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Scales: hard, soft, ultrasoft; m > mv > mv?2...
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Motivation
Real Motivation: to understand the connection between non-relativistic (NR)
Quantum Mechanics and Quantum Field Theories.
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Motivation
Real Motivation: to understand the connection between non-relativistic (NR)
Quantum Mechanics and Quantum Field Theories.
"Physical Systems”:
1) NR bound state systems:
» QED: positronium, Hydrogen-like/exotic atoms, atomic physics ...
» QCD: Heavy Quarkonium (7, J /¢, B¢ ...), ...
2) Q-Q production near threshold (t-t at NLC).
3) Static systems <« lattice “experimental” data.
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Motivation
Real Motivation: to understand the connection between non-relativistic (NR)
Quantum Mechanics and Quantum Field Theories.
"Physical Systems”:
1) NR bound state systems:
» QED: positronium, Hydrogen-like/exotic atoms, atomic physics ...
» QCD: Heavy Quarkonium (7, J /¢, B¢ ...), ...
2) Q-Q production near threshold (t-t at NLC).
3) Static systems < lattice “experimental” data.
Better understanding of QCD/QED, better determination of the parameters of
the Standard Model: my, my, as, M;, cem, - .., and hadronic low energy
constants: r, — Discrepancies may signal new physics
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Motivation
Real Motivation: to understand the connection between non-relativistic (NR)
Quantum Mechanics and Quantum Field Theories.
"Physical Systems”:
1) NR bound state systems:
» QED: positronium, Hydrogen-like/exotic atoms, atomic physics ...
» QCD: Heavy Quarkonium (7, J /¢, B¢ ...), ...
2) Q-Q production near threshold (t-t at NLC).
3) Static systems < lattice “experimental” data.
Better understanding of QCD/QED, better determination of the parameters of
the Standard Model: my, my, as, M;, cem, - .., and hadronic low energy
constants: r, — Discrepancies may signal new physics
Tool: Effective Field Theories = Factorization
Why?: There is a hierarchy of different scales (hard, soft and ultrasoft).

m>>mv >>mvZ, (Agcp)

EFTs are especially useful in these situations.

1) Perturbative calculations much easier and systematic.

2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION ] NRQCD AMB D NIC CONTRIBUTIC

kinematical situation
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1st approximation: co number of NR (bound states) free particles
Unusual situation in EFTs. What we will get is somewhat unusual from the
EFT point of view:

£ =5, 6K )00 + B — En +i€)n(X,1)

1n(X) represents the quark-antiquark bound state
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Connection with quantum mechanics: n(X) — W (X, x) = Wy (X)
Ansatz: Promote W (X, x) to a field: W(X,x) = >" én(X)¥n(X),
where ¢n(x) is a function and v(X) a field and hx¢n(X) = Enen(X)

z= / MDDy Dyne' /4 (Ervdm i vn)

7 _ /DW(X’X)TDW(X’X)eifd“xusx(uwh(x,x)+ﬁ(x,x)\u)

2
: B
L=V (|80+ >M 2

) Fie)v

We have traded E, for hy = (x). Why?
To relate V(x) with some Green functions in the underlying theory and in
some kinematical regime to compute it perturbatively.
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Connection with quantum mechanics: n(X) — W (X, x) = Wy (X)
Ansatz: Promote W (X, x) to a field: W(X,x) = >" én(X)¥n(X),
where ¢n(x) is a function and v(X) a field and hx¢n(X) = Enen(X)

z= / MDDy Dyne' /4 (Ervdm i vn)

7 _ /DW(X’X)TDW(X’X)eifd“xusx(uwh(x,x)+ﬁ(x,x)\u)

2
: B
L=V (|80+ >M 2

) Fie)v

We have traded E, for iy = — 27 + V(x). Why?
To relate V(x) with some Green functions in the underlying theory and in
some kinematical regime to compute it perturbatively.

Infinite number of states «+ Integro-diferential equation (Schrodinger
equation)
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So...
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We want to obtain an effective field theory, Potential Non-Relativistic QCD,
which describes the heavy quarkonium dynamics and profits from the
hierarchy m > mv > mv?

(iao = % = véO)(r)) o(r) =0

+corrections to the potential potential NRQCD E ~ mv?
+interaction with other low
energy degrees of freedom
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We want to obtain an effective field theory, Potential Non-Relativistic QCD,
which describes the heavy quarkonium dynamics and profits from the
hierarchy m > mv > mv?

2m
+corrections to the potential potential NRQCD E ~ mv?
+interaction with other low
energy degrees of freedom

(iao P v§°>(r)) (r)=0

The starting pointis V{% = —C; %_
C; = 1in QED.
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Our aim is to provide a systematic method to deal with NR bound state
systems. We will introduce a hierarchy of EFTs when sequentially integrating
out each scale (only one scale in each step, strong simplification).

QCD

Integrating out the hard scale (m)
N RQC D Caswell, Lepage

Integrating out the soft scale (mv)

p N R Q C D Soto, Pineda
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NRQED/NRQCD

NRQCD: the scale m
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NRQCD: the scale m
» Degrees of freedom
» Symmetries
» Cutoff
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NRQCD: the scale m
» Degrees of freedom
» Symmetries
» Cutoff
NRQCD has an ultraviolet cutoff A such that m > A and larger than any other
dynamical scale in the problem. ¥ =) + y
D? T B 7°(D-E —E-D)

2m o9 teod 8m2

CNRQCD = \Tll’yoDo\U + \TJ{

+icsg

WYX . (DxE-ExD) D* "
8m?2 8ms3

1 v C2 2 v C3 3 A B C
_ZClF}LVFM +W9F;UJD QFM +Wg fABCF‘uuF‘uaFua

d d
dLnrQeD = e = TwalXZXz + o ¥ _lovixioxa
1

S Vr; T UdT e + vl TovngTioxe.

Lepage, Caswell, Thacker
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NRQED: the scale m
» Degrees of freedom
» Symmetries
» Cutoff
NRQED has an ultraviolet cutoff A such that m > A and larger than any other
dynamical scale in the problem. ¥ =) + y
D? >.B 7 (V -E)

‘CNRQED :\TJI’YODOW—’_\TI{Z_m—’_CF gz—m +CDg 8m2

+ics gW

> . (DxE-ExD)  D* v
8m?2 8m3

1 v C2 2 v
—chFWF“ + WgFWD gF*

ds dV
5L _ I 1 I T
NRQED = [ Vihixo X2 + p— Y oUYIX0 X2

Lepage, Caswell, Thacker
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Matching QCD to NRQCD: the scale m
¢ =1+ 0(as), dp = 1+ O(a?) (relevant as at low energies), d’s = O(as).

C|N1+Oés(Alogm+B) d|~a3(1+aS<A|ogm+B))
H H

One matches loops in QCD with only one scale (the mass) to tree level
diagrams in NRQCD.

_—

C(m/p) + 0O(1m"2)

I
Q
3
=

+

OCD NROCD

Manohar; Soto, Pineda
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pNRQCD: the scale mv
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PNRQCD: the scale mv

The integration of the mv scale gives rise to potential terms. The Lagrangian
is local in time but not in space.

» Degrees of freedom
» symmetries
» cutoff
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pPNRQCD: the scale mv

The integration of the mv scale gives rise to potential terms. The Lagrangian
is local in time but not in space.

