
Quark and Glue Components of Proton Spin  

 
•    Status of nucleon spin components 

•    Momentum and angular momentum sum rules 

•    Lattice results  

•    Quark spin from anomalous Ward identity 

•   Glue spin 
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Where does the spin of the 
proton come from? 



   3 

0.2 0.3
q
q qΔΣ = Δ + Δ = −∑

7
∧



   

                                               
4 
 

Glue Helicity ΔG 

D. de Florian, R. Sassot, M. Stratmann, W. Vogelsang, 
PRL 113, 012001 (2014) 

Experimental results from 
STAR [1404.5134]  
PHENIX [1402.6296] 
COMPASS [1001.4654] 

ΔG ~ 0.2 with large error 
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Quark Orbital Angular Momentum 
(connected insertion) 



   

Status of Proton Spin 
• Quark spin ΔΣ ~ 20 - 30% of proton spin  
   (DIS, Lattice) 
• Quark orbital angular momentum?        
   (lattice calculation of CI (LHPC,QCDSF)à ~ 0) 
• Glue spin ~ 0.4 (STAR, PHENIX, COMPASS) 
• Glue orbital angular momentum is zero 

(Brodsky and Gardner).                 
• `proton spin crisis’ à `missing spin puzzle’.   
•  If the spin sum rules not satisfied 

experimentally              
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Dark Spin     



   

Spin Sum Rules 
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!
JTot = d 3x∫  ψ † 1

2
Σψ + d 3x∫  !x ×ψ †

!
∇ψ + d 3x∫  

!
Ea ×

!
Aa

      + d 3x∫  !x × Eaj ( !x ×∇)Aaj

•  Jaffe and Manohar sum rule (1990) 

o  Canonical EM tensor on light-cone with light-cone gauge 
o  Not directly accessible on the lattice 

•  Ji sum rule (1997) 

o  Symmetric EM tensor (Belafonte) à gauge invariant and 
frame independent.  

J = Σ
2
+ Lq + SG + LG

J = Σ
2
+ Lq + JG

   

!
JTot = d 3x∫  ψ † 1

2
Σψ + d 3x∫  !x ×ψ †

!
Dψ + d 3x∫  !x ×  (

!
Ea ×

!
Ba )



   

 
Hadron Structure with Quarks and Glue  

•  Quark and Glue Momentum and Angular Momentum in the 
Nucleon 

0t ft

×
( )( , , )D t u d sµ νγΨ Ψ

0t ft

×
( )( )u D u d D d tµ ν µ νγ γ+

0t ft

  
Fµα Fνα − 1

4
δ µν F 2
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 Momenta and Angular Momenta of Quarks and Glue  
§   Energy momentum tensor operators decomposed in quark and 
     glue parts gauge invariantly  --- Xiangdong Ji (1997) 

§   Nucleon form factors 

§  Momentum and Angular Momentum 

 

  

  

   

Tµν
q = i

4
ψγ µ


Dνψ + (µ ↔ν )⎡⎣ ⎤⎦  →  


Jq = d 3x

1
2
ψ

γγ 5ψ + x ×ψγ 4(−i


D)ψ⎡

⎣
⎢

⎤

⎦
⎥∫

Tµν
g = Fµλ Fλν −

1
4
δ µν F 2             →  


Jg = d 3x x × (


E ×

B)⎡⎣ ⎤⎦∫

2 2
1 2

2 2 2
3 4

, | | ' ' ( , )[ ( ) ( ) / 2

                            -iT ( )( ) / ( ) / 2] ( ' ')
vp s T p s u p s T q p T q p q m

q q q q m T q m u p s
µν µ ν µ α α

µ ν µν µν

γ σ

δ δ

= −

− +

  
Zq,gT1(0)q,g  OPE⎡⎣ ⎤⎦→ x

q/g
(µ,MS) ,   Zq,g

T1(0)+T2(0)
2

⎡

⎣
⎢

⎤

⎦
⎥

q,g

→ Jq/g (µ,MS)



 Lattice Parameters  
Quenched 163 x 24 lattice with Wilson 
fermion  
Quark spin and <x> were calculated 
before for both the C.I. and D.I. 
 κ = 0.154, 0.155, 0.1555 (mπ = 650, 
538, 478 MeV) 
500 configurations 
400 noises (Optimal Z4 noise with 
unbiased subtraction) for DI 
16 nucleon sources 
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T1 (q2) and T2 (q2)  
 3-pt to 2-pt function ratios 

