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Thanks to better methods (algorithms, formalism/theoretical understanding) 
and significant increases in computational resources we now have a 
growing number of results for  

 simple meson quantities with unprecedented precision 
  

 new quantities (two hadron systems, resonances, ...) with control over 
systematic errors 

Flavor Physics and Lattice QCD 
in the Precision Era
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Outline

Motivation and introduction  

Simple quantities with single, stable hadrons 
low-lying QCD spectrum  

weak decays (leptonic, semileptonic, mixing) 
    ➙ CKM, BSM phenomenology  
high precision ➙ including QED 

Conclusions & Outlook
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…

Lattice QCD

generic EW process involving hadrons:

(experiment) = (known) x (CKM element) x (had. matrix element)

⬆
parameterize the ME in 
terms of form factors, 
decay constants, bag 

parameters, ...
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Why Lattice QCD?
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Introduction to Lattice QCD

use monte carlo methods (importance sampling) to evaluate the integral.

Note: Integrating over the fermion fields leaves det(D +m) in the integrand. The  
          correlation functions, O, are then written in terms of (D+m)-1 and gluon fields.

/
/

1. generate gluon field configurations according to det(D+m) e-S 

2. calculate quark propagators, (D+mq)-1, for each valence quark flavor and source 
point 

3. tie together quark propagators into hadronic correlation functions (usually 2 or 3-
pt functions) 

4. statistical analysis to extract hadron masses, energies, hadronic matrix elements, 
…. from correlation functions 

5. systematic error analysis

steps of a lattice QCD calculation:

/

/
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...of lattice spacing, chiral, and finite volume effects is based on EFT 
(Effective Field Theory) descriptions of QCD ➙ ab initio 

The EFT description:  
 provides functional form for extrapolation (or interpolation) 
 can be used to build improved lattice actions/methods 
 can be used to anticipate the size of systematic effects

6

systematic error analysis
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systematic error analysis

7

a (fm) 

L 

L 

a 

x 

discretization effects

discrete space-time ➙ discrete QCD action 

Symanzik EFT:  
p is the typical momentum scale associated with 
for light quark systems, p ~𝛬QCD

hOilat = hOicont +O(ap)n

The form of O(ap)n depends on the details of the lattice action.  

All modern light-quark actions start at n = 2 
(improved Wilson, twisted-mass Wilson, asqtad, HISQ, Domain Wall, Overlap, ...). 

hOi
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•  If we use light quark actions for heavy quarks,  
    discretization errors ~ O(amh)2,     
      with currently available lattice spacings 

for charm  amc ~ 0.15-0.6              and for b:     amb > 1 
   

             need effective field theory methods for b quarks    
             for charm lattice spacings are sufficiently small so that we can use improved  

        light quark methods  

• avoid errors of  (amb)2  by using EFT in the formulation/matching of lattice action/currents: 
✦ relativistic HQ actions (Fermilab, Columbia, Tsukuba) 
✦ HQET 
✦ NRQCD 

or 

•  use the same improved light quark action as for charm (HISQ, twisted mass Wilson, NP imp. 
Wilson, Overlap, ...)   

✦ keep  amh  < 1 
✦ use HQET and/or static limit to extrapolate to the physical b quark mass

systematic error analysis

discretization effects for b quarks

a (fm) 

L 
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Simulations with mlight = 1/2 (mu + md) at the physical u/d quark masses are 
now available, but many results still have  
                                                                mlight  > 1/2 (mu + md)phys  

𝜒PT  can be used to extrapolate/interpolate to the physical point.  
 Can include discretization effects (for example, staggered 𝜒PT)  
 It is now common practice to perform a combined continuum-chiral 

extrapolation/interpolation

9

systematic error analysis

light quark mass effects
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systematic error analysis

finite volume effects

One stable hadron (meson) in initial/final state: 

If L is large enough, FV error  
 keep 

To quantify residual error: 
 include FV effects in CPT  

 compare results at several Ls (with other parameters fixed) 

The story changes completely with two or more hadrons in initial/final state! 
(or if there are two or more intermediate state hadrons) 

see talks by:  X. Feng and S. Sharpe later today 
   M. Buchoff  (Wed) 
   W. Detmold (Fri) 
 

m⇡ L & 4

⇠ e�m⇡ L
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systematic error analysis

other effects

ü statistical errors:   from monte carlo integration 
consider/include systematic errors from correlator fit procedure 

ü nf dependence:  realistic sea quark effects:  use nf = 2+1 or nf = 2+1+1
    Note: nf = 2 (effects due to quenching the strange quark appear to be small) 

v renormalization (and matching): 
⇒ with lattice perturbation theory: need to include PT errors 
⇒ nonperturbative methods 
⇒ use absolutely normalized currents where possible
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systematic error analysis

...of lattice spacing, chiral, and finite volume effects is based on EFT 
(Effective Field Theory) descriptions of QCD ➙ ab initio 

The EFT description:  
 provides functional form for extrapolation (or interpolation) 
 can be used to build improved lattice actions/methods 
 can be used to anticipate the size of systematic effects 

To control and reliably estimate the systematic errors  
 repeat the calculation on several lattice spacings, light 

quark masses, spatial volumes, ...
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systematic error analysis

For example, set of ensembles by MILC collaboration

Five collaborations have now generated sets of ensembles that include sea 
quarks with physical light-quark masses: 
    

            PACS-CS, BMW, MILC, RBC/UKQCD, ETM

MILC nf = 2+1+1



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015

MILC nf = 2+1+1

14

systematic error analysis

For example, set of ensembles by MILC collaboration

Five collaborations have now generated sets of ensembles that include sea 
quarks with physical light-quark masses: 
    

            PACS-CS, BMW, MILC, RBC/UKQCD, ETM

MILC nf = 2+1+1

963 x 192 
a = 0.06 fm
L = 5.8 fm
~660 confs
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Strategy

• Lattice QCD action has the same free parameters as continuum QCD:         
 quark masses and αs

  

• use experimentally measured hadron masses as input, for example: 
 π, K, Ds, Bs  mesons for u, d, s, c, b quark masses 

• need an experimental input to determine the lattice spacing (a) in GeV: 
 2S-1S splitting in Υ system, fπ, Ω, 𝛯 mass, … 
 
• lattice QCD calculations of all other quantities should agree with 
experiment …

15
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Simple quantities in LQCD 

Stable (under the strong interaction) hadrons, masses and amplitudes 
with no more than one initial (final) state hadron, for example:

•  π, K, D, Ds, B, Bs mesons 
      spectrum, decay constants, weak matrix elements for mixing, 
      semileptonic and rare decay form factors 

• charmonium and bottomonium (ηc, J/ψ, hc, …, ηb, Υ(1S), Υ(2S), ..)
  states below open D/B threshold 
      spectrum, leptonic widths, electromagnetic matrix elements 
  

• stable baryons 
  spectrum, matrix elements of local operators

This list includes low-lying hadron spectrum and most of the important 
quantities for CKM physics.  
Excluded are ρ, K* mesons and other resonances.

16
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Simple quantities in LQCD 

17

low-lying hadron spectrum  
weak decays (leptonic, semileptonic, mixing) 
  

 ➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 
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Low-lying hadron spectrum

18
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© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

π…Ω: BMW, MILC, PACS-CS, QCDSF; η-ηʹ′: RBC, UKQCD, Hadron Spectrum (ω); 
D, B: Fermilab, HPQCD, Mohler-Woloshyn

LQCD prediction

predicted by LQCD 
(HPQCD + FNAL 
2004) before exp.  
measurement (CDF)

new results for 
charmed baryons 
shown in appendix
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Simple quantities in LQCD 
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low-lying hadron spectrum  
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 
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K+ ! µ+⌫µ

20

example:

Leptonic K, D, B decays

s̄

u

W
µ+

⌫µ

K+

fK+/f⇡+

�

�
K+ ! `+⌫`(�)

�
= (known)⇥ (1 + �`EM)⇥ |Vus|2 ⇥ f2

K+

 use experiment + LQCD input for determination of CKM element 

 similar for B (|Vub|) and D(s) (|Vcd(s)|) mesons 
 

 ratios for example               : statistical and systematic errors tend 
to cancel. 

         includes structure dependent EM corrections. It is needed to 
relate the “pure QCD” decay constant to experiment and is currently 
estimated phenomenologically. 

�`EM
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K0 ! ⇡�`+⌫`
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semileptonic K, D, B decays

example:

K0

ū

d

⇡�

s̄
W

µ+

⌫µ

�K`3 = (known)⇥
✓

phase

space

◆
⇥ (1 + �K`

EM + �K⇡
SU(2))⇥ |Vus|2 ⇥ |fK0⇡�

+ (0)|2

Needed to relate “pure QCD” form 
factor to experiment. Currently 
estimated phenomenologically. 
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Neutral K, B mixing

22

B0

b̄

W

u, c, t

W

ū, c̄, t̄

B0

d̄

d b

B0

b̄

B0

d̄

d b

also:

⇠ ⌘ fBs

p
BBs

fBd

p
BBd

�Ms
�Md

= mBs
mBd

⇥
���Vts
Vtd

���
2
⇥ ⇠2 with

SM:

��q =

h
G1 h ¯B0

q |O1|B0
q i+G3 h ¯B0

q |O3|B0
q i
i
cos�q +O(1/mb)

�Mq = (known)⇥ |V ⇤
tqVtb|2 ⇥ h ¯B0

q |O1|B0
q i

Oi

✏K = (known)⇥BK ✏ ⇥ |Vcb|2 ⇥ ⌘̄ ⇥ f(⇢̄, ⌘̄, Vcb, ⌘i)

Standard Model
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Neutral K, B mixing
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B0

b̄

W

u, c, t

W

ū, c̄, t̄

B0

d̄

d b

B0

b̄

B0

d̄

d b

Standard Model

Oi

In general : 
O1 = (b̄��µLq

�) (b̄⇥�µLq
⇥)