» Degrees of freedom

» symmetries

» cutoff
pNRQCD has two ultraviolet cut-offs, s and vp. 14s fulfils the relation p?/m
< s < |p| and is the cut-off of the energy of the quarks, and of the energy

and the momentum of the gluons. v, fulfils |p| < v, < m and is the cut-off of
the relative momentum of the quark—antiquark system, p.
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pPNRQCD: the scale mv

The integration of the mv scale gives rise to potential terms. The Lagrangian
is local in time but not in space.

» Degrees of freedom
» symmetries
» cutoff

pNRQCD has two ultraviolet cut-offs, s and vp. 14s fulfils the relation p?/m
< s < |p| and is the cut-off of the energy of the quarks, and of the energy
and the momentum of the gluons. v, fulfils |p| < v, < m and is the cut-off of
the relative momentum of the quark—antiquark system, p.

Power counting/scales

Scales: m, p, 1/r, Amp = {Aqcp, mv?, ...}

Dimensionless quantities:

1
R, sy —, Ampr < 1
m mr

The multipole expansion can be used in the new EFT.
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Lonroco = Liroco + / / A3, 030 (%1 ) xe (x2)V (%1 — X2)26T (x0)h (x2)

L{rocp» gluons multipole expanded (only ultrasoft gluons).
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CONCLUSIONS

INTRODUCTION NRQED/NRQCD pNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS

Lonroco = Liroco + / / A3, 030 (%1 ) xe (x2)V (%1 — X2)26T (x0)h (x2)

L{rocp» gluons multipole expanded (only ultrasoft gluons).

Qg
P

VA

vy cecabl

m 2mr?
v@®  CeDP) (1, CeDA 1,  wCeDY) o
W S Tz WP T et T 00
@) ) O
+%525(3)(r)+73CFDLS’SiL- CrDsys 1g ()
3m? 2m2 3 am2 3TN

where Si»(f) =3f - o1f -0y — o1 -coand S = o1 /2 +0,/2.
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To go to the wave function description one has to project to the
quark-antiquark sector.

/ d°x10°XoW (X1, X2)th (X1 )X (%2)[0)

H/d3X1d3X2‘V(X1,X2)¢T(X1)XZ(X2)|O> :/dsxldsxz(ﬁ\V(xl,xz))1/;T(x1)XZ(x2)|O>
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To go to the wave function description one has to project to the
quark-antiquark sector.

/ d°x10°XoW (X1, X2)th (X1 )X (%2)[0)

H/d3X1d3X2‘V(X1,X2)¢T(X1)XZ(X2)|O> :/dsxldsxz(ﬁ\U(xl,xz))¢T(x1)XZ(x2)|O>

For QED (multipole expansion)
2 2

PV (X1, X2)

2m 2m
2 2
/d3xld3x2\UT(x1,X2)(|80 =+ % + V—

4m
A(X) - Vx
m

LonroED = /d x1d3x W' (x1,%x2)(i

—ex - VAy(X) — 2ie =V (x,p))¥(X1,X2)
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To go to the wave function description one has to project to the
quark-antiquark sector.

/ d°x10°XoW (X1, X2)th (X1 )X (%2)[0)

H/dledsxz‘V(Xl,X2)¢T(X1)XZ(X2)|O> :/dsxldsxz(ﬁ\U(xl,xz))¢T(x1)XZ(x2)|O>
For QED (multipole expansion)

2 2
LonrgeD = /d X105 WT (xq, %2)(i 2m 2m ,P))V (X1, X2)
v: V%
_ 3 3 T X v X
= /d de XZ\U (Xl,Xz)(lao—F m + am

—ex - VAy(X) — 2iew

= = V(X,p))W(x1, X2)
Field Redefinitions: W(x1,X2) = ¢ (X1, X2)S(X, X)

1
o(y.x.8) = Pexp fig [ ds(y —x)-Alx  s(x ).}

0
New fields: Singlet S and US photons
Gauge transformation:
S(x, X, t) = S(x, X, t)
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To go to the wave function description one has to project to the
quark-antiquark sector.

/ d°x10°XoW (X1, X2)th (X1 )X (%2)[0)

H/dledsxz‘V(Xl,X2)¢T(X1)XZ(X2)|O> :/dsxldsxz(ﬁ\U(xl,xz))¢T(x1)XZ(x2)|O>
For QED (multipole expansion)

2 2
LonrgeD = /d X105 WT (xq, %2)(i 2m 2m ,P))V (X1, X2)
v: V%
_ 3 3 T X v X
= /d de XZ\U (Xl,Xz)(lao—F m + am

—ex - VAy(X) — 2iew

= = V(X,p))W(x1, X2)

Field Redefinitions: W(x1,X2) = ¢ (X1, X2)S(X, X) 4+ ¢(x1, X)O (X, X)o(X, X2)
1

oy x.8) = Pexp fig [ ds(y —x)-Alx  s(x ).}

0
New fields: Singlet S and US gluons (and Octet (O) for QCD)
Gauge transformation:

S(X,X,t) = S(x,X,t)  O(x,X,t) = g(X,t)O(x, X, t)g *(X,t)
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pNRQED Lagrangian at O(r)

LHNRQED

st (iao —v§°>(x)) s
+ gVa(x)S'x-ES

2 (n)
T p_ VS (X)
S <m +zn:—mn S,

V =V (c(vs/m),d(vs/m, vp/m),r, s, vus) ch(z/ m, r)al(v)

Interpolating fields:

QJ (X2, ) (X2, X1; 1) Q1 (X1, t) = Z&2(X)S(X, X, 1)
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pNRQCD Lagrangian at O(r)
Lonroco = Tr{sT (iao - v§°)(x)) s+of (iDo - vg")(x)) o}

+gvA(x)Tr{oTx ES+six. Eo}+gVB(X)Tr{oTx EO +0'0Ox- E}

_Tr{sf< +Z n)(X>S—oT<%+zn:°m—nx>O},

V =V (c(vs/m),d(vs/m, vp /M), T, vs, 1is) ch(z/ m,r)al(v)

Interpolating fields:

QJ (X2, ) (X2, X1; 1) Q1 (X1, t) = Z&2(X)S(X, X, 1)

QI (x2)p(Xa2, X; ) T2h(X, X1;1)Q1(x1) = Za/2(x)O(X, X, t)
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Matching NRQCD to pNRQCD

NRQCD pNRQCD

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



UCTION PNRQED/PNRQCD CONCLL

Positronium, tree level

———?—.—

B M I
><
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Muonic Hydrogen: electron vacuum polarization
Ei, p Ei, p

ot O

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p” and kg = E; — E;.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS

Muonic Hydrogen: electron vacuum polarization
Ei, p Ei, p

ot O

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p” and kg = E; — E;.

VO = _4r7 zpav(k)ki
1
o) = TRy

where
Nk?) = aN®(k?) + o*N®@K?) + >N K?) + ...

av(k) =aer(K)+ > ZiZlaG™ (k) = aen(k)+da(k),  da(k) = O(a")

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



1B SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

INTRODUCTION NRQED/NRQCD PNRQED/PNRQCD LA

Order 1/m?