 Need both polarized and unpolarized 
nucleon and different kinematics (pi, qj, s) 
to separate out T1 (q2),  T2 (q2) and T3 (q2)  

   

Gµν
3 pt ( p,t2; q,t1) = e− ip⋅x2+iq⋅x1 0 |T χN ( x2 ,t2 )Tµν (t1)χN (0)⎡⎣ ⎤⎦x1,x2

∑ ;

Tr ΓmGµν
3 pt ( p = 0,t2; q,t1)⎡⎣ ⎤⎦ =We−m(t2−t1)e−Et1 T1(q

2 )+T2(q2 )⎡⎣ ⎤⎦



   
 

Disconnected Insertions of T1 (q2) and T2 (q2) for u/d  Quarks 

fig_4a.pdf fig_4a.pdf 



Gauge Operators from the Overlap Dirac Operator 

Overlap operator   
 
 

Index theorem on the lattice  (Hasenfratz, Laliena,  
Niedermayer, Lüscher) 

 
                         

Local version (Kikukawa & Yamada, Adams, Fujikawa, 
Suzuki) 

                                       

Study of topological structure of the vacuum   
 

l  Sub-dimensional long range order of coherent charges   
   (Horvàth et al; Thacker talk in Lattice 2006)  
l  Negativity of the local topological charge correlator (Horvàth et al)  
                                     

                                    

5index (1 )
2ov ov
aD Tr Dγ= − −

4 6
5 0( ) (1 ( , )) ( ) ( )

2L ov a
aq x tr D x x a q x O aγ →= − − ⎯⎯⎯→ +

5 5 01 ( );   ( )ov WD H H D mγ ε γ= + =



We obtain the following result 

    where,  
 
    Liu, Alexandru, Horvath – PLB 659, 773 (2007) 
 

 Noise estimation 
     with Z4  noise with color-spin dilution and some dilution in 
     space-time as well. 

   

1, 1.368, 0.11157Tr cρ     = = =

2 3

2
4

4 2 2 3/2

( , ) ( ) ( ),

2 ( ( 1)) 2

(2 ) ( [ ( 1)] )

T
s ov

T

aD x x c a F x O a

r c c c rc s
d kc

s c

µν µν

π λ µ ν µ ν
λ

µ νπ µ ν

σ

ρ
ρ

π ρΣ Σ

tr

−

= +

⎡ ⎤+ − +⎢ ⎥⎣ ⎦=
+ + −

∑
∫

†( , ) ( )ov x ov xD x x Dη η→



   
 

Glue  T1 (q2) and T2 (q2)  

M. Deka et al., PRD (2015), 
1312.4816 
 
Quenched 163 x 24 lattice, 
β=6.0, mΠ ≥ 478 MeV,  
500 configurations 

(χ  QCD Collaboration)



Renormalization and Quark-Glue Mixing 

( ) ( )  ( )
 

( )  ( )( )

MS R
q qq qg q

RMS
gq gg gg

x C C x
C C xx

µ µ µ
µ µµ

⎡ ⎤ ⎡ ⎤〈 〉 〈 〉⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥

〈 〉〈 〉⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

Momentum and Angular Momentum Sum Rules 

,   ,

,   ,    

1,
1
2

R L R L
q q q g g g

R L R L
q q q g g g

L L
q q g g

L L
q q g g

x Z x x Z x

J Z J J Z J

Z x Z x

Z J Z J

〈 〉 = 〈 〉 〈 〉 = 〈 〉

= =

〈 〉 + 〈 〉 =

+ =
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Mixing 

1 1

1 2 1 2

2 2

(0) (0) 1,

( )(0) ( )(0) 1,

(0) (0) 0

q g
q g

q q g g
q g

q g
q g

Z T Z T

Z T T Z T T

Z T Z T

⎧ + =
⎪⎪⇒ + + + =⎨
⎪ + =⎪⎩

M. Glatzmaier, KFL 
arXiv:1403.7211 



   CI(u) CI(d) CI(u+d)  DI(u/d) DI(s)   Glue 

 <x> 0.416 
  (40) 

0.151 
  (20) 

  0.567 
    (45) 

  0.037 
      (7) 

0.023 
    (6) 

 0.334 
    (56) 

T2(0) 0.283 
(112) 

-.217 
  (80) 

  0.061 
    (22) 

-0.002 
     (2) 

-.001 
   (3) 

 -0.056 
    (52) 

2J 
0.704 
(118) 

-.070 
(82) 

0.629 
(51) 