O2 = (b̄�Lq�) (b̄⇥Lq⇥)

O3 = (b̄�Lq⇥) (b̄⇥Lq�)

O4 = (b̄�Lq�) (b̄⇥Rq⇥)

O5 = (b̄�Lq⇥) (b̄⇥Rq�)

SM: BSM: 

He↵ =
5X

i=1

ci(µ)Oi(µ)

Recent and ongoing LQCD calculations of K, D, and B mixing quantities 
now include results for hadronic matrix elements of all five operators. 
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Simple quantities in LQCD 
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low-lying hadron spectrum  
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 
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Kaon summary

25

 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 

status as of 
mid 2015

            

preliminary preliminary

courtesy of S. Simula (FLAG-3, Vus working group)

0.25%

0.26%
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Kaon summary
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 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 

            

preliminary

courtesy of S. Simula (Vus working group) 
and H. Wittig (BK working group)

0.33%

1.3%
preliminary

status as of 
mid 2015
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Kaon summary
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fK+/f⇡+

fK

f⇡

fK⇡
+ (0)

B̂K

For all quantities there are results that use physical mass ensembles
errors (in %) preliminary FLAG-3 averages

independent results (different methods) 

small errors due to 
✦ physical light quark masses 
✦ improved light-quark actions 
✦ ensembles with small lattice spacings  
✦ NPR or no renormalization
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Simple quantities in LQCD 
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low-lying hadron spectrum ➙ quark masses 
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 
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Figure 1: Decay constants of the D and Ds mesons [values in Table 1]. The significance of
the colours is explained in the Introduction. The black squares and grey bands indicate our
averages.

• Nf = 2 averages did not change wrt FLAG-2. For Nf = 2 + 1 the fDs average changes
by including the �QCD 14sea result:

fDs = 249.8(2.3) for Nf = 2 + 1

Nf = 2 + 1 + 1 averages = 212.15(1.12) MeV, 248.83(1.27) MeV and 1.1716(32).

• “Experimental” average of the ratio: 1.258(38) from [18] and PDG. Pretty o↵ from our
values ...

• Both FNAL/MILC 14wgs and ETM 14poa observe second row unitarity tensions
(1- ...=-0.07(4) and -0.08(5) by the two groups respectively).

• ETM Nf = 2+1+1 simulation details in [19]. In ETM 14poa fDs/mDs is fitted instead of
fDs

p
mDs as the first is found to have smaller discretization e↵ects (see also ETM 13F).

• �QCD simulation details in [20]. Renormalization (NP) in [21].

4

D meson summary
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 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 

Figure 1: Decay constants of the D and Ds mesons [values in Table 1]. The significance of
the colours is explained in the Introduction. The black squares and grey bands indicate our
averages.

• Nf = 2 averages did not change wrt FLAG-2. For Nf = 2 + 1 the fDs average changes
by including the �QCD 14sea result:

fDs = 249.8(2.3) for Nf = 2 + 1

Nf = 2 + 1 + 1 averages = 212.15(1.12) MeV, 248.83(1.27) MeV and 1.1716(32).

• “Experimental” average of the ratio: 1.258(38) from [18] and PDG. Pretty o↵ from our
values ...

• Both FNAL/MILC 14wgs and ETM 14poa observe second row unitarity tensions
(1- ...=-0.07(4) and -0.08(5) by the two groups respectively).

• ETM Nf = 2+1+1 simulation details in [19]. In ETM 14poa fDs/mDs is fitted instead of
fDs

p
mDs as the first is found to have smaller discretization e↵ects (see also ETM 13F).

• �QCD simulation details in [20]. Renormalization (NP) in [21].

4

0.3%0.6%

status 
mid 2015

preliminary

2013

preliminarypreliminary
0.6%

courtesy of M. Della Morte (HQ working group)
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D meson summary
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errors (in %) (preliminary) FLAG-3 averages + new results 

fDs/fD+

fDs

fD+

fDK
+ (0)

fD⇡
+ (0)

B̂i
D

small errors due to 
✦ physical light quark masses (fD(s))  
✦ improved charm-quark action 
✦ ensembles with small lattice spacings 
✦ PCAC or NPR

• First results for D mixing bag parameters  
(all five) of local operators by ETM (2013, 
2014) nf = 2, 2+1+1

• work in progress:  
FNAL/MILC (J. Chang thesis), see backup 
slides
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Simple quantities in LQCD 
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low-lying hadron spectrum ➙ quark masses 
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015

B meson summary

32

Figure 2: Decay constants of the B and Bs mesons. The values are taken from Table 2 (the
fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is explained in
section ??. The black squares and grey bands indicate our averages in Eqs. (1), (2) and (3).

Figure 3: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Table 3 (the fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is
explained in section ??. The black squares and grey bands indicate our averages in Eqs. (1),
(2) and (3).
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Figure 2: Decay constants of the B and Bs mesons. The values are taken from Table 2 (the
fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is explained in
section ??. The black squares and grey bands indicate our averages in Eqs. (1), (2) and (3).

Figure 3: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Table 3 (the fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is
explained in section ??. The black squares and grey bands indicate our averages in Eqs. (1),
(2) and (3).
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⇠ BBs/BBd

RBC/UKQCD 14nga [65] 2+1 A � � � � X 1.208(41)(52) 1.028(60)(49)

FNAL/MILC 12 [76] 2+1 A � � F � X 1.268(63) 1.06(11)

RBC/UKQCD 10C [72] 2+1 A ⌅ ⌅ ⌅ � X 1.13(12) �
HPQCD 09 [68] 2+1 A � �r � � X 1.258(33) 1.05(7)

ETM 13B [15] 2 A F � � F X 1.225(16)(14)(22) 1.007(15)(14)
ETM 12A, 12B [54, 75] 2 C F � � F X 1.21(6) 1.03(2)

rWrong-spin contributions are not included in the rS�PT fits.

Table 5: Results for SU(3) breaking ratios of neutral Bd and Bs meson mixing matrix elements
and bag parameters.

Figure 5: The SU(3) breaking quantities ⇠ and BBs/BBd [values in Table 5 and Eqs. (6) and
(9)].

12

courtesy of  
M. Della Morte  
(HQ working group)

status 
mid 2015

preliminary

preliminary

preliminary

preliminary
preliminary

FNAL/MILC Lat 15 (preliminary)

0.7%
1.6%

2.2% 2.2%

 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 
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at zero recoil (HFAG 2014):  

 need form-factors at non-zero recoil for  shape comparison, R(D)

33

d�(B!D`⌫)
d! = (known)⇥ |Vcb|2 ⇥ (!2 � 1)

3/2|G(!)|2

d�(B!D⇤`⌫)
d! = (known)⇥ |Vcb|2 ⇥ (!2 � 1)

1/2|F(!)|2

B ! D`⌫ :

B ! D⇤`⌫ :

Form factors forB ! D(⇤)`⌫ & Vcb

⌘EW|Vcb|G(1) = (42.65± 0.71± 1.35) 10�3

⌘EW|Vcb|F(1) = (35.81± 0.11± 0.44) 10�3
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B ! ⇡`⌫

d

B0

b̄ ū

⇡�

W

µ+

⌫µ

d�(B!⇡`⌫)
dq2 = (known)⇥ |Vub|2 ⇥

��f+(q2)
��2

Semileptonic B-meson decay to light hadrons

Example:

★ shape for semileptonic B decays: 
     use z-expansion for model-independent parameterization of q2 dependence
     (see back-up slide)
★  calculate all form factors,                    (and           for the corresponding rare 
decay) 
★  LQCD predictions of                   form factors exist (HPQCD, RBC/UKQCD) and 
more are in progress (FNAL/MILC). 

Bs ! K`⌫

f+(q
2), f0(q

2) fT (q
2)
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Form factors forB ! D(⇤)`⌫ & Vcb

FNAL/MILC (arXiv:1503.07237, PRD 2015)
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FIG. 13. Form factors using both lattice and BaBar [24]
inputs, together with the experimental data points.

TABLE V. Error budget table for |V
cb

|. The first three rows
are from experiments, and the rest are from lattice simula-
tions.

Type Partial errors [%]

experimental statistics 1.55

experimental systematic 3.3

meson masses 0.01

lattice statistics 1.22

chiral extrapolation 1.14

discretization 2.59

kinematic 0.96

matching 2.11

electro-weak 0.48

finite size e↵ect 0.1

total 5.34

|Vcb| has been reported from multiple lattice and non-
lattice calculations. We compare the di↵erent determi-
nations in Fig. 14. Our result agrees with other exclusive
calculations, particularly with the most accurate result
from B ! D

⇤
l⌫, but it is also compatible within errors

with the inclusive determination. Since the discretization
error is one of the dominant errors in our calculation,
lattice errors can be reduced in the future by working on
more ensembles with finer lattice spacings.

VII. THE R(D) RATIO

The experimental data used in the previous section
to extract |Vcb| were for semileptonic decays with light

0.035 0.04 0.045 0.05
|Vcb|

this work+BaBar 2010
Fermilab/MILC (exclusive B to D)
Fermilab/MILC (exclusive B to D*)
Inclusive (PRL 114, 061802)

FIG. 14. |V
cb

| comparisons between inclusive and exclusive
determinations.

leptons in the final state. BaBar has also studied decays
involving the much heavier ⌧ lepton, B ! D⌧⌫⌧ , and
measured the ratio,

R(D) =
B(B ! D⌧⌫⌧ )

B(B ! Dl⌫)
, (46)

where l is either an electron or a muon. They find

R(D)|exp. = 0.440(58)(42), (47)

where the first error is the statistical and the second is
the systematic error [26].