(1) ()

~ et (K C C

v® — eif (K) Zo D2 Z, 02 7
I j23 l

2 p
(k) (p)
Y Cs 'S C.’S
v@::—mm%ﬂkﬂpXk)'{4 =4z, 2},

k2 % mé
. B4 4 m
v@ = —Z,Zp167c 2—2 + 22 + =3 ,
m2 ~ m2 m3
v draei(K) (P*  (p-K)?
ve = gz 7 TR (P PR
PP mLm, K2 k4 '
5 1Amaer (k) (p x K) () ®)
VS Thamy e (B st s
v@@) — 47ra9ff(k)cl(:l)cf(:2) S;-ksy -k
=———FF (s1:5p——F—— ),
m,mp k2
. 1 \ ) _—
g _ iz {(cg,NR +3clhq) —2¢Ph .S } ,
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Order 1/m? from eneEgy dependent terms
17
-

ko, k

> >

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p” and kg = E; — E;.

Y Z,Zpe* (p> —p'? ] 1 2
Ve = e (B L ot [ d(0”) ().
1 4 2
u(qz):§ 1—?(14—?).
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PNRQED/pNRQCD ADRON CONCLL

. 227207 k? 8 5
(a) _ p
me—ﬁiﬂiowﬁi_?w2+§)’

~ 4727202 k?
(be) _
Vieon = 3“; ; (Iog e +2Iog2—1) .
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PNRQED/pNRQCD

PNRQCD at last
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PNRQCD at last
Observable: Spectrum or decays
Corrections to the Green Function (h{”) = p?/m + v{%)

-
h® —H, —E

S

Gs(E) = Ps Ps =G +66s GU(E)=

h® - E
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PNRQCD at last

Observable: Spectrum or decays

Corrections to the Green Function (h{”) = p?/m + v{%)
1

Ps=G” +56s GYE)= ——

Gs(E) = Ps héo)

A) Ultrasoft loops (only at weak coupling: lamb shift-like): x - E +

CS0007
égg )
————
1/(E - Vi — p?/m)
1 d3k k 1
0Gs ~ hO _E / @t s h? —E rhg’) -E

) _E)2
~ ;r(hgo)_Ef 1+7+|nu+c r#
€ Has h
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CONCLUSIONS

HADRONIC CONTRIBUTIONS

INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT

PNRQCD at last
Observable: Spectrum or decays
Corrections to the Green Function (héo) =p?/m+ sto))
1 _go Oy 1
Ps Gs + 6Gs Gs (E) — m

Gs(E) = Ps héo)

B) Quantum mechanics perturbation theory (both at weak and strong

coupling)«—
1 1 1 1 1
0Gs ~ o) o0Vs © + © OVs o) OVs @) + .
hs’ — E h’—E hg’' —E hs’ — E hs’ — E
oV

Ultraviolet divergences are governed by the short-distance behavior of the
potentials, i.e. by perturbation theory. Therefore, they can be computed and

absorbed in the matching coefficients of the currents or in the potentials.
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PNRQED/pNRQCD

Summary (heavy quarkonium)
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Summary (heavy quarkonium)
1) Matching QCD to NRQCD. Integrating out the hard scale, m
Relativistic Feynman diagrams +
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Summary (heavy quarkonium)
1) Matching QCD to NRQCD. Integrating out the hard scale, m
Relativistic Feynman diagrams +
2) Matching NRQCD to pNRQCD. Integrating out the soft scale, mv
Potential = Wilson loops = HQET-like Feynman diagrams +—
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Summary (heavy quarkonium)
1) Matching QCD to NRQCD. Integrating out the hard scale, m
Relativistic Feynman diagrams <
2) Matching NRQCD to pNRQCD. Integrating out the soft scale, mv
Potential = Wilson loops = HQET-like Feynman diagrams <—
3) Observable: Spectrum or decays
Corrections to the Green Function (héo) =p?/m+ sto))
1 0 0
Gs(E) = Psihéo) T TER T GY¥ +456s  GY(E)= o E
A) Ultrasoft loops (only at weak coupling: lamb shift-like): x - E «—
B) Quantum mechanics perturbation theory (both at weak and strong
coupling)«+
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INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Summary (heavy quarkonium)
1) Matching QCD to NRQCD. Integrating out the hard scale, m
Relativistic Feynman diagrams <
2) Matching NRQCD to pNRQCD. Integrating out the soft scale, mv
Potential = Wilson loops = HQET-like Feynman diagrams <—
3) Observable: Spectrum or decays
Corrections to the Green Function (héo) =p?/m+ sto))

_ 1 _ =0 Oy _
GS(E)—PsmPS—GS +6Gs Gs (E)_m

A) Ultrasoft loops (only at weak coupling: lamb shift-like): x - E «—
B) Quantum mechanics perturbation theory (both at weak and strong

coupling)«—
§00007,,
v PSR
————

1/(E - V§” — p?/m)
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INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Summary (muonic hydrogen)
1) Matching HBET to NRQED. Integrating out the hard scale, m,, ~ m
HBET Feynman diagrams <«
2) Matching NRQED to pNRQED. Integrating out the soft scale, m,v
Potential = Wilson loops = HQET-like Feynman diagrams <—
3) Observable: Spectrum or decays
Corrections to the Green Function (héo) =p?/m+ sto))

_ 1 _ =0 Oy _
GS(E)—PsmPS—GS +6Gs Gs (E)_m

A) Ultrasoft loops (only at weak coupling: lamb shift-like): x - E «—
B) Quantum mechanics perturbation theory (both at weak and strong

coupling)«—
§00007,,
v PSR
————

1/(E - V& — p?/m)
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INTRODUCTION NRQED/NRQCD pPNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

Theoretical setup (muonic hydrogen Lamb shift)
We use an effective field theory, Potential Non-Relativistic QED, which
describes the muonic hydrogen dynamics and profits from the hierarchy
m, > mua > m,ao?

(i(‘)o— p’ —%> W(r) =0

2m;
+-corrections to the potential potential NRQED  E ~ mv?
+interaction with ultrasoft photons

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS

Theoretical setup (muonic hydrogen Lamb shift)
We use an effective field theory, Potential Non-Relativistic QED, which
describes the muonic hydrogen dynamics and profits from the hierarchy
my > My > myuo®

(i(‘)o— p’ —%) W(r) =0

2m;
+-corrections to the potential potential NRQED  E ~ mv?
+interaction with ultrasoft photons

Scales:
mp ~ /\x

~J ~Y = mump
My ~ My~ My = oL
Mra ~ Me
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INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD

LAMB SHIFT HADRONIC CONTRIBUTIONS

CONCLUSIONS

Theoretical setup (muonic hydrogen Lamb shift)
We use an effective field theory, Potential Non-Relativistic QED, which

describes the muonic hydrogen dynamics and profits from the hierarchy
my > mua > mya?

2
. p a
0o — - = =20
( o7 2m, r ) v(r)
+-corrections to the potential potential NRQED  E ~ mv?
+interaction with ultrasoft photons

Scales:
mp ~ /\x

~J ~Y = mump
My ~ My~ My = oL
Mra ~ Me

Expansion parameters, ratios between scales, mainly:
m. m, 1
m mp 9

mra mro? 1

my mra ~ ~ m
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INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD

LAMB SHIFT HADRONIC CONTRIBUTIONS

CONCLUSIONS

Theoretical setup (muonic hydrogen Lamb shift)
We use an effective field theory, Potential Non-Relativistic QED, which

describes the muonic hydrogen dynamics and profits from the hierarchy
my > mua > mya?

