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Muon anomalous magnetic moment

aµ =
g � 2

2
Measure using polarised muons circulating in E and  B 
fields. At a momentum where               terms cancel,  
difference between precession and cyclotron frequencies:

� ⇥ E

!a = � e

m
aµB

BNL result:
aexpt
µ

= 11659208.9(6.3)⇥ 10�10

E989 (FNAL) will 
reduce exptl uncty to 
1.6, starting 2017

~µ = g
e

2m
~S
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Blum et al, 
1301.2607

Standard Model theory expectations
Contributions 
from QED, 
EW and QCD 
interactions. 
QED 
dominates.  
QCD contribs  
start at 

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.
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Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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SM contribution
Hadronic, EWK and 5th order QED contributions are all in play. 

Uncertainty on EWK and QED is tiny and SM uncertainty  
is dominated by hadronic uncertainty. 

M. Lancaster!
PPAP2015

planned

Uncertainty dominated by that from hadronic contribns



aexpt
µ

� aQED

µ

� aEW

µ

= 721.7(6.3)⇥ 10�10

= aHV P
µ + aHOHV P

µ + aHLBL
µ + anew physics

µ

Hadronic contributions

Focus on lowest order hadronic vacuum polarisation,  
so assume: 

aHLbL
µ = 10.5(2.6)⇥ 10�10

aHOHV P
µ = �8.85(9)⇥ 10�10 NLO+NNLO

aHV P,no new physics
µ = 719.8(6.8)⇥ 10�10

Kurz et al, 
1403.6400



Best method to date for HVP uses exptl e+e- cross-section 

aHV P
µ =

1

4⇡3

Z 1

m2
⇡

ds�0
had(s)K(s)

“bare” cross-section 
but inc. final-state radiation

e

+
e

� ! �

⇤ ! hadrons

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) 
                
 
  quark’s EM current :  

!  Optical Theorem  
 
!  Analycity 
     �
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Dispersion relations and VP insertions in g � 2

Starting point:
� Optical Theorem (unitarity) for the photon propagator

Im�⇤⇥(s) =
s

4⇤�
⌅tot(e+e� ⇥ anything)

� Analyticity (causality), may be expressed in form of a so–called (subtracted)
dispersion relation

�⇤⇥(k
2) � �⇤⇥(0) =

k2

⇤

⌅�

0

ds
Im�⇤⇥(s)

s (s � k2 � i⇧)
.

� �
had ⇥

�
� had
� (q2)

�

had

2

� ⇥had
tot (q2)

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 68

F.%Jegerlehner’s%lecture�

some “tension” between results.  
Difference is  
use of BaBar radiative  
return data.  
BES III data appearing now …
Hagiwara et al:
aHV P
µ = 694.9(4.3)⇥ 10�10

SM 
below no  
new physics  

3�
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aµ
HVP x 1010

aµ
HVP, no new physics

Benayoun et al
1507.02943, e+e- +o

Jegerlehner+Szafron
1101.2872, e+e- +o

Hagiwara et al
1105.3149, e+e- only
Davier et al
1010.4180

e+e-

o-based

SM discrepancy:
24.9(8.0)⇥ 10�10

681(3)

695(4)



π+π3:)new)data)from)BESIII;)arXiv:1507.08188v2)

]-10(600 - 900 MeV) [10,LOππ
µa
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BaBar 09

KLOE 12

KLOE 10

KLOE 08

BESIII

 1.9± 2.0 ±376.7 

 0.8± 2.4 ± 1.2 ±366.7 

 2.2± 2.3 ±0.9 ±366.1 

 2.2± 2.3 ± 0.4 ±368.9 

 3.3± 2.5 ±370.0 

[g32)integral)and)plot)corrected)in)v2)aÑer)us)finding)a)value)different)from)the)one)of)v1])
T. Teubner, talk 
at Benasque, 2015Full analysis inc. BES data still  

to be done



Lattice calculation of HVP

µ

q

q
Analytically continue to Euclidean q2.
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connected contribution for  
flavour i
f(q2) is divergent function  
with scale set by   mµ

⇧̂(q2) = ⇧(q2)�⇧(0)

is vacuum polarisation function. 
Test with mesons:

⇧̂(q2) / 1
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Blum, hep-lat/
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Sample smooth curves for ⇧(s)

0 1 2 3 4

s (GeV2)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Π
(s

) -
 Π

(0
)

light
strange

Π
tot = (5/9) Πl + (1/9) Πs

0 0.1 0.2 0.3 0.4

s (GeV2)