Here we present a Standard Model prediction for R(D)
based on our new form factors. Fig. 15 compares di↵er-
ential branching fractions of Eq. (44) for B ! D⌧⌫⌧ and
for B ! Dl⌫. Although only f+(q2) contributes to the
l⌫ case, both f+(q2) and f0(q2) are involved in the ⌧⌫⌧

branching fraction. Integrating over q2 we obtain,

R(D)|SM = 0.300(8). (48)

Table VI shows a detailed error budget for R(D). Fig. 16
gives a comparison plot for di↵erent determinations of
R(D). All Standard Model based calculations are in good
agreement with each other. The di↵erence between our
result and experiment is at the 2� level. We note that
we do not use any experimental results to extract R(D).
Our result gives the most accurate pure Standard Model
prediction to date for R(D).

VIII. SUMMARY AND FUTURE PROSPECTS

In this paper we have presented a new lattice QCD
calculation of the B ! Dl⌫ semileptonic decay form fac-

HPQCD (arXiv:1505.03925, PRD 2015)

|Vcb| = 40.2 (1.7) (1.3)10-3

• combined fit to LQCD form factors + BaBar data.  

• LQCD form factor errors (~1.2%) smaller than experiment.  
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Form factors forB ! D(⇤)`⌫ & Vcb

FNAL/MILC (arXiv:1503.07237, PRD 2015)
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FIG. 13. Form factors using both lattice and BaBar [24]
inputs, together with the experimental data points.

TABLE V. Error budget table for |V
cb

|. The first three rows
are from experiments, and the rest are from lattice simula-
tions.

Type Partial errors [%]

experimental statistics 1.55

experimental systematic 3.3

meson masses 0.01

lattice statistics 1.22

chiral extrapolation 1.14

discretization 2.59

kinematic 0.96

matching 2.11

electro-weak 0.48

finite size e↵ect 0.1

total 5.34

|Vcb| has been reported from multiple lattice and non-
lattice calculations. We compare the di↵erent determi-
nations in Fig. 14. Our result agrees with other exclusive
calculations, particularly with the most accurate result
from B ! D

⇤
l⌫, but it is also compatible within errors

with the inclusive determination. Since the discretization
error is one of the dominant errors in our calculation,
lattice errors can be reduced in the future by working on
more ensembles with finer lattice spacings.

VII. THE R(D) RATIO

The experimental data used in the previous section
to extract |Vcb| were for semileptonic decays with light

0.035 0.04 0.045 0.05
|Vcb|

this work+BaBar 2010
Fermilab/MILC (exclusive B to D)
Fermilab/MILC (exclusive B to D*)
Inclusive (PRL 114, 061802)

FIG. 14. |V
cb

| comparisons between inclusive and exclusive
determinations.

leptons in the final state. BaBar has also studied decays
involving the much heavier ⌧ lepton, B ! D⌧⌫⌧ , and
measured the ratio,

R(D) =
B(B ! D⌧⌫⌧ )

B(B ! Dl⌫)
, (46)

where l is either an electron or a muon. They find

R(D)|exp. = 0.440(58)(42), (47)

where the first error is the statistical and the second is
the systematic error [26].

Here we present a Standard Model prediction for R(D)
based on our new form factors. Fig. 15 compares di↵er-
ential branching fractions of Eq. (44) for B ! D⌧⌫⌧ and
for B ! Dl⌫. Although only f+(q2) contributes to the
l⌫ case, both f+(q2) and f0(q2) are involved in the ⌧⌫⌧

branching fraction. Integrating over q2 we obtain,

R(D)|SM = 0.300(8). (48)

Table VI shows a detailed error budget for R(D). Fig. 16
gives a comparison plot for di↵erent determinations of
R(D). All Standard Model based calculations are in good
agreement with each other. The di↵erence between our
result and experiment is at the 2� level. We note that
we do not use any experimental results to extract R(D).
Our result gives the most accurate pure Standard Model
prediction to date for R(D).

VIII. SUMMARY AND FUTURE PROSPECTS

In this paper we have presented a new lattice QCD
calculation of the B ! Dl⌫ semileptonic decay form fac-

HPQCD (arXiv:1505.03925, PRD 2015)

|Vcb| = 40.2 (1.7) (1.3)10-3

2015/07/24 Robin Glattauer, EPS-HEP 2015 20

B→D νℓ : Vcb Fit

● Additional plots

● CLN (two params, heavy quark symmetry)          BGL (more params, less constraints)
Lepton – and B+/B0 separated &t results:            Form factors f

+
, f

0

MILC data from: [arXiv:1503.07237]

HPQCD data from: [arXiv:1505.03925]

Belle 
preliminary

Belle 
preliminary

|Vcb|G(1)η
EW

 and ρ² are the two free 

parameters of the &t 

Relation between f
+
 and G(w):

R. Glattauer (Belle) @ EPS 2015

P. Gambino, global fit (Belle + BaBar + HPQCD + FNAL/MILC) @ EPS 2015: 

|Vcb| = 41.09 (95) 10-3
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R(D)
0.2 0.4 0.6

BaBar

 0.042± 0.058 ±0.440 

Belle

 0.026± 0.064 ±0.375 

Average 

 0.028± 0.041 ±0.391 

SM prediction 

 0.017±0.297 

HFAG
Prel. EPS15

/dof = 0.4/ 1 (CL = 52.00 %)2χ

FNAL/MILC

HPQCD

R(D)
0.2 0.3 0.4 0.5 0.6

R(
D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, arXiv:1507.03233
LHCb, arXiv:1506.08614
Average

 = 1.02χ∆

SM prediction

HFAG

EPS 2015

) = 55%2χP(

HFAG
Prel. EPS2015

HFAG average for EPS 2015

The ratio R(D(⇤))

R(D(⇤)) =
B(B ! D(⇤)⌧⌫⌧ )

B(B ! D(⇤)`⌫)

HFAG average: combined 3.9𝜎 excess



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015 38

B ! ⇡`⌫ & VubForm factor for

FNAL/MILC

|Vub| = 3.72 (16) 10-3
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RBC/UKQCD   
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 z 
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BABAR 2010 (untagged)
BELLE 2013 B0 (tagged)
BELLE 2013 B- (tagged)
BELLE 2010 (untagged)
This work

FIG. 16. Model-independent determination of |Vub| from a combined fit of experimental measurements of the B ! ⇡`⌫
branching fraction [2–5] and our lattice result for the B ! ⇡`⌫ form factor f

+

(q2) to the BCL z parametrization, Eqs. (44)
and (45), with K = 3. The left plot shows (1� q2/m2

B⇤)f
+

(q2) vs. z (where the experimental data have been rescaled by the
value of |Vub| determined in the fit), while the right plot shows �B/�q2 vs. q2 (where the lattice points have been rescaled by
|Vub|). In both plots, the filled black circles show the lattice data, while the open colored symbols show the experimental data.
The black curve with gray error band shows the fit result.

TABLE XIII. Determinations of |Vub| from a comparison
of the measured B ! ⇡`⌫ partial branching fractions with
the normalized partial decay rate �⇣B⇡(16 GeV2, q2

max

) =
1.77(34) calculated from our preferred BCL paramterization
of the vector form factor fB⇡

+

(q2).

�B(16 GeV2, q2
max

)⇥ 107 |Vub|⇥ 103

All 368(19) 3.69(37)
BaBar 2010 [2] 319(34) 3.44(38)
BaBar 2012 [4] 369(32) 3.70(39)
Belle 2010 [3] 398(30) 3.84(40)
Belle 2013 [5] 386(51) 3.78(44)

on the normalization of the form factor b
0

in Table XI is
9.4%, while the error on the normalization of the experi-
mental branching fraction from theK = 3 fit to all exper-
imental data b

0

|V
ub

| is 2.2%. Adding these in quadrature
leads to a total error of 9.7%. Thus we conclude that
the combined z-fit of all lattice and experimental data is
indeed the best approach for minimizing the uncertainty
on |V

ub

|.

B. Standard-Model predictions for B ! ⇡`⌫ and
Bs ! K`⌫ observables

The Standard-Model di↵erential decay rate for B
(s)

!
P `⌫ is given in Eq. (1). Using the experimentally mea-
sured lepton and meson masses [10], we obtain predic-
tions for the di↵erential decay rate divided by |V

ub

|2.
These are plotted for the muon and ⌧ -lepton final states

in Fig. 17, where we use “muon” to denote decays to ei-
ther of the light charged leptons (` = µ, e) throughout
this section. Integrating the di↵erential decay rates over
the kinematically-allowed q

2 range gives2

�(B ! ⇡µ⌫)/|V
ub

|2 = 6.2(2.5) ps�1

, (59)

�(B ! ⇡⌧⌫)/|V
ub

|2 = 4.3(1.2) ps�1

, (60)

�(B
s

! Kµ⌫)/|V
ub

|2 = 4.55(1.08) ps�1

, (61)

�(B
s

! K⌧⌫)/|V
ub

|2 = 3.52(0.60) ps�1

, (62)

with errors of about 25–40% and 15–30% for the µ and ⌧

final states, respectively. We also use the determination
of |V

ub

| from our calculation of the B ! ⇡`⌫ form factors
(Eq. (55)) to make predictions for the B

s

! K`⌫ di↵er-
ential branching fractions for ` = µ, ⌧ . These are plotted
in Fig. 18. For comparison, we also show the prediction
for dB/dq2 using the determination of |V

ub

| from inclu-
sive B ! X

u

`⌫ decay [66]. The form-factor uncertainties
are su�ciently small for q

2 ⇠> 13 GeV2 that, given an
experimental measurement of the branching fraction in
this region with commensurate precision, one can distin-
guish between the curves corresponding to |V

ub

|
excl.

and
|V

ub

|
incl.