2
(iao - zF;nr - %) B(r) =0

+-corrections to the potential potential NRQED  E ~ mv?
+interaction with ultrasoft photons

Scales:
mp ~ /\x

~J ~Y = mump
My ~ My~ My = oL
Mra ~ Me

Expansion parameters, ratios between scales, mainly:
m., m, 1
mp, " mp 9

mra mro? 1
m ma %7137

Needed precision m;o° (heavy quarkonium precision)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



LAMB SHIFT

Theoretical setup (muonic hydrogen Lamb shift:
AE_ = E(2P3)2) — E(2S12))

2
LpnroED = /dsl‘dsttST(r,R,t){iBO — 2?11

r

—V(r.p,o1,02) +er- E(R,t)}s(n R,t) - /dSY%FWF”V7

(1)
_y0O V()
V(rapaal7o-2) =V (r)+ mu + m2

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD pPNRQED/PNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

Theoretical setup (muonic hydrogen Lamb shift:
AE_ = E(2P3)2) — E(2S12))

2
LpnroED = d3rd3RdtST(r, R,t){iao -
2m,

—V(r.p,o1,02) +er- E(R,t)}s(n R,t) - /dSY%FWF”V7

vO(ry v

— vy
V(rvpaalyaZ) =V (r)+ m,, m2

_|_

1
vO = ~4nZ,Zpoy (K) i3
1
o) = TRy

where
N(k?) = aNW(k?) + o?N@(k?) + >N (K?) + ...

av(k) = aer(K)+ > Z0ZDaly™ (k) = aen(k)+oa(k),  da(k) = O(a®)
n,m=0
n+m=even>0

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD )/pl D) LAMB SHIFT HADRONIC CONTRIBUTIONS

Vacuum polarization effects: O(m;a?)

Ela P Eia p/
> ' >
|
:
ko, k
:
> ' >

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p” and kg = E; — E;.

1-loop static potential

Eio = (n|6V|n) = 205.0074 meV = O(m; )

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS

Vacuum polarization effects: O(m,a*)

Boop Hoop Boop Boop
*  §  § 6
' [ [ [
[) [) [)
(;) ) ) )
e
' e e e
e
: [] []
| ' H H
—_—— ] ] ]
p p p p p p p p
Pachuki/Borie

2-loop static potential is the same as two-loop vacuum polarization iterations
(*two loop vacuum polarization*)

6E = (n[6V|n) = 1.5079 meV = O(m;a*)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION RQED/NRQCD ONRQED/pNRQCD LAMB SHIFT ADRONIC CONTRIBUTIONS

Vacuum polarization effects: O(m,a*)

Boop Hoop Boop Boop
*  §  § 6
' [ [ [
[) [) [)
(;) ) ) )
e
' e e e
e
: [] []
| ' H H
—_—— ] ] ]
p p p p p p p p
Pachuki/Borie

2-loop static potential is the same as two-loop vacuum polarization iterations
(*two loop vacuum polarization*)

6E = (n[6V|n) = 1.5079 meV = O(m;a*)
Quantum mechanics perturbation theory (*iteration one-loop*)

1

6E ~ (n|0V ———6V|n) = 0.151 meV = O(m,a*)
HC En

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD ] )ED/pNRQCD LAMB SHIFT D NIC CONTRIBUTIONS

CONCLUS!

Vacuum polarization effects: O(m,a®)

ROZOL O

R G

3-loop static potential (three loop vacuum polarization, Kinoshita-Nio)

0.00752 meV = O(m;a°)

Slightly corrected by Ivanov et al.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen

Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Static potential, not vacuum polarization: O(m;a®)

[} ] 1 | | |
] | | ] | |
e e e
| | | : : |
NXNX X NX  NX NX
(1:3) (2:2) (3:1)

Light-by-light (Wichmann-Kroll and Delbriick) contribution very small
(Karshenboimet al.)

AE ~ —0.0009 mev= O(m;a)

Earlier work by Borie

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Static potential, not vacuum polarization: O(m;a®)

[} ] 1 | | |
] | | ] | |
e e e
| | | : : |
NXNX X NX  NX NX
(1:3) (2:2) (3:1)

Light-by-light (Wichmann-Kroll and Delbriick) contribution very small
(Karshenboimet al.)

AE ~ —0.0009 mev= O(m;a)

Earlier work by Borie

Observation:

The limit me — 0 known from QCD (Anzai et al. and Smirnov et al).

It should be possible to obtain the result with finite mass (albeit numerically)
and check.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



LAMB SHIFT

1/m potential

2

LoNRQED = /dSXdSthST(X,X,t){iBO — ZF;T'I
r

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

v®(ry v

RV
V(x,p,01,02) =V(r) + ot = T
(1)
v (r)—>(’)(mra6)
ml—b

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



LAMB SHIFT

relativistic corrections+vacuum polarization

2

LonrED = /d3xd3xms*(x,x,t){iao _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

V()  v(r)

V(x,p,o1,02) =VO(r) + — + T
my m?2
(2)
Vo) — O(mra?, a®)
mé

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD pPNRQED/PNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

relativistic corrections+vacuum polarization

2

LonrED = /d3><o|3x@|ts*(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

va(r)y  vO(r)
—yv©
V(X7paala‘72)_v (r)+ m,, + mﬁ

+ ...

V@ (r)

o o(mat, o)
m

O(ma* x ;—z) 0.0575 (purely relativistic )
P

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

relativistic corrections+vacuum polarization

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

V(l)(r) V(Z)(r)
_y(0)
V(X7p30'130'2)_v (r)+ m,u + mﬁ

+ ...

V(Z)(r)

o o(mat, o)
m

O(ma* x ;—g) 0.0575 (purely relativistic )
O(ma®) 0.0059 (Pachucki)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

relativistic corrections+vacuum polarization

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

va(r)y  vO(r)
—yv©
V(X7paala‘72)_v (r)+ m,, + mﬁ

+ ...

V@ (r)

o o(mat, o)
m

O(ma* x ;—g) 0.0575 (purely relativistic )
O(ma®) 0.0169 (Pachucki and Veitia; Borie)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

relativistic corrections+vacuum polarization

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

va(r)y  vO(r)
—yv©
V(X7paala‘72)_v (r)+ m,, + mﬁ

+ ...

V@ (r)

o o(mat, o)
m

O(ma* x ;—g) 0.0575 (purely relativistic )
O(ma®) 0.018759 (Jentschura; Karshenboim, lvanov, Korzinin)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT DRONIC CONTRIBUTIONS CONCLUSIONS

Ultrasoft effects: O(ma®)

AE = —-0.6677 meV

oma® MLy AE = —0.045 meV
Mp

All (soft+ultrasoft):
AE = —0.71896 meV.

Start the overlap with hadronic effects.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HADRONIC CONTRIBUTIONS

Hadronic corrections

2

P
2m;,

LpnroED = / d3xd3thST(x,X,t){i(‘)0 -

—V(X,p,o1,02) +ex - E(X, t)}S(x X, t) /d3x L FH

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HADRONIC CONTRIBUTIONS

Hadronic corrections

2

P
2m;,

LpnroED = / d3xd3thST(x,X,t){i(‘)0 -

—V(X,p,o1,02) +ex - E(X, t)}S(x X, t) /d3x FLF™

V(l)(r) N V(Z)(r)
my m?2

V(x,p,o1,02) =VO(r) + + ...