0.035 
 (7) 

0.022 
(7) 

0.278 
(76) 

gA 
0.91 
(11) 

-0.30 
(12) 

0.62 
(9) 

-0.12 
(1) 

-0.12 
(1) 

2 L 
-0.21 
(16) 

0.23 
(15) 

0.01 
(10) 

0.16 
(1) 

0.14 
(1) 
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Renormalized results:   Zq = 1.05, Zg = 1.05 

MS (2 GeV)



   
 

Quark Spin, Orbital Angular Momentum, and Gule 
Angular Momentum (M. Deka et al, 1312.4816, PRD) 

  

Δq ≈ 0.25;
2 Lq ≈ 0.47 (0.01(CI)+0.46(DI));

2 J g ≈ 0.28

pizza cinque stagioni 

These are quenched results so far. 



Chiral effective theory of baryons 

 
                                                   # 

0.2 fm

QCD�
�

(ψ, ψ, Αµ)
_

(Λχ=4πfπ)
 M~0.2 fm

Chiral Effective Theory�
�
�

L
(ψL, ψL, Aµ, π, ρ, a1, ...)

�

0.6 fm �
 B~0.6 fm

Chiral Perturbation Theory�
�
�

(ψB, ψB, π, ρ, a1, ...)

�

_

_

ψ =ψ L +ψ S ,         A
µ = AL

µ + AS
µ

LχQCD = LQCD ' (ψ L ,ψ L ,AL
µ )+ LM (π ,ρ,G,...)

             + Lσq (ψ L ,ψ L ,π ,ρ,G,...)

Little bag model (Brown, Rho) 
Clouding bag model (Thomas, Theberge, Miller) 
Chiral quark-soliton model (Wakamatsu) 

Manohar and Georgi 
(1984) 
 
KFL (2000) 



Orbital Angular Momentum 

 
                                                   # 

Trinacria, Erice skyrmion 



 
                                                   # 



   

 Quark Spin Calculation with Axial-vector current  
•  Recent calculation of strange quark spin with 

dynamical fermions 
§  R. Babich et al. (1012.0562) 
      
§  QCDSF (G. Bali et al. 1206.4205) gives  

§  M. Engelhardt (1210.0025) 
                   
§   C. Alexandrou et al. (arXiv:1310.6339) 

§  A.J. Chambers et al. (arXiv:1508.06856) 
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  Δs = −0.019(11)

~ 0.0227(34)sΔ −

0.020(10)(4)sΔ = −

Δs = −0.031(17)

  Δs ~ −0.018(6)

Leader et al., 1410.1657 

  Δs = −0.106(23)



   

Quark Spin from Anomalous Ward Identify 
•  Calculation of the point axial-vector in the DI is not 

sufficient. 
•  AWI needs to be satisfied. 
•  Unrenormalized AWI for overlap fermion for point current 

§  Overlap fermion --> mP is RGI (ZmZP=1) 
§  Overlap operator for                             has no 

multiplicative renormalization. 
§  Espriu and Tarrach (1982) 
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κ A ∂µAµ
0 = i2mP + iN f 2q(x)

Renormaliztion and mixing:
ZAκ A ∂µAµ

0 = i2ZmmZPP + iN f 2(Zqq(x)+ λ ∂µAµ
0 )

q(x) = −1/ 2 Trγ 5Dov(x, x)

 
∂µAµ

0 = i2mP +
iN f

8π 2 Gµν
!Gµν

ZA(2 − loop) = 1−
α
π

⎛
⎝⎜

⎞
⎠⎟
2 3
8
C2 (R)N f

1
ε
,

λ = − α
π

⎛
⎝⎜

⎞
⎠⎟
2 3
16
C2 (R)

1
ε



   

24^3 x 64, a =0.115 fm     

La ~ 2.8 fm            
mπ ~ 330 MeV 

La ~ 4.5 fm               
mπ ~ 170 MeV 

64^3 x 128, a =0.085 fm  

32^3 x 64, a =0.137 fm  

2+1 flavor DWF configurations (RBC-UKQCD) 

La ~ 2.7 fm   
mπ ~ 295 MeV 

(O(a2) extrapolation) 

  

La ~ 5.5 fm            
mπ ~ 140 MeV 

48^3 x 96, a =0.115 fm     

La ~ 5.5 fm   
mπ ~ 140 MeV 

32^3 x 64, a =0.085 fm  
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Connected Insertion (mπ=330 MeV)

∆u(q2)
∆d(q2)
∆u(0)
∆d(0)