0

0.01

0.02

0.03

0.04

Π
(s

) -
 Π

(0
)

light
strange

Π
tot = (5/9) Πl + (1/9) Πs

Gregory A derivative-based approach for the leading order hadronic contribution to gµ � 2

Calculation with quarks Calculation required is 
correlation function  of quark 
and antiquark propagators, 
created and destroyed by 
vector (photon) current

= (q2gµ⌫ � qµq⌫)⇧(q
2)

Fourier transform 
and  
plot out as a 
function of q2

Jµ J⌫

E. Gregory, BMW, !
LAT15.!
Smeared clover 
action



Simpler method

⇧jj(q2) = q

2⇧(q2) = a

4
X

t

e

iqt

X

~x

hjj(~x, t)jj(0)i

For spatial vector currents at zero spatial momentum
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Time-moments of lattice current-current correlators

= (�1)n
@2n

@q2n
q2⇧̂(q2)

����
q2=0

⇧̂(q2) =
1X

j=1

q2j⇧j ⇧j = (�1)j+1 G2j+2

(2j + 2)!
with

HPQCD 1403.1778
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Allows us to reconstruct             and integrate ⇧̂(q2)

Use Pade approximants (ratio of m/n polynomials) rather 
than Taylor expansion for better large q2 behaviour.

Test Pade approximants in similar scenarios (1-loop quark 
vacuum polarisation, with noise added)
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CHARM contribution

Used HISQ valence 
quarks on MILC 2+1 
asqtad configs. Zv from 
contnm QCD pert. th. 

Part of the set of calculations that gave
mc,M(J/ )�M(⌘c),�(J/ ! e+e�),�(J/ ! ⌘c�)

HPQCD 1004.4285, 
1208.2855
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Extrapolation to physical 
point allows us to compare 
directly to moments from 
e+e- expt. in charm region

aHV P,c
µ = 14.4(4)⇥ 10�10
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BOTTOM contribution
Part of the set of calculations that gave

Used NRQCD 
valence 
quarks on 
MILC 2+1+1 
HISQ configs. 
Zv from 
contnm QCD 
pert. th. 

HPQCD 1110.6887, 
1309.5797, 
1408.5768
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STRANGE contribution
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FIG. 4: Lattice QCD results for the connected contribution to
the muon anomaly aµ from vacuum polarization of s quarks.
Results are for three lattice spacings, and two light-quark
masses: m

lat
` = ms/5 (lower, blue points), and m

lat
` = m

phys
`

(upper, red points). The dashed lines are the corresponding
values from the fit function, with the best-fit parameter val-
ues: ca2 = 0.29(13), csea = �0.020(6) and cval = �0.61(4).
The gray band shows our final result, 53.41(59)⇥10�10, with
m

lat
` = m

phys
` , after extrapolation to a = 0.

TABLE III: Error budgets for connected contributions to the
muon anomaly aµ from vacuum polarization of s and c quarks.

a

s
µ a

c
µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a

2 ! 0 extrapolation: 0.1% 0.4%
QED corrections: 0.1% 0.3%

Quark mass tuning: 0.0% 0.4%
Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

mistuning of the sea and valence light-quark bare masses:

�xsea ⌘
X

q=u,d,s

m

sea
q

� m

phys
q

m

phys
s

(9)

�x

s

⌘ m

val
s

� m

phys
s

m

phys
s

. (10)

For our lattices with physical u/d sea masses �xsea is very
small. a

2 errors from staggered ‘taste-changing’ e↵ects
will remain and they are handled by c

a

2 . The four fit
parameters are a

2
µ

, c

a

2 , csea and cval; we use the following
(broad) Gaussian priors for each:

a

s

µ

= 0 ± 100 ⇥ 10�10

c

a

2 = 0(1) csea = 0(1) cval = 0(1). (11)

Our final result for the connected contribution for

TABLE IV: Contributions to aµ from s and c quark vacuum
polarization. Only connected parts of the vacuum polariza-
tion are included. Results, multiplied by 1010, are shown for
each of the Padé approximants.

Quark [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

s 57.63(67) 53.28(58) 53.46(59) 53.41(59)
c 14.58(39) 14.41(39) 14.42(39) 14.42(39)

s quarks to g � 2 is:

a

s

µ

= 53.41(59) ⇥ 10�10
. (12)

The fit to [2, 2] Padé results from all 10 of our configu-
ration sets is excellent, with a �

2 per degree of freedom
of 0.22 (p-value of 0.99). In Fig. 4 we compare our fit
with the data from configurations with m

s

/m

`

equal 5
and with the physical mass ratio.
The error budget for our result is given in Table III.