. Thus we anticipate that B

s

! K`⌫ semilep-
tonic decay will eventually play an important role in ad-
dressing the current “|V

ub

| puzzle.”
Semileptonic decays to ⌧ leptons may be particularly

sensitive to new physics associated with electroweak sym-

2 In practice, the full kinematic range may not be accessible ex-
perimentally, in which case the limits of integration here and
throughout this section will need to be changed accordingly.

|Vub| = 3.61 (32) 10-3

FNAL/MILC (arXiv:1503.07839, PRD 2015)RBC/UKQCD (arXiv:1501.05373, PRD 2015)

New: First determination of |Vub/Vcb| from baryon decay! 
    (Detmold et al, arXiv:1503.01421, PRD 2015) + LHCb (arXiv:1504.01568, Nature 2015)

RFF =
|Vcb|2

|Vub|2

R q2
max

15GeV2

d�(⇤b!pµ⌫)
dq2 dq2

R q2
max

7GeV2

d�(⇤b!⇤cµ⌫)
dq2 dq2

= 1.471± 0.094± 0.109
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fBs/fB

fBs

fB

FB!D⇤
(1)

GB!D(1)

fB!⇡
+ (q2)

⇠

R(D)

B meson summary

39

errors (in %) (preliminary) FLAG-3 averages + new results 

⇤b ! p/⇤b ! ⇤cNew: form factors for 
 (Detmold et al,arXiv:1503.01421, PRD 2015)
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Simple quantities in LQCD 

40

low-lying hadron spectrum ➙ quark masses  
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED

Focus on results with complete error budgets and reliable  
systematic error estimates. 
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0.9484 0.9488 0.9492 0.9496

|Vud|
2

0.0492

0.0496

0.05

0.0504

0.0508

|V
us
|2

41

Implications for the 1st row of the CKM Matrix 

|Vud|2 + |Vus|2 + |Vub|2 = 1 |Vub| ⇡ 4⇥ 10�3 ⇡ 0

Constraining |Vus| using FLAG-3 averages for  
Kl3  form factor or for  

The uncertainty on |Vus|2 is slightly smaller than 
the uncertainty on |Vud|2  

Slight tension between Kl2  and Kl3  and for Kl3  

with unitarity prediction.  

Time to revisit the uncertainty on |Vud| ?

fK+/f⇡+

fK!⇡
+ (0)

fK+/f⇡+

𝛽-decay



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015 42

Implications for the 2nd row of the CKM Matrix ,      , 2nd row CKM unitarity|Vcd| |Vcs|

precise semileptonic determination will be interesting, sensitivity to 
|Vcb| around the corner

|Vcd|2 + |Vcs|2 + |Vcb|2 � 1 = 0.04(6)X

C. Pena review @ Lattice 2015

Slight tension for |Vcs| 
from leptonic decay 
with CKM unitarity 
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Exclusive vs. inclusive |Vcb| and |Vub|

A. Kronfeld (priv. communication)

35 36 37 38 39 40 41 42 43 44 45

103|Vcb|

3.0

3.5

4.0

4.5

10
3 |V

ub
|

© 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory

|Vub|/|Vcb| (latQCD + LHCb)
|Vub| (latQCD + BaBar + Belle)
|Vcb| (latQCD + BaBar + Belle)
|Vcb| (latQCD + HFAG, w = 1)
p = 0.19
∆χ

2 = 1
∆χ

2 = 2
inclusive |Vxb|

⇤b
! p`⌫

/⇤b
! ⇤c`⌫

B ! ⇡`⌫

B ! D`⌫

B ! D⇤`⌫

~3𝜎 tension between inclusive 
and exclusive |Vcb| and |Vub|

New (2015): 

• |Vcb| from  
• |Vub| from 
• |Vub/Vcb| from

B ! D`⌫

B ! ⇡`⌫

⇤b ! p`⌫/⇤b ! ⇤c`⌫
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Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010), E. Lunghi, private comm.

UT analysis 

Exclusive |Vcb|, |Vub|  (Kronfeld average) 

http://arXiv.org/abs/0910.2928
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Exclusive |Vcb|, |Vub|  (Kronfeld average)  
+ preliminary FNAL/MILC Lattice 15 

45

Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010), E. Lunghi, private comm.

UT analysis 

expectation 
for near future  

⇠

End 2015

http://arXiv.org/abs/0910.2928
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CMS+LHCb combined  (Nature 2015)

SM predictions depend on fB(s) or  B̂Bs

Bs ! µ+µ�BSM phenomenology 



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015 47

Mt

tBs

FBs

»Vtb
*Vts»

1.5%

0.7%

2.7%

4.0%

Mt

tBs
DMs

B
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Figure 1: Error budgets for the two branching ratio calculations of Bs ! µ+µ� in the
Standard Model given in (30) (left) and (33) (right).

The most recent world averages for FBs [3] and ⌧Bs [4] are

FBs = (225 ± 3) MeV, ⌧Bs = 1.503(10) ps (31)

to be compared with FBs = (227 ± 8) MeV and ⌧Bs = 1.466(30) ps used in Ref. [2].
While the change in ⌧Bs is an experimental improvement, confirmation of the impressive
accuracy on FBs is eagerly awaited. In Ref. [2] a more conservative approach has been
used, but here we follow Ref. [3], updating also ⌧Bs . With unchanged input on Mt and Vts

with respect to Ref. [2] we arrive at (1) and consequently, after including the correction
from ��s, at (4).

Now as stressed and analysed in [2, 25] additional modifications could come from
complete NLO electroweak corrections, which have just been completed (M. Gorbahn,
private communication) and a↵ect the overall factor in (30) by roughly 3%. The leftover
uncertainties due to unknown NNLO corrections are therefore fully negligible. Taking
at face value the present error on FBs , the current error budget for the branching ratio
is as follows:

Mt : 1.5%, FBs : 2.7%, ⌧Bs : 0.7%, |V ⇤
tbVts| : 4%, (32)

It is also depicted in the left panel of Figure 1. Evidently, after completion of NLO
electroweak e↵ects and improved values of FBs , the error on |V ⇤

tbVts| is now the largest
uncertainty but this assumes that the error on FBs is indeed as small as obtained in
Ref. [3].

While the small error on FBs is expected to be consolidated soon, the decrease of the
error in |Vts| appears to be much harder. In this context it should be recalled that the
branching ratio in question can also be calculated by using the mass di↵erence �Ms [26].
The updated parametric formula (13) of the latter paper reads

BR(Bs ! µ+µ�)SM = 3.38 ⇥ 10�9

✓
Mt

173.2 GeV

◆1.6 ✓
⌧Bs

1.500ps

◆✓
1.33

B̂Bs

◆✓
�Ms

17.72/ps

◆
.

(33)

7

Standard Model prediction:  Buras, et al (arXiv:1303.3820, JHEP 2013),  
Bobeth, et al (arXiv:1311.0903, PRL 2014)
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Figure 1: Error budgets for the two branching ratio calculations of Bs ! µ+µ� in the
Standard Model given in (30) (left) and (33) (right).

The most recent world averages for FBs [3] and ⌧Bs [4] are

FBs = (225 ± 3) MeV, ⌧Bs = 1.503(10) ps (31)

to be compared with FBs = (227 ± 8) MeV and ⌧Bs = 1.466(30) ps used in Ref. [2].
While the change in ⌧Bs is an experimental improvement, confirmation of the impressive
accuracy on FBs is eagerly awaited. In Ref. [2] a more conservative approach has been
used, but here we follow Ref. [3], updating also ⌧Bs . With unchanged input on Mt and Vts

with respect to Ref. [2] we arrive at (1) and consequently, after including the correction
from ��s, at (4).

Now as stressed and analysed in [2, 25] additional modifications could come from
complete NLO electroweak corrections, which have just been completed (M. Gorbahn,
private communication) and a↵ect the overall factor in (30) by roughly 3%. The leftover
uncertainties due to unknown NNLO corrections are therefore fully negligible. Taking
at face value the present error on FBs , the current error budget for the branching ratio
is as follows:

Mt : 1.5%, FBs : 2.7%, ⌧Bs : 0.7%, |V ⇤
tbVts| : 4%, (32)

It is also depicted in the left panel of Figure 1. Evidently, after completion of NLO
electroweak e↵ects and improved values of FBs , the error on |V ⇤

tbVts| is now the largest
uncertainty but this assumes that the error on FBs is indeed as small as obtained in
Ref. [3].

While the small error on FBs is expected to be consolidated soon, the decrease of the
error in |Vts| appears to be much harder. In this context it should be recalled that the
branching ratio in question can also be calculated by using the mass di↵erence �Ms [26].
The updated parametric formula (13) of the latter paper reads

BR(Bs ! µ+µ�)SM = 3.38 ⇥ 10�9

✓
Mt

173.2 GeV

◆1.6 ✓
⌧Bs

1.500ps

◆✓
1.33

B̂Bs

◆✓
�Ms

17.72/ps

◆
.

(33)

7

uses        from HPQCD 13fBs
uses         from HPQCD 09B̂Bs

Bs ! µ+µ�BSM phenomenology 

W

µ+

Bs
µ� Oi

µ+

Bs
µ�
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K(⇤)K(⇤)

He� = �4GF⇥
2
VtbV

⇤
ts

X

i

(CiOi + C 0
i O

0
i)

OPE

Vts

• SM GIM, loop, and Cabibbo suppressed

• O
(
i
0) are local operators

• C
(
i
0) are Wilson coe�cients (model specific)

• hadronic matrix elements �K(⇤)|O(
i
0)|B⇥

• observed rate constrains C(
i
0)

O(
9
0) =

e2

16⇥2
s̄�µPL(R)b ⇤̄�µ⇤

O(
7
0) =

emb

16�2
s̄⇥µ�PR(L)b Fµ�

O(
10
0) =

e2

16⇥2
s̄�µPL(R)b ⇤̄�µ�5⇤

e.g.

