with vector quantum numbers

compute the matrix of correlation functions & ‘diagonalize’

meson-meson-like

variationally optimized  
pion operator

different |p|  
furnish the basis
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ππ P-wave scattering 19
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• discrete spectrum of states in rest frame on three volumes 163, 203, 243
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ππ P-wave scattering 20
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spectra in moving frames 21
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ππ P-wave phase-shift 22
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ππ P-wave phase-shift 23
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ππ P-wave phase-shift 24

PRD 92, 094502 (2015) 
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• reducing the pion mass moves mass, width in the right direction …

mR = 801(2) MeV 
gR = 5.69(8) 
Γ ~ 90 MeV

mR = 854(2) MeV 
gR = 5.80(11) 
Γ ~ 12 MeV
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ρ pole at mπ=236 MeV 25
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coupled-channel case 26

• most resonances decay to more than one final state or lie near thresholds

• study the coupled-channel S-matrix

2×2 S-MATRIX
• find poles [mass, width] & residues [couplings]

PHASE-SPACE
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coupled-channel in a finite-volume 27

• the discrete spectrum is again related to scattering amplitudes:

• spectrum given by the values of E which solve this equation 

known 
functions

phase 
space

scattering 
matrix

multiple unknowns for each 

energy level - can’t solve !

• we compute the spectrum in lattice QCD to determine

parameterize the energy 

dependence & describe the 

‘entire’ spectrum

HE, JHEP 0507 011 
HANSEN, PRD86 016007 
BRICENO, PRD88 094507 
GUO,  PRD88 014051

unitarity condition
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computing the πK,ηK spectrum 28

operator basis :

WICK CONTRACTIONS

-like

-like

-like

integrate out the quark fields …
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rest frame spectrum 29
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πK/ηK lattice QCD spectra 30
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> 100 levels in the 
usable energy region
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πK/ηK lattice QCD spectra 31
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πK/ηK coupled-channel scattering 32

• parameterize the t-matrix in a unitarity conserving way

- vary the parameters, solving

for the spectrum each time

one example (from many)

unitarity condition
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πK/ηK coupled-channel scattering 33

[000]
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πK/ηK coupled-channel scattering 34
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S-WAVE πK/ηK  SCATTERING
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πK/ηK coupled-channel scattering 35
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are the result parameterization dependent ?

- try a range of parameterizations …

- gross features are robust

S-WAVE πK/ηK  SCATTERING
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versus experimental scattering 36

LASS, NPB296 493
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πK/ηK coupled-channel scattering 37

• clear narrow resonance in D-wave scattering
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D-WAVE πK/ηK  SCATTERING

but you might worry about ππK …
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singularity content 38
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• t-matrix poles as least model-dependent characterization of resonances

broad scalar 
resonance (?)

narrow tensor 
resonance

vector 
bound-state

scalar 
virtual 
bound-state

PRL 113 182001 
PRD 91 054008

COMPLEX ENERGY PLANE

J=0 
J=1 
J=2
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singularity content 39
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narrow tensor 
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COMPLEX ENERGY PLANE

c.f. K0
*(1430)

c.f. K2
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singularity content 40
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• t-matrix poles as least model-dependent characterization of resonances

scalar 
virtual 
bound-state

PRL 113 182001 
PRD 91 054008

COMPLEX ENERGY PLANE

c.f. κ(800) ?

J=0 

is this the legacy of  
the ‘extraordinary’ 
κ(800) at heavier  
light quark mass ? 

need to study the  
quark mass dependence 
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other calculations 41

• Dπ scattering, DK scattering (various isospins)

• πη/KK /πη′ scattering (e.g. a0(980) … ), ππ/KK/ηη scattering (σ, f0(980) …)
_ _

David Wilson, ODU→DAMTP Raul Briceno, JLab/ODU

Christopher Thomas, Graham Moir, DAMTP

ongoing, well underway

coming up soon

• DD scattering
_

• (correct) consideration of 0− 1− and other ‘spinning’ scattering problems

…

• implementing a large basis of local tetraquark operators
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800 1000 1200 1400

πη/KK scattering & the a0 resonance 42

_

πη KK
_

πη′

a0 region

• many outstanding questions about a0(980)

• an ‘extra’ state [ a0(1450) as qq ? ]
_

• hidden strangeness tetraquark ?

• relevance of KK threshold proximity ?
_

• pole structure - which sheets ?

BELLE

strongly-coupled two-channel problem … ?

ex
tr

ao
rd

in
ar

y 
?

e.g.
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applications to new hadrons 46

• a few papers, but not at the level of analysis I’ve been showing so far

mostly Prelovsek and collaborators …
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Zc ? 47

• large basis of meson-meson operators
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Prelovsek et al. 
PhysRevD.91.014504

+

• plus diquark-antidiquark tetraquark constructions

mπ~ 266 MeV 
no strange quarks

L~2 fm 
[ mπ L~ 2.7 ] 

• their argument:  
    should get one level per meson-meson operator, 

any excess beyond that is signal for narrow Zc

this is 
rather  
small
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Zc ? 48

• large basis of meson-meson operators
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3.4

3.6
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4.2
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E[
G
eV
]

Prelovsek et al. 
PhysRevD.91.014504

+

but probably not big enough to get the ‘full’ spectrum 

e.g.                           
- two operator constructions, only one included

e.g. ρ is unstable into ππ

e.g. no                            construction included

• no attempt to determine scattering amplitudes

not sure what to conclude from this figure ?

related to  
S/D wave
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Zc - what might be done ? 49

• current calculations at artificially heavy quark mass

+

implications of experimental absence of a J/ψ K enhancement ? 

π more like a K ?

but DD thresholds about right
_

can avoid the experimental complication of production in a three-body process 
(π π J/ψ) (π DD*) …

• a nice feature of the lattice calculations:

_

suppose ultimately the lattice calcs find no resonance in this channel

� kinematic singularity in three-body process ?

if they determine a resonance, then we need to understand it

� distribution of the resonance pole across sheets ? 
� matrix elements at the pole ?

external currents, see Raul’s talk
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hadron resonances from QCD ? 50

• new lattice field theory techniques → extraction of many discrete energies 
• finite-volume energies can be related to scattering amplitudes 
• elastic case well studied (ρ→ππ) 
• first extraction of coupled-channel case now demonstrated (πK,ηK)

• other coupled two-body channels being explored 
• and coupling to external currents (photo-, electro-production, weak decays …) 
• currently lack a complete formalism for three-body states (e.g. πππ)

• ultimately aim to determine properties of exotic meson resonances  
(mass, width, branching ratios, coupling to photons …)

progress

ongoing

future

see Raul’s talk
talk to  
Steve Sharpe

Mike  
Peardon
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hadron spectrum collaboration 51
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U. OF MARYLANDTATA, MUMBAI
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Jozef Dudek 
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HADRON SCATTERING
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David  

Wilson

Raul  

Briceño
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‘single-hadron’ spectrum 52

indication of the  
narrow resonance 
content ?

?
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‘single-hadron’ spectrum 53
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‘single-hadron’ spectrum 54
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‘two-state’ admixture model 55
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just using qq operators ? 56
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