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Hadronic corrections

2

P
2m;,

LpnroED = /d3xd3xmsf(x,x,t){iao -

—V(X,p,o1,02) +ex - E(X, t)}S(x X, t) /d3x F FH

V(l)(r) V(Z)(r)

_y(©

V(X7p30'130'2)_v (r)+ m,u + mﬁ + ...
)

V), L b s3(r) — AE ~ = DI (mra)’
I’T'IM mp mp

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Hadronic corrections

2

P
2m;,

LpnroED = /d3xd3xmsf(x,x,t){iao -

—V(X,p,o1,02) +ex - E(X, t)}S(x X, t) /d3x F FH

V(l)(r) V(Z)(r)
(X7p30'150'2) ( )+ m,u + mﬁ +
(2)
Y 2(r) - %Dgad‘és(r)%AE N %Dgad‘(mra)s
my mp mp
D'Jad‘ = —C3 — 167ad;, + BCD

2

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD pPNRQED/PNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Hadronic corrections

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

va(r)y  vO(r)

Y =vO@r)+ —-
(X7p30'150'2) ( )+ m,u + mﬁ +
)
Y 2(r) —>%Dgad‘ds(r)%AEN%Dgad‘(mra)s
my mp mp
D'Jad‘ = —C3 — 167ad;, + 7r2—aCD

cs, dy, Cp, ... matching coefficients of NRQED.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD pPNRQED/PNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Hadronic corrections

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

va(r)y  vO(r)

Y =vO@r)+ —-
(X7p30'150'2) ( )+ m,u + mﬁ +
)
Y 2(r) —>%Dgad‘ds(r)%AEN%Dgad‘(mra)s
my mp mp
D'Jad‘ = —C3 — 167ad;, + 7r2—aCD

cs, dy, Cp, ... matching coefficients of NRQED.
HBET (m,/m,) — NRQED(m, o) — pNRQED

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD pPNRQED/PNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Hadronic corrections

2

LonrED = /d3><o|3x@|tsﬁ(x,x,t){ia0 _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

V(l)(r) V(Z)(r)
_y(©
V(X7p30'130'2)—v (r)+ m, + mﬁ + ...
)
Y 2(r) —>%Dgad‘ds(r)%AEN%Dgad‘(mra)s
my mp mp
D'Jad‘ = —C3 — 167ad;, + 7r2—aCD

cs, dy, Cp, ... matching coefficients of NRQED.
HBET (m,/m,) — NRQED(m, o) — pNRQED

d2

” c c
5L =- FWD 2EH 4. -—em—DzNJV-ENp+---+m—32NJNppr
p p

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a) + Loy + Lin,ayr + Lo

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a) + Loy + Lin,ayr + Lo

1
L, =—>F?+ d—zzFWDZF“” +---
mp

N

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a)y + Lin,ay + Lin,ayr + L, o)

1 d>

Ly=-7F + ZFLDF ¢
4 mp
F72r 2 i
Lr=FTDUD" U4+ U=u’=e

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a)y + Lin,ay + Lin,ayr + L, o)

L, =— 12 +$FWD FH 4
4 p
F72r 2 it
Lx=FTr[DUD"U]+ - U=u’=e'r
Ly = NT(ivFV, 4+ gauS*IN + - + (A) + —e—NTV EN,

D, = 0, +ieQA, Vu=0,+T, u, =iu’ (VHU)u

Mo =3 (U0, +ieQA)u +u(d, +ieQm,)u'}

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a)y + Lin,ay + Lin,ayr + L, o)

L, =— 12 +$FWD FH 4
4 p
F72r 2 it
Lx=FTr[DUD"U]+ - U=u’=e'r
Ly = NT(ivFV, 4+ gauS*IN + - + (A) + —e—NTV EN,

D, = 0, +ieQA, Vu=0,+T, u, =iu’ (VHU)u
1 . .
r.o=3 {u*(au +ieQAL)U + u(d, + |eQAu)uT}

1 G ON T.0 1 LS N T
Ly = mZ ZC'E,RNPW Npliv™li + m2 ZCE,RND’YJNpli’lei
P P

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HBET (m,)

Luger = Ly + L1+ Lx + Lix + Lin,a)y + Lin,ay + Lin,ayr + L, o)

L, =— 12 +$FWD FH 4
4 p
F72r 2 it
Lx=FTr[DUD"U]+ - U=u’=e'r
Ly = NT(ivFV, 4+ gauS*IN + - + (A) + —e—NTV EN,

D, = 0, +ieQA, Vu=0,+T, u, =iu’ (VHU)u
1 . .
r.o=3 {u*(au +ieQAL)U + u(d, + |eQAu)uT}
L, = = chllRNpWoNpl_i’Yoli + S Z ch e Npy Nl
g 2 mg 2%

d2

_ v Cp t C3 f +
5L+ 5FD 2EH 4 e o e SNV BNy £t NN
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INTRODUCTION Q JCD pPNRQ D S| HADRONIC CONTRIBUTIONS

Hadronic vacuum polarization effects

Figure: Leading correction to the Coulomb potential due to the hadronic vacuum
polarization.
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INTRODUCTION JCD PNRQED/ RQCD A ] HADRONIC CONTRIBUTIONS CONCLL

Hadronic vacuum polarization effects

Figure: Leading correction to the Coulomb potential due to the hadronic vacuum
polarization.

d, — hadronic vacuum polarization

AE = 0.011 meV

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



HADRONIC CONTRIBUTIOI

A
J
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INTRODUCTION NRQED/N PNRQ S| HADRONIC CONTRIBUTIONS

cgad = m

p =" nEEe p

- i/d“x % (p,s|TI*(x)3” (0)|p, S)

pnr o pv qq 2 i o mpp _ TpF 2
T _( AE )Sl(qu) m§<p q2q><p qzq)sz(PvQ)

S =77 S, =77

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NF pPNRQED/PNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS

p/,. s . ,,/"" .\

(6) ul (8)

m,, extra suppression+xPT (Model independent)

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION D/ CD D/pPNRQCD AMB HADRONIC CONTRIBUTIONS

m,, extra suppression+xPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

2
m m m m

N N [F L 0E ~ O(mua® x £ x —2)
My AQCD AX My

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION D CD pPNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS

m,, extra suppression+xPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

2
m m m m

N N [F L 0E ~ O(mua® x £ x —2)
My AQCD AX My

. m 1 had m
Error: LO x = ~ LO x1 — chd= M247 2(23.6)
A 2 my
Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



pPNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

INTRODUCTION NRQED/NRQCD

Large N¢. Including the A particle

Error: 1
my my my
— ~N — —— ~ =
A ‘Aoco Moo 3
/ ! ‘v (1) ! 2)
+ N AN AL 4

= AR AN
N SN 4

m, ) _ M {47.2(23.6) (7).

had 2My Mr 2
el R I e e
I . [ A ] <°‘ Aoco m. |56.7(20.6) (7 + A),

AErpe = 28.59(1) + 5.86(7&A) = 34.4(12.5)peV (PeseAP).