..
.

B ! K(⇤)⇤⇤, Bs ! ⇥⇤⇤ (b ! s�, b ! s⇤⇤ FCNCs)

52"

48

Z, �

WB+ K+

`+

`�

B+ K+

`+

`�

Oi

Form factors for B ! K,⇡ `+`�

Need 3 form factors: 

• low recoil (high q2) OPE 

• high recoil (low q2) SCET 

• compare theory with exp. 

f+,0,T (q
2) HPQCD for  

(arXiv:1306.0434, 1306.2384, PRL 2013) 
FNAL/MILC for  
(arXiv:1509.06235, 1507.01618, PRL 2015)

B ! K

B ! K,B ! ⇡

also:  
Cambridge group for  
(arXiv:1310.3722, 1310.3887, PRL 2014)  

B ! K⇤, Bs ! �



A. El-Khadra INT workshop, 28 Sep - 02 Oct 2015 49

FNAL/MILC (arXiv:1509.06235)
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FNAL/MILC (arXiv:1507.01618, 2015 PRL) 
4

TABLE III. Correlations between BCL coe�cients for fT with
those for f

+

and f
0

from Table XIX of Ref. [1], which include
experimental shape information from B ! ⇡`⌫ decay.

⇢ bT
0

bT
1

bT
2

bT
3

b+
0

0.514 0.140 0.078 0.065
b+
1

0.111 0.221 �0.010 �0.049
b+
2

�0.271 �0.232 �0.012 0.029
b+
3

�0.204 �0.215 �0.013 0.023
b0
0

0.243 �0.015 �0.025 �0.024
b0
1

0.005 0.134 0.070 0.057
b0
2

�0.002 �0.034 �0.032 �0.030
b0
3

�0.044 �0.061 0.005 0.017

decay B ! ⇡`⌫, one can use experimental measurements
of this process to constrain the shape of f

+

(q2), especially
at low q2. In Ref. [1], we obtain the CKM element |Vub|
from a combined z fit to our lattice-QCD results for f

+

and f
0

and measurements of ⌧Bd�(B ! ⇡`⌫)/dq2 from
BaBar [50, 51] and Belle [52, 53]. This joint fit also yields
the most precise current determinations of f

+

and f
0

. To
enable them to be combined with the results for fT from
Table II, Table III provides the correlations between the
z-expansion coe�cients for all three form factors. The
correlations are small, because f

+

contains independent
experimental information.

Using fT from this work and f
+

and f
0

just described,
we show the Standard-Model partial branching fractions
for B ! ⇡`+`� in Fig. 3. Other ingredients are needed
besides the form factors. We take the Wilson coe�cients
from Ref. [27], the CKM elements from Ref. [55], the me-
son masses and lifetimes from Ref. [43], and the b- and
c-quark masses from Ref. [7]. To calculate contributions
that cannot be parameterized by the form factors, we em-
ploy QCD factorization at low q2 [56–64] and an operator
product expansion (OPE) in powers of E⇡/

p
q2 at large

q2 [65–72]. Full details will be provided in Ref. [73].
Table IV presents numerical predictions for selected

q2 bins. The last error in parenthesis contains e↵ects
of parametric uncertainties in ↵s, mt, mb, mc; of miss-
ing power corrections, taking 10% of contributions not
directly proportional to the form factors; and of vio-
lations of quark-hadron duality, estimated to be 2% at
high-q2 [70]. At low q2, the uncertainty predominantly
stems from the form factors; at high q2, the CKM ele-
ments |V ⇤

tdVtb| and form factors each contribute similar
errors. Figure 3 and Table IV represent the second main
result of this Letter.

In the regions q2 . 1 GeV2 and 6 GeV2 . q2 .
14 GeV2, uū and cc̄ resonances dominate the rate. To
estimate the total BR, we simply disregard them and in-
terpolate linearly in q2 between the QCD-factorization
result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. While this treatment does not yield
the full branching ratio, it does enable a comparison
with LHCb’s published result, BR(B+ ! ⇡+µ+µ�) =

dB dq
2

(`
=
⌧
)

q2 2

⇢,!,� J/  0
dB dq

2

(`
=

e,
µ
)

[1
0�

9
�
2
]

�

b

FIG. 3. (color online) Partial branching fractions for B+ !
⇡+µ+µ� (upper panel) and B+ ! ⇡+⌧+⌧� (lower panel) out-
side the resonance regions. Di↵erent patterns (colors) show
the contributions from the main sources of uncertainty; those
from the remaining sources are too small to be visible. For
B+ ! ⇡+µ+µ�, new measurements from LHCb [54], which
were announced after our paper appeared, are overlaid.

TABLE IV. Standard-Model predictions for B+ ! ⇡+`+`�

partial branching fractions. Those for B0 decays can be ob-
tained by multiplying by the lifetime ratio (⌧B0/⌧B+)/2 =
0.463. Errors shown are from the CKM elements, form fac-
tors, variation of the high and low matching scales, and the
quadrature sum of all other contributions, respectively.

[q2
min

, q2
max

] 109 ⇥ BR(B+ ! ⇡+`+`�)
(GeV2) ` = e, µ ` = ⌧
[0.1, 2.0] 1.81(11,24,6,2)
[2.0, 4.0] 1.92(11,22,6,3)
[4.0, 6.0] 1.91(11,20,6,3)
[6.0, 8.0] 1.89(11,18,5,3)
[15, 17] 1.69(10,13,3,5) 1.11(7,8,2,4)
[17, 19] 1.52(9,10,2,4) 1.25(8,8,2,3)
[19, 22] 1.84(11,11,3,5) 1.93(12,10,4,5)
[22, 25] 1.07(6,6,3,3) 1.59(10,7,4,4)
[1, 6] 4.78(29,54,15,6)

[15, 22] 5.05(30,34,7,15) 4.29(26,25,7,12)
[4m2

` , 26.4] 20.4(1.2,1.6,0.3,0.5)

23(6)⇥ 10�9 [11], which was obtained from a similar in-
terpolation over these regions. Our result BR(B+ !
⇡+µ+µ�) = 20.4(2.1) ⇥ 10�9 agrees with LHCb, and
is more precise than the best previous theoretical esti-
mate [7] because we use fT directly, which avoids a large
uncertainty from varying the matching scale µ.

Phenomenology for  B ! K,⇡ `+`�
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Phenomenology for  B ! K,⇡ `+`�

Experiment vs. theory  
• LHCb data + FNAL/MILC form factors 

(arXiv:1509.00414,1403.8044, JHEP 2014) 
• focus on large bins above and below 

charmonium resonances 
• theory error commensurate with 

experiment 

• yields  ~1-2𝜎 tensions 

• ⇒ determine |Vtd/Vts,|Vtd|,|Vts|   
or constrain Wilson coefficients
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Summary
 simple quantities: 

kaons:  ~0.2-0.3% for SU(3) breaking ratios 
          ~ 1% for other quantities  

D,Ds-mesons: ~ 0.3% for SU(3) breaking ratio fDs/fD 
                              ~ 0.6% for decay constants 

                ~ 3-5% for other quantities 
B,Bs-mesons:  ~ 0.7% for SU(3) breaking ratio fBs/fB      

                             ~ 2% for decay constants, 1.4% for B ➛ D*  
                 ≲ 5% for other quantities  
                 ➙ precision will continue to improve 

 for B: leverage high precision D results with B/D ratios 

 LQCD calculations of simple quantities have been (are being) extended to 
include rare decays, BSM mixing parameters, baryon decays, .... 
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• Lattice QCD is needed to quantify nonperturbative QCD effects.  

• Precise LQCD results now exist for a few quantities with errors that are 
commensurate with experimental uncertainties.  

• Better precision is still needed in order to maximize the impact of precision 
frontier experiments.    
⇒ constrain/discover/understand New Physics  
  
• Recent breakthrough in LQCD: availability of ensembles with physical light 
quark masses. Previously dominant systematic error now subdominant 
(smaller than statistical errors). 

• Sub-percent precision: we need to do include QED effects (has already 
started).   
  

• LQCD calculations are being performed for many other quantities, including 
the study of resonances,                , hadronic contributions to muon g-2, ....  

Conclusions & Outlook

52

K ! ⇡⇡



Farah Willenbrock

Thank you!
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Backup slides 
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Vud Vus

Vcd

Vtd

Vub

Vcs Vcb

Vts Vtb

B ➞π 𝓵ν,  Bs ➞K 𝓵ν  

B(s) ➞D(s), D*(s) 𝓵ν 

K ➞π 𝓵ν 
K ➞µνπ ➞µν

D ➞π 𝓵ν 
D ➞𝓵ν Ds ➞𝓵ν

D ➞K 𝓵ν 

B0 �B0 B0
s �B0

s

(⇢, ⌘) K0 �K0

Λb ➞p 𝓵ν 

Simple quantities in LQCD 
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Low-lying hadron spectrum

56
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new results for the charmed baryon spectrum:

LQCD predictions
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LQCD Achievements: fDs time history

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204)
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Form factor shape for  D → K lν

•Normalization agrees with experiment plus CKM unitarity 

•Prediction of the shape

LQCD Achievements: Predictions

also: Bc mass prediction (HPQCD+FNAL PRL 2005, hep-lat/0411027)

Form factor shape for  D → π lν  

 (Phys. Rev. Lett. 94:011601, 2005)
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Z⇡
V . The coe�cient

A
0

is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble
A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-o↵ 600MeV. Left: Coe�-
cients A and A

0

di↵er between ensembles A and C. Right: A
0

assumed to be the same for ensembles
A and C.

factors as determined from the vector current renormalised with Z⇡
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: We impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cuto↵ independence on A0. In table 6 we only show fits for which the �2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-o↵ independent. The gain in statistical error

from assuming A0 to be cut-o↵ independent carries over to the continuum limit.