Connected Insertion from Ward Identity  

Y. Yang, M. Gong et al 

χ  QCD Collaboration



   

Numerical improvement for DI calculation 

26 

•  243 x 64 DWF lattice with mπ = 330 MeV 
   200 configurations 

•  8 grid smeared source with Z3 noise with 
low-mode substitution à gain factor ~ 5.6 

•  Sources on 32 time slices à gain ~ 6 
    (low precision inversion ~ 1/3 time)  
 
•  Low-mode average for the quark loop with 
    Z4 noise on grid (odd-even) for the high  
    modes (4 such noises/configuration) 
 
•  32 grid Z4 noise (24 grids x odd-even) for 

q(x) 
 
 



   

Low-mode average for quark loop 
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-0.2
-0.15

-0.1
-0.05

 0
 0.05

 0.1
 0.15

 0.2

 0  0.2  0.4  0.6  0.8  1  1.2  1.4
Q2(GeV2)

Charm (mπ=330 MeV)

2mPDI,cgA,DI,c
2q

Disconnected Insertion for the Charm Quark  

•  Topological term is large and negative 
•  Pseudoscalar term and the topological term cancel 
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Disconnected Insertion (mπ=330 MeV)

2mPDI,u/dgA,DI,u/d
2q

Disconnected Insertion for the Strange and u/d Quarks  

Strange u/d (DI) 



   

Anomalous Ward Identity in nucleon at finite q2   
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2MNκ AgA
0 (q2 )+ q2κ hA

hA
0 (q2 ) = 2mgP

0 (q2 )+ 2MNgG (q
2 )

•  Calculate gA(q2), hA(q2), gP(q2), gG(q2) for q2 from 0.2 to 1.1 
GeV2 and fit κA and κhA for the local axial-vector operator. 

 
•  For the 243 x 64 lattice, 1/κA= 0.39(3),   1/κhA= 12(6) 
 
•  This can explain why the previous calculation of Δs with  
     axial-vector currents are small. 
 
 

 
κ A 〈p ', s | Aµ | p, s〉 = limq→0

i | s |
!q ⋅ !s

〈p ', s | 2 mf
f =1

N f

∑ !qf iγ 5qf + 2iN f q | p, s〉



   

  Renormalized Δs 
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Δs = - 0.068(8) 

-0.08
-0.07
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01

 0
 0.01

 0  0.2  0.4  0.6  0.8  1  1.2
- q2

gA
(q2/2mN)hA

gA+(q2/2mN)hA
 (m/mN)gP+gG



   

Quark Spin from AWI 

32 

gA
0 comp  mΠ=330 MeV 

(mV=msea) 

Δu+Δd (CI) 0.57(2) 
Δc ~0 
Δs -0.068(8) 

Δu(DI)=Δd(DI) -0.09(2) 
gA

0 0.32(5) 

Overlap fermion on 2+1 flavor 243×64 DWF lattice (L=2.8 fm) 

The triangle anomaly (topological charge) is responsible for the 
smallness of quark spin in the proton (`proton spin crisis). 

ΔS = − 0.073(8) 
at mπ = 140 MeV



   

Hadronic Tensor in Euclidean Path-Integral Formalism 

•  Deep inelastic scattering  
    In Minkowski space 
 
 
 
 
l  Euclidean path-integral 

d 2σ
dE 'dΩ

= α 2

q4
(E '
E
)lµνWµν

Tµν (q2,ν ) = 1
2MN

d 4x
(2π )4∫  eiq⋅x < P |T [Jµ

em (x)Jν
em (0) | P >,

Wµν (q2,ν ) = 1
π

ImTµν =
(2π )3

2MN

δ 4

n
∑ (pn − p + q) < P | Jµ

em | n >< n | Jν
em | P >

0 t − (t2 − t1)0

×

t

×
Jµ
em (t1) Jν

em (t2 )

K.F. Liu, PRD 62, 074501 (2000)   



   

Q

0

×

t

×
Q

t1 t2

Q

0 t

Q
× ×
t1 t2

t(a) (b)

Q

0

×

t

×
Q

t1 t2

)(c(c)

q = qV + qCS qCS qDS = (≠ ?) qDS

(a ') (b ')

Of
n

0 t

t2

0 t

Of
n

0 t

Of
n

(c ')



   

Ratio of <x>s /<x>u/d (DI) 

35 

x
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2 = 5 GeV2) distribution at Qd+u)/(s(s+

MSTW 2008 NLO (90% C.L.)