Antonio Pineda
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pPNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

INTRODUCTION NRQED/NRQCD

Large N¢. Including the A particle

Error: 1
m, m, m,
— ~N - —r ~ =
A ‘Aoco Moo 3
/ ! 'v (1) ! 2)
+ N AN PARAN 4

=\ A AN
N SN 4

m, ) _ M {47.2(23.6) (7).

had 2My Mr 2
el R I e e
I . [ A ] <°‘ Aoco m. |56.7(20.6) (7 + A),

AEtpe = 28.59(7) + 5.86(7&A) = 34.4(12.5)pueV (Pese&AP).
(Model dependent: AErpe = 33(2)ueV (Birse-McGovern))
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cgad: Two-Photon-Exchange contribution= Zemach-+polarizability

Zemach:

y

p/“{‘l. i 4 @) p
Gc¥ E

Figure: Symbolic representation (plus permutations) of the Zemach (r2) correction.
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AEzemacn=0.010" -~ >‘3

3 D-1
(r >(2) 48 d3k 1 (GE 1<r2>k2) 96 [d° 'k 1

fms3 47 k6 3 ™ 47 kS

3 £ G’
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<r>
fm

()2 _ 96 [ b1, 1 .0a@
fm—s:?/d kigCe Ce

AEZemach— 0.010——==
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HADRONIC CONTRIBUTIONS CONCLUSIONS

AEZ(—)mach— 0. 010< >(

f 3
e 96 b-1, 1 ~(0)n(2)
fms /d kFGE Gg
2
l; s m rn|| 3
00 Zemach = 50‘2”‘3"‘“<r3>:2““)2 (FE,) o {Got s

1
*3
g S () S ()}
where (A = Ma — M, ~ 300 MeV)

__ (=1)'T(=8/2) 2(r +2)
Cr = D (—3/2—1) {BG+2r — WBM—Z} , r>0,

(e} t2—n 1 1
/0 dt\/ﬁln ?-H/t—z—l}
_ ni(2n — 1)1r[-3/2]

" 2(2n)NT[1/2 +n]
Including Pions and A particles
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LAMB SHIFT

HADRONIC CONTRIBUTIONS

| L« (r°) | (r° | P
™ 0.4980 1.619 5.203 0.9960
T&A 0.4071 0.6228 4.978 0.8142
Dipole 0.7706 1.775 3.325 2.023
Kelly 0.9838 3.209 7.440 2.526
Distler et al. 1.16(4) | 8.0(1.2)(1.0) | 29.8(7.6)(12.6) | 2.85(8)

Table: The first two rows give the prediction from the effective theory (Peset&AP). The
third row corresponds to the standard dipole fit with (r?) = 0.6581 fm*. The fourth and
fifth rows correspond to different parameterizations of experimental data. For
completeness, we also quote <r3)(2) = 2.71 fmS from Friar.

neVv

DR Pachucki Carlsonetal | HBET Peset&AP(r)

(m&A)

AEBom

23.2(1.0)

24.7(1.6)

10.1(5.1)

8.3(4.3)

Table: Predictions for the Born contribution to the n = 2 Lamb shift. The first two
entries correspond to dispersion relations. The last two entries are the predictions of
HBET: The 3rd entry is the prediction of HBET at leading order (only pions) and the last
entry is the prediction of HBET at leading and next-to-leading order (pions and Deltas).
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c3 Polarizability effects

HADRONIC CONTRIBUTIONS

CONCLUS!

(pev) | [  [2]

[3] [4] BxPT(r) | HBET(w)

(m&A)

AEp | 12(2) 115 7.4(2.4) 15.3(5.6) | 8.2('5%) | 18.5(9.3)

26.2(10.0)

Table: Predictions for the polarizability contribution to the n = 2 Lamb shift. The first
four entries use dispersion relations for the inelastic term and different modeling

functions for the subtraction term. [1] Pachucki, [2] Martynenko, [3]
Carlson&Vanderhaeghen, [4] Gorchtein et al.. The 5th entry is the prediction obtained
using BxPT (Alarcon et al.). The last two entries are the predictions of HBET
(Nevado&AP and Peset&AP).

Polarizability=Inelastic+subtraction

pl _ 4
CS,lsub = —€ Mpmll

pl o 4
Ciine — —€ Mpml./

/ de 1 1
(2m)* kg k& + 4mZk

d*ke 1 1

(2m)* kg k& + am?kZ .

0,E

—(3k§ e +k?)S1(0, —k§)

x {(3Kke + K*)(Sulikoe, ~kE) — S1(0, ~k&)) — k’Sa(iko e, —kE) }
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Definition of the proton radius

a"’q.

(p',s[3%|p,s) = a(p’) |Fr(a® )" +iF2(a) 2 u(p),
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Definition of the proton radius

a"’q.

(p',s[3%|p,s) = a(p’) |Fr(a® )" +iF2(a) 2 u(p),
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Definition of the proton radius

(P, 519%1p,5) = (D) [Fa(@®)r* +iF2(a®) T2 | u(p),
Fi(a®) = Fi + :31_;':!/ +
Ge(”) = F(q) + 4?nze(q ) Gu(@®) = Faa’) + Fa(q?)
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Definition of the proton radius

(P, 519%1p,5) = (D) [Fa(@®)r* +iF2(a®) T2 | u(p),
Fi(a®) = Fi + :31_;':!/ +
Ge(”) = F(q) + 4?nze(q ) Gu(@®) = Faa’) + Fa(q?)
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Definition of the proton radius

(P, 519%1p,5) = (D) [Fa(@®)r* +iF2(a®) T2 | u(p),
Fi(a®) = Fi + :1_;':1/ +
Gdﬁzﬁm);kHM) Gu(°) = Fa(a”) + Fa(a”).

d
15 (v) = 6 52O oA g0
Infrared divergent! — Wilson coefficient
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Definition of the proton radius

519" Ip.s) = 8(0) [Fa(a” + Fala”) G| u(e).

Fi(0°) = Fi+ LF/ +
p
Ge(@?) = Fa(a”) + 4‘,‘nz F2(q?),  Gu(a®) = Fa(?) + Fa(@?).
d 31
15() = 6 gz Ge (@0 = 7 oz (087() 1)
p

2 dGp, e(9%)

co(v) =1+ 2F, + 8F =1+ 8mj dq?

I

92=0
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Definition of the proton radius

519" Ip.s) = 8(0) [Fa(a” + Fala”) G| u(e).

2 q /
F.(q ):Fi + m_sF| +
Ge(@?) = Fa(a”) + 4‘:“2 F2(q?),  Gu(a®) = Fa(?) + Fa(@?).
2 d 2 3 1 (p)
5 (v) = 630z Cea(@)eo = 3 s (1)~ 1)
co(v) = 14 2F, + 8F) — 1+ gm? 9Ce@)|
d q q2:o
Standard definition (corresponds to the experimental number):
> 31
r (co () — Co,point—iike ()
p 4 mg point —like
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Definition of the proton radius

519" Ip.s) = 8(0) [Fa(a” + Fala”) G| u(e).

2 q /
F.(q ):Fi + m_sF| +
Ge(@?) = Fa(a”) + 4‘:“2 F2(q?),  Gu(a®) = Fa(?) + Fa(@?).
2 d 2 3 1 (p)
5 (v) = 630z Cea(@)eo = 3 s (1)~ 1)
co(v) = 14 2F, + 8F) — 1+ gm? 9Ce@)|
d q q2:o
Standard definition (corresponds to the experimental number):
> 31
r (co () — Co,point—iike ()
p 4 mg point —like

4 m
Cp,point—like = 1+ — <3 n I/2p>

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Definition of the proton radius

519" Ip.s) = 8(0) [Fa(a” + Fala”) G| u(e).