– 16 –

Kaon summary: Kl3 example

59

T. Primer (FNAL/MILC) @ Lattice 2014  
(update of arXiv:1312.1228)

data at the physical point (offset horizontally)

fK!⇡
+ (0)

RBC/UKQCD (1504.01692, JHEP 2015)

preliminary 

fK!⇡
+ (0)
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Kaon summary

60

 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 

status 
mid 2015

            

preliminary

preliminary

prelim
inarypr

el
im

in
ar

y

prelim
inary

Kaon quantities are well studied: 

✦ many independent results from different groups 
✦ using different lattice methods 
✦ with complete systematic error budgets and small errors  
✦ all in good agreement with each other 
✦ results using physical mass ensembles for all quantities 
✦ FLAG-2&3: calculate averages to maximize impact
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N. Carrasco  
@ ICHEP 2014

Neutral D-meson mixing
� � �

� �
= +

=

= + +

Nf = 2 + 1 + 1

ETMC

Nf = 2

ETMC

B1
0.800.750.70

Nf = 2 + 1 + 1

ETMC

Nf = 2

ETMC

B2
0.700.650.60

Nf = 2 + 1 + 1

ETMC

Nf = 2

ETMC

B3
1.051.000.950.90

Nf = 2 + 1 + 1

ETMC

Nf = 2

ETMC

B4
1.000.950.900.85

Nf = 2 + 1 + 1

ETMC

Nf = 2

ETMC

B5
1.101.000.90

3-5% precision

First unquenched LQCD calculation by ETM in 2013 
short-distance operators only
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FNAL/MILC"

MILC"Nf=2+1"asqtad"configuraTons"
FNAL"charm"and"asqtad"light"valence"
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review by C. Bouchard  
@ Lattice 2014

Neutral D-meson mixing
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Neutral B-meson mixing
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!

!

Abstract 
! We present the first lattice QCD calculation of 
the Bs and Bd mixing parameters with physical 
light quark masses. We use MILC gluon field con-
figurations that include u, d, s and c sea quarks at 3 
values of the lattice spacing and with 3 values of 
the u/d quark mass going down to the physical val-
ue. We use improved NRQCD for the valence b 
quarks. Preliminary results show significant im-
provements over earlier values. 
!
Introduction 
! The Standard Model rates for Bd and Bs oscilla-
tions are determined by hadronic parameters de-
rived from the matrix element between B and anti-
B states of 4-quark effective operators derived from 
the box diagram:  
!
!

!
The 4-quark operator matrix elements can only be 
determined by lattice QCD calculations. The accu-
racy with which this can be done is the limiting fac-
tor in the constraint on the Cabibbo-Kobayashi-
Maskawa matrix elements that can be obtained 
from the very precise experimental results. 
!
We study the matrix elements of 3 Standard Model 
4-quark operators : 
!
   
!
!
!
!
!
Here the superscripts are colour indices and L is the 
‘left’ projection operator. O1 is the key operator for 
Bs and Bd oscillations, O2 is needed for the renor-
malisation of O1 and all 3 appear in the calculation 
of the B width difference. It is conventional to ex-
press the matrix element of O1 as 
!
!
!
!
where BB is the ‘bag parameter’, fB, the decay con-
stant and the factor of 8/3 ensures the BB is 1 in the 
‘vacuum saturation approximation’. This is a con-
venient parameterisation to use since, as we shall 
see, the bag parameter has very simple behaviour 
with almost no dependence on light quark mass (al-
though the answer is not necessarily 1). The factor 
of 8/3 becomes -5/3 for O2 and 1/3 for O3.  
!
The determination of the matrix elements in lattice 
QCD is standard. Here we use NRQCD for the b-

quark, superseding previous calculations by the use 
of our radiatively-improved NRQCD action [1,2]. 
We work on ‘second-generation’ MILC gluon con-
figurations that use an improved gluon action and 
include u, d, s and c HISQ [3] sea quarks.

 

Lattice Calculation 
!
 

The parameters of the configurations used are given 
above. The lattice spacing was determined from the 
Upsilon spectrum, using the improved NRQCD ac-
tion [1], and valence b quark masses tuned there. 
We determined fBs = 224(5) MeV and fB=186(4) 
MeV on these configurations in [4] and in the same 
calculation obtained MBs-MB=85(2) MeV, agreeing 
with experiment [4,5]. This shows the accuracy 
now achievable with our analysis.  

To calculate 4-quark operator matrix elements we 
set up a 3-point calculation as above. The NRQCD 
b and HISQ light-quark propagators start from local 
sources at On. We then arrange results as in the fig-
ure above so that we can fit as a function of t and T 
to standard 3-point correlator forms, simultaneously 
with the appropriate 2-point functions [6].  
!
The 4-quark operator constructed from NRQCD b-
quarks and HISQ light quarks must be matched to 
the continuum operator, for a physical matrix ele-
ment. For O1 this matching takes the form: 

!
With similar expressions for O2 (involving O2 and 
O1) and O3 (with O3 and O1). The NRQCD opera-
tors include leading and next-to-leading terms (at 
tree-level) in a nonrelativistic expansion. The NLO 
terms are 1/mb operators with a spatial derivative on 
the b-quark field. To determine the bag parameters, 
we divide the matrix element by the square of the 
decay constant determined by a similar matching 
procedure for the temporal axial current [4]:  
!
!
!
(Note that for fB in [4] we also included αsΛ/mb cur-
rent matching contributions.) 

Results from sets 1, 2, 3 (very coarse) and 4, 5 
(coarse) are shown below (6, 7, 8 are not yet com-
plete). The top figure shows the bag parameter for 
Bs for operators O1, O2 and O3. Very little depen-
dence is seen on lattice spacing or sea mass. A 5% 
systematic error from missing αs2 matching domi-
nates any extrapolation uncertainty. For the lower 
plot, for Bd, this is somewhat less true.  
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
T h e p l o t r i g h t 
shows ξ , the ratio 
fBs√BBs/ fBd√BBd 

(multiplied here by 
√(MBs/MBd)). Giv-
en more results for 
the physical light 
mass we should 
easily improve significantly on our previous result. 
!
Finally we show results for the bag parameter of R0, 
a combination of O1, O2, and O3 which is 1/mb-sup-
pressed and appears in ΔΓ [7]. Mixing with the 
leading operators is corrected at O(αs), but a large 
(30%) systematic error 
remains from mixing 
at O(αs2) both in the 
continuum and on the 
lattice. This is much 
larger than any error 
from the lattice deter-
mination as the plot 
(for Bs), right, shows.  
!
[1] R. J. Dowdall et al, arXiv:1110.6887. 
[2] T. C. Hammant et al, arXiv:1303.3234. 
[3] E. Follana et al, hep-lat/0610092. 
[4] R. J. Dowdall et al, 1302.2644. 
[5] R. J. Dowdall et al, arXiv:1207.5149. 
[6] G. C. Donald et al, arXiv:1208.2855. 
[7] A.Lenz and U. Nierste, arXiv:1102.4274.  
The calculations used Darwin@Cambridge, a com-
ponent of the UK STFC’s DiRAC facility. 
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Neutral B-meson mixing from full lattice 
QCD with physical  u, d, s and c quarks 
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B-meson decay constants from improved lattice NRQCD and physical u, d, s and c

sea quarks
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(HPQCD collaboration), ‡
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We present the first lattice QCD calculation of the decay constants fB and fBs with physical
light quark masses. We use configurations generated by the MILC collaboration including the e↵ect
of u, d, s and c HISQ sea quarks at three lattice spacings and with three u/d quark mass values
going down to the physical value. We use improved NRQCD for the valence b quarks. Our results
are fB = 0.186(4) GeV, fBs = 0.224(5) GeV, fBs/fB = 1.205(7) and MBs � MB = 85(2) MeV,
superseding earlier results with NRQCD b quarks. We discuss the implications of our results for the
Standard Model rates for B(s) ! µ+µ� and B ! ⌧⌫.

I. INTRODUCTION

The B and Bs decay constants are key hadronic param-
eters in the Standard Model (SM) rate for B(s) ! µ+µ�

and B/Bs oscillations, with the B meson decay constant
also determining the rate for B ! ⌧⌫. The combination
of experiment and theory for these processes provides im-
portant constraints on CKM unitarity [1] and the search
for new physics, but the strength of the constraints is
typically limited by the errors on the hadronic parame-
ters.

The decay constants can only be determined accurately
from lattice QCD calculations. Several methods have
been developed for this [2], with errors decreasing over
the years as calculations have improved. Here we pro-
vide a step change in this process, giving the first results
for fB and fBs that include physical u/d quark masses,
obviating the need for a chiral extrapolation. As a result
of this and other improvements described below, we have
signficantly improved accuracy on fBs/fB over previous
calculations. The implications of our result are discussed
in the Conclusions.

II. LATTICE CALCULATION

We use eight ensembles of ‘second-generation’ gluon
field configurations recently generated by the MILC col-
laboration [4, 5], with Nf = 2 + 1 + 1 Highly Improved
Staggered Quarks (HISQ) [6] in the sea. To control dis-
cretisation e↵ects, we use three lattice spacings ranging
from 0.15 fm to 0.09 fm and light to strange mass ratios
of ml/ms ⇠ 0.2, 0.1, 0.037. Details of the ensembles are

⇤
R.J.Dowdall@damtp.cam.ac.uk

†
Christine.Davies@glasgow.ac.uk

‡
URL: http://www.physics.gla.ac.uk/HPQCD

TABLE I: Details of the gauge ensembles used in this cal-
culation. � is the gauge coupling, a⌥ is the lattice spacing
as determined by the ⌥(2S � 1S) splitting in [3], where the
three errors are statistics, NRQCD systematics and experi-
ment. aml, ams and amc are the sea quark masses, L ⇥ T
gives the spatial and temporal extent of the lattices and ncfg

is the number of configurations in each ensemble. The ensem-
bles 1,2 and 3 will be referred to as “very coarse”, 4,5 and 6
as “coarse” and 7,8 as “fine”.