MRST 2001 NLO

CTEQ6.6 NLO
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)
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0.4

0.6

0.8

1

1.2

x s = 0.027(6)
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Glue Spin and Helicity ΔG 

•  Jaffe and Manohar  -- spin sum rule on light cone 

–  Not gauge invariant 
–  Light cone not accessible on the Euclidean lattice. 

•  Manohar – gauge invariant light-cone distribution 

–  After integration of x, the glue helicity operator is 

–  Non-local and on light cone 

•  Manohar 

•  X.S. Chen, T. Goldman, F. Wang; Wakamatsu; Hatta, etc. 

•  X. Ji, J.H. Zhang, Y. Zhao; Y. Hatta, X. Ji, Y. Zhao   
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Sg = d 3∫ x 

!
E ×
!
A in light-cone gauge (A+ = 0) and IMF frame.

   

Δg(x) S + = i
2xP+

dξ−

2π∫  e− ixP+ξ−

〈PS | Fa
+α (ξ− )Lab(ξ− ,0) !Fα ,b

+ (0) | PS 〉

           

   
      H g (0) =

!
Ea (0)×

!
Aa (0)− 1

∇+

!
∇A+ ,b( )Lba (ξ− ,0)

⎛
⎝⎜

⎞
⎠⎟



   

Glue Spin and Helicity ΔG 
•  X.S. Chen, T. Goldman, F. Wang; Wakamatsu; Hatta, etc. 

–  Gauge invariant but frame dependent 

•  X. Ji, J.H. Zhang, Y. Zhao; Y. Hatta, X. Ji, Y. Zhao   
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Sg = d 3∫ x Tr (
!
E ×
!
Aphys ),   A

µ = Aphys
µ + Apure

µ ,    Fpure
µν = 0;

Aphys
µ  →  g† Aphys

µ g,   Apure
µ  →  g† Apure

µ g − i
g

g† ∂µ g

 Di Aphys
i = ∂i Aphys

i − ig [Ai , Aphys
i ]= 0  

Infinite momentum frame  

Gauge invariant decomposition 
 
!
J =
!
Sq +
!
Lq +
!
SG +

!
LG

   
      
!
Ea (0)×

!
Aphys

a
pz→ ∝⎯ →⎯⎯  

!
Ea (0)×

!
Aa (0)− 1

∇+

!
∇A+ ,b( )Lba (ξ− ,0)

⎛
⎝⎜

⎞
⎠⎟



   

Glue Spin and Helicity ΔG 
•  Large momentum limit  

–  Calculate Sg at finite Pz 

–  Match to MS-bar scheme at 2 GeV 
–  Large momentum effective theory to match to IMF 
–  Similar proof for the quark and glue orbital angular momenta 

which are related to form factors in generalized TMD (GTMD) 
   (Y. Zhao, KFL, and Y. Yang, arXiv:1506.08832) 

•  Solution of Aphys  -- related to A in Coulomb gauge 
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Sg  =

〈PS | d 3x Tr (
!
E ×
!
Aphys )z | PS 〉∫

2EP

  PZ→ ∞⎯ →⎯⎯  ΔG

U µ (x) = gc(x)Uc
µ (x)gc

−1(x + aµ̂),
Upure

µ (x) ≡ gc(x)gc
−1(x + aµ̂),

Aphys
µ (x) ≡ i

ag0
U µ (x)−Upure

µ (x)( ) = gc(x)Ac(x)gc−1(x)+O(a).



   

SG in Coulomb gauge at p2 = 0 to 1.24 GeV2  
on the 243 x 64 and 323 x 64 lattices  

   

Tr(
!
E ×
!
Aphys ) = Tr(

!
E × gC

−1
!
AC gC ) = Tr(

!
EC ×

!
AC )

 0

 0.05

 0.1

 0.15

 0.2

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

S
G

(p
2
)

p2 (GeV2)

glue spin

a=0.112(3)
a=0.084(2)

Y. Yang (           ), 
Preliminary 
 
SG = 0.13(3) 

χQCD

a + b
P2



   

Summary and Challenges  
• Decomposition of proton spin and hadron masses 

into quark and glue components on the lattice is 
becoming feasible. Large momentum frame for 
the proton to calculate glue helicity remians a 
challenge.  

• `Proton Spin Crisis’ is likely to be the second 
example of observable U(1) anomaly.  

• Continuum limit at physical pion mass and large 
lattice volume (5.5 fm) with chiral fermions are 
being carried out.  
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