2 q /
F.(q ):Fi + m_sF| +
Ge(@?) = Fa(a”) + 4‘:“2 F2(q?),  Gu(a®) = Fa(?) + Fa(@?).
2 d 2 3 1 (p)
5 (v) = 630z Cea(@)eo = 3 s (1)~ 1)
co(v) = 14 2F, + 8F) — 1+ gm? 9Ce@)|
d q q2:o
Standard definition (corresponds to the experimental number):
> 31
r (co () — Co,point—iike ()
p 4 mg point —like

4 m
Cp,point—like = 1+ — <3 n I/2p>

2
AE = —5.19745 % 0.8768° ~ —4 meV
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o(m;a®) v 205. 00737
o(m;a?) v 1. 50795
o(m;a?) v 0. 15090
o(m;a®) v 0. 00752
O(m;a®) v —0. 00089(2)
2
O(mia* x %) ACDERVICY) 0. 05747
P
O(m;a®) V{ZD Ly @Dy B2 0. 01876
O(m;a®) V2 + ultrasoft —0. 71896
O(mya® x In(52)) v (@3, ¢l —0. 00127
O(mra® x Ina) V&3 el o —0. 00454
O(mra® x m?r2) AGRRR -5. 1975fmz
O(mra® x m?r2) VD v @D s v@PelP | 0. 02822,
O(mrafIna x m?rd) v @3, ) 0. 0014fmz
O(mra® x ) V@ dpe 0. 0111(2)
> y2l
O(mra® x S5 2y v (@), chad 0. 0344(125)
2 Mo
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2

(2
AE"" = | 206.0243(30) ~ 5.2270(7); 75 + 0.0455(125) | meV.

Using
AE”® = E(2P;),) — E(2Sy,,) = 202.3706(23)meV  Antognini et al

r, = 0.8413(15)fm.
At 6.80 variance with respect the CODATA value.
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CONCLUSIONS

Effective Field Theories can lead us to a better understanding of the
dynamics of NR systems.
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CONCLUSIONS
Effective Field Theories can lead us to a better understanding of the

dynamics of NR systems.
Model independent and systematic (Power counting).
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CONCLUSIONS

Effective Field Theories can lead us to a better understanding of the
dynamics of NR systems.
Model independent and systematic (Power counting).

Possible to obtain a rigorous connection between Quantum Field Theories
and a NR Quantum-mechanical formulation of the NR systems.
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CONCLUSIONS

Effective Field Theories can lead us to a better understanding of the
dynamics of NR systems.
Model independent and systematic (Power counting).

Possible to obtain a rigorous connection between Quantum Field Theories
and a NR Quantum-mechanical formulation of the NR systems.

Plenty of Observables : Decay widhts ( T(n°S; — e*e™), [(n'So — 77)),
Bottomonium sum rules. Determination of mp. t—t production near
threshold. Determination of m;. QED and atomic/hadronic physics , ...
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and a NR Quantum-mechanical formulation of the NR systems.

Plenty of Observables : Decay widhts ( T(n°S; — e*e™), [(n'So — 77)),
Bottomonium sum rules. Determination of mp. t—t production near
threshold. Determination of m;. QED and atomic/hadronic physics , ...

Proton radius: Important to have a model independent and efficient approach
to the problem. Effective Field Theories suitable for this task.
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Model independent and systematic (Power counting).
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Plenty of Observables : Decay widhts ( T(n°S; — e*e™), [(n'So — 77)),
Bottomonium sum rules. Determination of mp. t—t production near
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Proton radius: Important to have a model independent and efficient approach
to the problem. Effective Field Theories suitable for this task.

The proton radius is a matching coefficient of the effective theory. In general
it is an scheme/scale dependent object.
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CONCLUSIONS

Effective Field Theories can lead us to a better understanding of the
dynamics of NR systems.
Model independent and systematic (Power counting).

Possible to obtain a rigorous connection between Quantum Field Theories
and a NR Quantum-mechanical formulation of the NR systems.

Plenty of Observables : Decay widhts ( T(n°S; — e*e™), [(n'So — 77)),
Bottomonium sum rules. Determination of mp. t—t production near
threshold. Determination of m;. QED and atomic/hadronic physics , ...

Proton radius: Important to have a model independent and efficient approach
to the problem. Effective Field Theories suitable for this task.

The proton radius is a matching coefficient of the effective theory. In general
it is an scheme/scale dependent object.

The two-photon exchange energy shift (and the associated error) can only be
computed in a model independent way with chiral perturbation theory. Overall
number consistent with determinations from a combined use of dispersion
relations and models, but individual contributions are quite different.
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CONCLUSIONS

2
.
AEM™™ = 206.0243(30) — 5.2270(7)fm—”2 +0.0455(125) | meV.

Using
AE”® = E(2P;),) — E(2Sy/,) = 202.3706(23)meV  Antognini et al

r, = 0.8413(15)fm.
At 6.8¢ variance with respect the CODATA value.
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Why going from NRQCD to pNRQCD?

Problem: Power counting of NRQCD in the perturbative situation.
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Why going from NRQCD to pNRQCD?

Problem: Power counting of NRQCD in the perturbative situation.
Previous work: Labelle — Multipole expansion (QED)

Exploring the modes of the theory: Manohar, Luke; Grinstein, Rothstein;
Savage, Luke
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Why going from NRQCD to pNRQCD?

Problem: Power counting of NRQCD in the perturbative situation.

Previous work: Labelle — Multipole expansion (QED)

Exploring the modes of the theory: Manohar, Luke; Grinstein, Rothstein;
Savage, Luke

Different approach:

Soto, Pineda—How would we like the effective theory for Q—Q systems near
threshold to be? We do not want to describe all the degrees of freedom
included in NRQCD, but rather only those with US energy. Moreover, we
want to get a closer connection with a Schrédinger-like formulation for these
systems (also, eventually, in the non-perturbative regime — potential
models). We name potential NRQCD this new effective theory.

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen Antonio Pineda



INTRODUCTION NRQED/NRQCD PNRQED/pNRQCD LAMB SHIFT HADRONIC CONTRIBUTIONS CONCLUSIONS

Why going from NRQCD to pNRQCD?

Problem: Power counting of NRQCD in the perturbative situation.

Previous work: Labelle — Multipole expansion (QED)

Exploring the modes of the theory: Manohar, Luke; Grinstein, Rothstein;
Savage, Luke

Different approach:

Soto, Pineda—How would we like the effective theory for Q—Q systems near
threshold to be? We do not want to describe all the degrees of freedom
included in NRQCD, but rather only those with US energy. Moreover, we
want to get a closer connection with a Schrédinger-like formulation for these
systems (also, eventually, in the non-perturbative regime — potential
models). We name potential NRQCD this new effective theory.

Beneke, Smirnov— threshold expansion. Rigorous diagrammatic study of the
(perturbative) momentum regions: hard, soft, potential, ultrasoft.

hard: particles with E ~ |p| ~ m — NRQCD

soft: particles with E ~ |p| ~ mv — pNRQCD

potential: particles with E ~ mv2, |p| ~ mv

ultrasoft: particles with E ~ |p| ~ mv?