Set � a⌥ (fm) aml ams amc L⇥ T ncfg

1 5.8 0.1474(5)(14)(2) 0.013 0.065 0.838 16⇥48 1020
2 5.8 0.1463(3)(14)(2) 0.0064 0.064 0.828 24⇥48 1000
3 5.8 0.1450(3)(14)(2) 0.00235 0.0647 0.831 32⇥48 1000
4 6.0 0.1219(2)(9)(2) 0.0102 0.0509 0.635 24⇥64 1052
5 6.0 0.1195(3)(9)(2) 0.00507 0.0507 0.628 32⇥64 1000
6 6.0 0.1189(2)(9)(2) 0.00184 0.0507 0.628 48⇥64 1000
7 6.3 0.0884(3)(5)(1) 0.0074 0.037 0.440 32⇥96 1008
8 6.3 0.0873(2)(5)(1) 0.0012 0.0363 0.432 64⇥96 621

shown in table I. The lattice spacings of five of the en-
sembles were determined using the ⌥(2S � 1S) splitting
in [3] where details, including a discussion of the sys-
tematic errors, can be found. The lattice spacing values
of the additional ensembles (sets 3, 6 and 8) are deter-
mined in the same way. The valence part of the calcu-
lation uses lattice NonRelativistic QCD (NRQCD) [7–9]
for the b quarks; the action is described in detail in [3].
It includes a number of improvements over earlier calcu-
lations, in particular one-loop radiative corrections (be-
yond tadpole-improvement) to most of the coe�cients of
the O(v4b ) relativistic correction terms. This action has
been shown to give excellent agreement with experiment
in recent calculations of the bottomonium [3, 10] and B-
meson spectrum [11]. We are now building on previous
calculations with the tree level NRQCD action [12–14]
to extend this to B-meson decay constants. The b quark
mass is tuned, giving the values in Table II, by fixing the
spin-averaged kinetic mass with the ⌥/⌘b masses.
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Abstract 
! We present the first lattice QCD calculation of 
the Bs and Bd mixing parameters with physical 
light quark masses. We use MILC gluon field con-
figurations that include u, d, s and c sea quarks at 3 
values of the lattice spacing and with 3 values of 
the u/d quark mass going down to the physical val-
ue. We use improved NRQCD for the valence b 
quarks. Preliminary results show significant im-
provements over earlier values. 
!
Introduction 
! The Standard Model rates for Bd and Bs oscilla-
tions are determined by hadronic parameters de-
rived from the matrix element between B and anti-
B states of 4-quark effective operators derived from 
the box diagram:  
!
!

!
The 4-quark operator matrix elements can only be 
determined by lattice QCD calculations. The accu-
racy with which this can be done is the limiting fac-
tor in the constraint on the Cabibbo-Kobayashi-
Maskawa matrix elements that can be obtained 
from the very precise experimental results. 
!
We study the matrix elements of 3 Standard Model 
4-quark operators : 
!
   
!
!
!
!
!
Here the superscripts are colour indices and L is the 
‘left’ projection operator. O1 is the key operator for 
Bs and Bd oscillations, O2 is needed for the renor-
malisation of O1 and all 3 appear in the calculation 
of the B width difference. It is conventional to ex-
press the matrix element of O1 as 
!
!
!
!
where BB is the ‘bag parameter’, fB, the decay con-
stant and the factor of 8/3 ensures the BB is 1 in the 
‘vacuum saturation approximation’. This is a con-
venient parameterisation to use since, as we shall 
see, the bag parameter has very simple behaviour 
with almost no dependence on light quark mass (al-
though the answer is not necessarily 1). The factor 
of 8/3 becomes -5/3 for O2 and 1/3 for O3.  
!
The determination of the matrix elements in lattice 
QCD is standard. Here we use NRQCD for the b-

quark, superseding previous calculations by the use 
of our radiatively-improved NRQCD action [1,2]. 
We work on ‘second-generation’ MILC gluon con-
figurations that use an improved gluon action and 
include u, d, s and c HISQ [3] sea quarks.

 

Lattice Calculation 
!
 

The parameters of the configurations used are given 
above. The lattice spacing was determined from the 
Upsilon spectrum, using the improved NRQCD ac-
tion [1], and valence b quark masses tuned there. 
We determined fBs = 224(5) MeV and fB=186(4) 
MeV on these configurations in [4] and in the same 
calculation obtained MBs-MB=85(2) MeV, agreeing 
with experiment [4,5]. This shows the accuracy 
now achievable with our analysis.  

To calculate 4-quark operator matrix elements we 
set up a 3-point calculation as above. The NRQCD 
b and HISQ light-quark propagators start from local 
sources at On. We then arrange results as in the fig-
ure above so that we can fit as a function of t and T 
to standard 3-point correlator forms, simultaneously 
with the appropriate 2-point functions [6].  
!
The 4-quark operator constructed from NRQCD b-
quarks and HISQ light quarks must be matched to 
the continuum operator, for a physical matrix ele-
ment. For O1 this matching takes the form: 

!
With similar expressions for O2 (involving O2 and 
O1) and O3 (with O3 and O1). The NRQCD opera-
tors include leading and next-to-leading terms (at 
tree-level) in a nonrelativistic expansion. The NLO 
terms are 1/mb operators with a spatial derivative on 
the b-quark field. To determine the bag parameters, 
we divide the matrix element by the square of the 
decay constant determined by a similar matching 
procedure for the temporal axial current [4]:  
!
!
!
(Note that for fB in [4] we also included αsΛ/mb cur-
rent matching contributions.) 

Results from sets 1, 2, 3 (very coarse) and 4, 5 
(coarse) are shown below (6, 7, 8 are not yet com-
plete). The top figure shows the bag parameter for 
Bs for operators O1, O2 and O3. Very little depen-
dence is seen on lattice spacing or sea mass. A 5% 
systematic error from missing αs2 matching domi-
nates any extrapolation uncertainty. For the lower 
plot, for Bd, this is somewhat less true.  
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
T h e p l o t r i g h t 
shows ξ , the ratio 
fBs√BBs/ fBd√BBd 

(multiplied here by 
√(MBs/MBd)). Giv-
en more results for 
the physical light 
mass we should 
easily improve significantly on our previous result. 
!
Finally we show results for the bag parameter of R0, 
a combination of O1, O2, and O3 which is 1/mb-sup-
pressed and appears in ΔΓ [7]. Mixing with the 
leading operators is corrected at O(αs), but a large 
(30%) systematic error 
remains from mixing 
at O(αs2) both in the 
continuum and on the 
lattice. This is much 
larger than any error 
from the lattice deter-
mination as the plot 
(for Bs), right, shows.  
!
[1] R. J. Dowdall et al, arXiv:1110.6887. 
[2] T. C. Hammant et al, arXiv:1303.3234. 
[3] E. Follana et al, hep-lat/0610092. 
[4] R. J. Dowdall et al, 1302.2644. 
[5] R. J. Dowdall et al, arXiv:1207.5149. 
[6] G. C. Donald et al, arXiv:1208.2855. 
[7] A.Lenz and U. Nierste, arXiv:1102.4274.  
The calculations used Darwin@Cambridge, a com-
ponent of the UK STFC’s DiRAC facility. 
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Neutral B-meson mixing from full lattice 
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B-meson decay constants from improved lattice NRQCD and physical u, d, s and c

sea quarks

R. J. Dowdall,1, 2, ⇤ C. T. H. Davies,2, † R. R. Horgan,1 C. J. Monahan,3 and J. Shigemitsu4

(HPQCD collaboration), ‡

1DAMTP, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK
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3Physics Department, College of William and Mary, Williamsburg, Virginia 23187, USA
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We present the first lattice QCD calculation of the decay constants fB and fBs with physical
light quark masses. We use configurations generated by the MILC collaboration including the e↵ect
of u, d, s and c HISQ sea quarks at three lattice spacings and with three u/d quark mass values
going down to the physical value. We use improved NRQCD for the valence b quarks. Our results
are fB = 0.186(4) GeV, fBs = 0.224(5) GeV, fBs/fB = 1.205(7) and MBs � MB = 85(2) MeV,
superseding earlier results with NRQCD b quarks. We discuss the implications of our results for the
Standard Model rates for B(s) ! µ+µ� and B ! ⌧⌫.

I. INTRODUCTION

The B and Bs decay constants are key hadronic param-
eters in the Standard Model (SM) rate for B(s) ! µ+µ�

and B/Bs oscillations, with the B meson decay constant
also determining the rate for B ! ⌧⌫. The combination
of experiment and theory for these processes provides im-
portant constraints on CKM unitarity [1] and the search
for new physics, but the strength of the constraints is
typically limited by the errors on the hadronic parame-
ters.

The decay constants can only be determined accurately
from lattice QCD calculations. Several methods have
been developed for this [2], with errors decreasing over
the years as calculations have improved. Here we pro-
vide a step change in this process, giving the first results
for fB and fBs that include physical u/d quark masses,
obviating the need for a chiral extrapolation. As a result
of this and other improvements described below, we have
signficantly improved accuracy on fBs/fB over previous
calculations. The implications of our result are discussed
in the Conclusions.