Implementation of pNRQCD through the threshold expansion (integrating out
potential gluons and all soft particles): Beneke, Smirnov; Kniehl, Penin;
Kniehl, Penin, Smirnov, Steinhauser
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CONCLUSIONS

Hadronic corrections: Spin-dependent

2

P
2m;,

LpnroED = / d3xd3thST(x,X,t){i(‘)0 -

—V(X,p,o1,02) +ex - E(X, t)}S(x X, t) /d3x L FH
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CONCLUSIONS

Hadronic corrections: Spin-dependent

2

LonrED = /d3xd3xms*(x,x,t){iao _Pp
2m;,

—V(x,p,01,02) +ex- E(X,t)}s(xyx,t) - /d3x%FWFW :

V()  v(r)
—v©O
V(X7paala‘72)—v (r)+ m, + mﬁ

+ ...
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Hadronic corrections: Spin-dependent

2

LonrED = /d3xd3xms*(x,x,t){iao _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

v(r) N vV @(r)
my m?2

V(x,p,o1,02) = VO(r) + ..

mz(r) = L b (s, 4 5,)%5%(n)
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CONCLUSIONS

Hadronic corrections: Spin-dependent

2

LonrED = /d3xd3xms*(x,x,t){iao _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

v(r) N vV @(r)
my m?2

V(x,p,o1,02) = VO(r) + ..

mz(r) = L b (s, 4 5,)%5%(n)

Dgad. _ 2C4
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Hadronic corrections: Spin-dependent

2

LonrED = /d3><o|3x@|ts*(x,x,t){ia0 _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

v®(r) N vA(r)
my, m?2

V(x,p,o1,02) = VO(r) + + ...

mZ(r) = Dhad (S1 + S2)26%(r)

Dgad. = 2¢,
¢4, matching coefficient of NRQED.
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Hadronic corrections: Spin-dependent

2

LonrED = /d3><o|3x@|ts*(x,x,t){ia0 _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

v®(r) N vA(r)
my, m?2

V(x,p,o1,02) = VO(r) + + ...

mz(r) = L b (s, 4 5,)%5%(n)

Dgad. = 2¢,
¢4, matching coefficient of NRQED.
HBET (m,/m,) — NRQED(m,«a) — pNRQED
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Hadronic corrections: Spin-dependent

2

LonrED = /d3><o|3x@|ts*(x,x,t){ia0 _Pp
2m;,

—V(x,p,o1,02) +ex - E(X, t)}S(x X,t) /d X=F ., F*

v®(r) N vA(r)
my, m?2

V(x,p,o1,02) = VO(r) + + ...

mz(r) = L b (s, 4 5,)%5%(n)

Dgad. = 2¢,
¢4, matching coefficient of NRQED.
HBET (m,/m,) — NRQED(m,«a) — pNRQED

_ Ca i 1
0L="---— m—SNpaNp,u ou
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Leading chiral logs to the hyperfine splitting

|

Vi

| Y ——1In myg
frr2

S

Y Mg !
Y YaAYA 1_|n My
frr2

oV =2

C.
LR S%69(r).
mp
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pNRQED/pN

CONCLUSIONS

c4, Spin-dependent effects (Zemach): O(m,,a® x /\2 x Inmy)
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Figure: Symbolic representation (plus permutations) of the Zemach correction.
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pPNRQED/PNRQCD

HADRONIC CONTRIBUTIONS

c4, Spin-dependent effects (Zemach): O(m,,a® x /\2 x Inmy)

CONCLUSIONS

e
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Figure: Symbolic representation (plus permutations) of the Zemach correction

| 2 d°%k 1 o
6C§Zemach = (4ﬂa)2mp§/Wk4G )G

Precision calculations with nonrelativistic EFTs: proton radius from muonic hydrogen

Antonio Pineda



INTRODUCTION RQED!/I PNRQED/ CI A ] HADRONIC CONTRIBUTIONS CONCLUSIONS

c4, Spin-dependent effects (polarizability): O(m,,a® x /\2 x Inmy)

Y Y

p~” ST p

Figure: Symbolic representation (plus permutations) of the spin-dependent
polarizability correction.
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c4, Spin-dependent effects (polarizability): O(m,,a® x /\2 x Inmy)

Y Y

p~” ST p

Figure: Symbolic representation (plus permutations) of the spin-dependent
polarizability correction.

P
ig d®k 1
T =3 | Grpicia

1
— 4m2k?

{Al(km k?)(kE 4 2k?) + 3k2$A2(ko, k2)}
p
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_ i/d4x €9 (p, s[TI*(x)3"(0)|p,s) ,

which has the following structure (p = q - p/m):

1
™ = (g +qqq)81(p7q)

1 mpp v Mpp o 2
+m—g<p“ qu )(p —q—”zq>82(p7q)

i vpo
“m, 70,80 A1(p,0°%)
i vpo
3 P70, ((Mpp)Se — (4 - S)Po ) A2(p, %)
P
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LAMB SHIFT (

pNRQED/p

INTRODUCTION

Only logarithmically chiral enhanced but they can be determined from
hydrogen hyperfine splitting.

2 2
6c§1NR ~ 1-— % a*In %

+b_ 2|nA_2+ mp 22 E+L 71-2 2|nm_g"

18 2 ' (4nFo)? 272 )TN
mp 28 (5 7 2 2 A?

— = == = In —

T @rroE” 27 (3 7r2> T 9mNa N 7
4NR 1 3 5 M}

Eue =4 (Mlpa) ~mpa’— x (Inmg,In A, Inmy ).

mg ™ mp
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Hydrogen. By fixing the scale v = m, we obtain the following number for the
total sum in the SU(2) case:

EHr, logarithm{ M, ) = —0.031 MHz ,

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

EHF(QED) — EHF(EXD) = —0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is ¢}, = —47.7a% and ¢} (M) ~ cf o(M,) ~ —160a°.
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Hydrogen. By fixing the scale v = m, we obtain the following number for the
total sum in the SU(2) case:

EHr, logarithm{ M, ) = —0.031 MHz ,

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

EHF(QED) — EHF(EXD) = —0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is ¢}, = —47.7a% and ¢} (M) ~ cf o(M,) ~ —160a°.

Muonic hydrogen.

AEwr ~ —0.153meV (Pachucki : —0.145)

AE = =(—0.15)meV = —0.0375meV

NS
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Definition of the neutron radius

a"’q.

(p',s[3%|p,s) = a(p’) |Fr(a® )" +iF2(a) 2 u(p),
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Definition of the neutron radius

nv
(p',s[3"|p,s) = u(p’) Fl(q2)7”+in(q2)gsz:V u(p)

2

q” -/
Fi(q®) =04 =F/ +...
mj '
Ge(@?) = Fa(a”) + 4‘:“2 F2(q?),  Gu(a®) = Fa(?) + Fa(@?).
d 31
rr% = Gd—qZGn,E(qZNqZ:O = Zm_gcl(Dn)

2 dGy E(q )

=0+ 2F, + 8F; = 0+ 8m;
Co 2 1= da? e
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Definition of the neutron radius

o’ qy

(p',s[3%|p,s) = T(p’) |Fo(a®)7" +iF2(q?) o, u(p)

Fi(@®) =0+ =

2
Ge(”) = Fi(0") + 35F2(a”).  Gu(a®) = Fa(@?) + Fa(a).
p
31 m

d
ry = G—Gn,E(qz)\qzzo =m0
P

dg?

2
Co = 04 2F + 8F{ = 0 + 8m2 dediz(zq)

Standard definition (corresponds to the experimental number):
2-31
" 4Am?

Neutron-lepton scattering length = REAL low energy constant

1 2 (n)had
by = — cp — —cCj ~D
nl am, (a D P 3,NR> d

It is not proportional to the radius
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