II. LATTICE CALCULATION

We use eight ensembles of ‘second-generation’ gluon
field configurations recently generated by the MILC col-
laboration [4, 5], with Nf = 2 + 1 + 1 Highly Improved
Staggered Quarks (HISQ) [6] in the sea. To control dis-
cretisation e↵ects, we use three lattice spacings ranging
from 0.15 fm to 0.09 fm and light to strange mass ratios
of ml/ms ⇠ 0.2, 0.1, 0.037. Details of the ensembles are

⇤
R.J.Dowdall@damtp.cam.ac.uk

†
Christine.Davies@glasgow.ac.uk

‡
URL: http://www.physics.gla.ac.uk/HPQCD

TABLE I: Details of the gauge ensembles used in this cal-
culation. � is the gauge coupling, a⌥ is the lattice spacing
as determined by the ⌥(2S � 1S) splitting in [3], where the
three errors are statistics, NRQCD systematics and experi-
ment. aml, ams and amc are the sea quark masses, L ⇥ T
gives the spatial and temporal extent of the lattices and ncfg

is the number of configurations in each ensemble. The ensem-
bles 1,2 and 3 will be referred to as “very coarse”, 4,5 and 6
as “coarse” and 7,8 as “fine”.

Set � a⌥ (fm) aml ams amc L⇥ T ncfg

1 5.8 0.1474(5)(14)(2) 0.013 0.065 0.838 16⇥48 1020
2 5.8 0.1463(3)(14)(2) 0.0064 0.064 0.828 24⇥48 1000
3 5.8 0.1450(3)(14)(2) 0.00235 0.0647 0.831 32⇥48 1000
4 6.0 0.1219(2)(9)(2) 0.0102 0.0509 0.635 24⇥64 1052
5 6.0 0.1195(3)(9)(2) 0.00507 0.0507 0.628 32⇥64 1000
6 6.0 0.1189(2)(9)(2) 0.00184 0.0507 0.628 48⇥64 1000
7 6.3 0.0884(3)(5)(1) 0.0074 0.037 0.440 32⇥96 1008
8 6.3 0.0873(2)(5)(1) 0.0012 0.0363 0.432 64⇥96 621

shown in table I. The lattice spacings of five of the en-
sembles were determined using the ⌥(2S � 1S) splitting
in [3] where details, including a discussion of the sys-
tematic errors, can be found. The lattice spacing values
of the additional ensembles (sets 3, 6 and 8) are deter-
mined in the same way. The valence part of the calcu-
lation uses lattice NonRelativistic QCD (NRQCD) [7–9]
for the b quarks; the action is described in detail in [3].
It includes a number of improvements over earlier calcu-
lations, in particular one-loop radiative corrections (be-
yond tadpole-improvement) to most of the coe�cients of
the O(v4b ) relativistic correction terms. This action has
been shown to give excellent agreement with experiment
in recent calculations of the bottomonium [3, 10] and B-
meson spectrum [11]. We are now building on previous
calculations with the tree level NRQCD action [12–14]
to extend this to B-meson decay constants. The b quark
mass is tuned, giving the values in Table II, by fixing the
spin-averaged kinetic mass with the ⌥/⌘b masses.
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C. Davies (HPQCD) @ Lattice 2014 

• physical mass ensembles (a first for B mixing) 

• NRQCD b quarks  

• MILC HISQ nf = 2+1+1 ensembles at 3 a’s 

• Renormalization: 1-loop LPT 
   dominates error for bag parameters 

• calculation still ongoing

• RBC/UKQCD (arXiv:1406:6192) static limit 

• also ongoing work by ETM and RBC (rel HQ) 

• FNAL/MILC Lattice 2015: ~1.6% error on 𝜉
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1.4%

Also recent work on Bs → Ds(*) form factors

FNAL/MILC 2014         

Form factors forB ! D(⇤)`⌫ & Vcb

For determinations of Vcb from  
decay, combine exp. differential decay 
rates with lattice form factors over 
entire kinematic range.  

results reported by  
✦ FNAL/MILC (2014 & 2015) 
✦ Orsay group using ETM ratio method 
✦ HPQCD (2015) using NRQCD-HISQ 
quarks 

✦ work in progress: 
   Bailey et al (SWME) using OK action 

B ! D
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small errors due to  
✦  use of ratios  
✦ 2014: 
   5 a’s, 12 ensembles  
   min. mπ ~ 174 MeV
✦ lattice error now same  
   size as exp. error

Form factors forB ! D(⇤)`⌫ & Vcb

0 0.1 0.2 0.3

m
π

2
 (GeV

2
)

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

h
A

1

(1
)

a ≅ 0.15 fm
a ≅ 0.12 fm
a ≅ 0.09 fm
a ≅ 0.06 fm
a ≅ 0.045 fm

χ
2
/d.o.f. = 0.73, p-value = 0.78FNAL/MILC (J. Bailey et al, 1403.0625, PRD 2014)
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The z-expansion

for kinematic  
range: |z| < 1. 

z
t

z(t, t0) =

p
t+ � t�

p
t+ � t0p

t+ � t+
p
t+ � t0

t = q2

t± = (mB ±m⇡)
2

f(t) =
1

P (t)�(t, t0)

X

k=0

ak(t0)z(t, t0)
k

The form factor can be expanded as:  

• P(t) removes poles in [t-,t+] 
• The choice of outer function 𝜙 affects the unitarity bound on the ak.  
• In practice, only first few terms in expansion are needed.  

q2
max

= t�

kinematic range [m2
`

, q2
max

]

Bourrely at al (Nucl.Phys. B189 (1981) 157) 
Boyd et al (hep-ph/9412324,PRL 95) 
Lellouch (arXiv:hep- ph/9509358, NPB 96) 
Boyd & Savage (hep-ph/9702300, PRD 97) 
Bourrely at al ( arXiv:0807.2722, PRD 09)
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B ! ⇡`⌫ & VubForm factor for
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 S. Aoki et al (FLAG-2 review,  
arXiv:1310.8555) 
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Slight tension with unitarity 
prediction

J. Komijani @ Lattice 2014 (FNAL/MILC, arXiv:1407.3772, PRD 2014)  

68

Implications for the 2nd row of the CKM Matrix 
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BSM phenomenology 

q2 (GeV2)

Combined fit to B ! K⇤µµ

and Bs ! �µµ data.

Horgan et al., PRL 112, 212003 (2014); PRD 89, 094501 (2014)

MILC"2+1"asqtad"gauge"fields"
NRQCD"b"with"asqtad"light/strange"valence"
a:""0.09,"0.12"fm"
Mpi:""313"–"519"MeV"

B ! K(⇤)⇥⇥, Bs ! �⇥⇥

Matt Wingate; poster

53"

review by C. Bouchard  
@ Lattice 2014

caveat:
K*, 𝜙  treated as stable 
(narrow width approximation) 
unstable K*, 𝜙: beyond simple
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BSM phenomenology 

 LHCb (arXiv:1406.6482):

SM prediction using LQCD form 
factors calculated by HPQCD  
(C. Bouchard et al, arXiv:1303.0434, 
PRL 2013):

RK(1GeV2, 6GeV2) = 1.00081(38)

RK = 0.745 (9074)(36)

B ! Kµ+µ�/B ! Ke+e�Lepton universality test:

~2.6 σ  tension between LHCb measurement and SM prediction
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Simple quantities in LQCD 

71

low-lying hadron spectrum  
weak decays - leptonic, semileptonic, mixing 

Kaons 

D mesons 

B mesons 

➙ CKM, BSM phenomenology  

high precision ➙ including QED
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Including QED 

72

 Need to consider strong isospin breaking effects together with EM effects 
 Strong isospin breaking in the sea is a subdominant effect (~NNLO in ChPT) 

currently: isospin symmetric u,d sea: mu = md   

 QCD + quenched QED (electro quenched):  
sea quarks neutral, valence quarks charged 

 Can use spectrum results from QCD + quenched QED in pure QCD calculations by 
adjusting the valence quark masses to physical mu , md . With this the leading strong and 
EM isospin breaking effects can be included.

 To connect LQCD calculations of weak matrix elements to experiment, need to  
account for structure dependent EM radiative corrections:  

K, π decay: estimated phenomenologically using CHPT 
  (see for example, Cirigliano, et al, arXiv:1107.6001) 

 We now need similar phenomenological estimates for weak D and B decays
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Including QED 
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review by A. Portelli @ Lattice 2014 and WG 1, Wednesday 

 new: full QCD+QED simulations used in spectrum calculations: 
BMW (nf = 1+1+1+1) at multiple lattice spacings, light quark masses 
QCDSF (nf = 1+1+1)
RBC/UKQCD  (nf = 2+1)
PACS-CS (nf = 1+1+1)
similar plans by other groups (MILC, RBC/UKQCD, ...)  

 EM radiative corrections : 

Proposal by Carrasco et al (arXiv:1502.00257, 2015 PRD)  to calculate corrections 
at O(α). 

�
�
⇡+ ! `+⌫`(�)

�
= �

�
⇡+ ! `+⌫`

�
+ �

�
⇡+ ! `+⌫`�

�
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Including QED 
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review by A. Portelli @ Lattice 2014 and WG 1, Wednesday 

 new: full QCD+QED simulations used in spectrum calculations: 
BMW (nf = 1+1+1+1) at multiple lattice spacings, light quark masses 
QCDSF (nf = 1+1+1)
RBC/UKQCD  (nf = 2+1)
PACS-CS (nf = 1+1+1)
similar plans by other groups (MILC, RBC/UKQCD, ...)  
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Including QED 
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review by A. Portelli @ Lattice 2014 

mu/md

PDG
FLAG

0.4 0.5 0.6 0.7

PDG 2013 band

[RBC-UKQCD, 2010]

[RM123, 2013]

[BMWc, 2014] (preliminary)

[MILC, 2014] (preliminary)
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Including QED 
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review by A. Portelli @ Lattice 2014 and ICHEP (in Lattice session, Saturday)
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Including QED 
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review by A. Portelli @ Lattice 2014 and ICHEP (in Lattice session, Saturday)
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