The dominant error, by far, comes from the uncertainty
in the physical value of the Wilson flow parameter w0,
which we use to set the lattice spacings. We estimate the
uncertainty from QED corrections to the vacuum polar-
ization to be of order 0.1% from perturbation theory [20],
suppressed by the small charge of the s quark. Our re-
sults show negligible dependence (< 0.1%) on the spatial
size of the lattice, which we varied by a factor of two. Also
the convergence of successive orders of Padé approximant
indicates convergence to better than 0.1%; results from
fits to di↵erent approximants are tabulated in Table IV.
Note that the a

2 errors are quite small in our analysis.
This is because we use the highly corrected HISQ dis-
cretization of the quark action. Our final (a = 0) result
is only 0.6% below our results from the 0.09 fm lattices
(sets 9 and 10). The variation from our coarsest lattice to
a = 0 is only 1.8%. We compared this with results from
the clover discretization for quarks, which had finite-a
errors in excess of 20% on the coarsest lattices.
Finally we also include results for c quarks in Tables III

and IV. These are calculated from the moments (and er-
ror budget) published in [20]. Our final result for the con-
nected contribution to the muon anomaly from c-quark
vacuum polarization is:

a

c

µ

= 14.42(39) ⇥ 10�10
. (13)

The dominant source of error here is in the determination
of the Z

V

renormalization factors. This error could be
substantially reduced by using the method we used for
the s-quark contribution [26].

III. DISCUSSION/CONCLUSIONS

The ultimate aim of lattice QCD calculations of
a

µ,HVP is to improve on results from using, for exam-
ple, �(e+e

� ! hadrons) that are able to achieve an un-
certainty of below 1%. We are not at that stage yet.

HISQ valence quarks on 
MILC 2+1+1 HISQ 
configs. Local Jv - 
nonpert. Zv.
multiple a (fixed by w0), 
ml (inc. phys.), volumes. 
Tune s from 

aHV P,s
µ = 53.41(59)⇥ 10�10

4

TABLE II: Columns 2-5 give the Taylor coe�cients ⇧j (Eq. 6), in units of 1/GeV2j , for each of the lattice data sets in Table I.
The errors given include statistics and the (correlated) uncertainty from setting the lattice spacing using w0, which dominates.
Estimates of the connected contribution from s-quarks to aµ,HVP are given for each of the [1, 0], [1, 1], [2, 1] and [2, 2] Padé
approximants in columns 6-9; results are multiplied by 1010.

Set ⇧1 ⇧2 ⇧3 ⇧4 [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

1 0.06598(76) �0.0516(11) 0.0450(15) �0.0403(19) 58.11(67) 53.80(59) 53.95(59) 53.90(59)
2 0.06648(75) �0.0523(11) 0.0458(15) �0.0408(18) 58.55(66) 54.19(58) 54.33(59) 54.29(59)
3 0.06618(75) �0.0523(11) 0.0466(15) �0.0425(20) 58.28(66) 53.93(58) 54.09(58) 54.04(58)
4 0.06614(74) �0.0523(11) 0.0467(15) �0.0427(19) 58.25(65) 53.90(57) 54.06(58) 54.01(57)
5 0.06626(74) �0.0527(11) 0.0473(15) �0.0438(19) 58.36(65) 53.99(57) 54.15(57) 54.10(57)
6 0.06829(77) �0.0557(12) 0.0514(17) �0.0490(22) 60.14(67) 55.55(59) 55.73(59) 55.67(59)
7 0.06619(74) �0.0524(11) 0.0468(15) �0.0430(19) 58.29(65) 53.93(57) 54.10(57) 54.05(57)
8 0.06625(74) �0.0526(11) 0.0470(15) �0.0429(19) 58.34(65) 53.98(57) 54.14(57) 54.09(57)
9 0.06616(77) �0.0531(12) 0.0483(17) �0.0450(22) 58.27(68) 53.87(59) 54.04(60) 53.99(59)
10 0.06630(72) �0.0534(11) 0.0487(16) �0.0458(20) 58.39(64) 53.98(56) 54.15(56) 54.10(56)

FIG. 3: Fractional errors in the muon anomaly aµ caused by
adding random noise to the moments of the one-loop vacuum
polarization. Results are shown for 400 di↵erent simulations,
each with di↵erent amounts of random noise. They are plot-
ted against the fractional uncertainty in the leading moment.
In each simulation, [n, n] Padé approximants are used where
n is increased until results for apth

µ converge or spurious poles
appear in the approximant. Color indicates the value of n

used: red for [1, 1], green for [2, 2], and blue for [3, 3]. Simula-
tion results agreed with the exact result to within ±1� in 70%
of the simulations, as expected. The quark mass is set equal
to the kaon mass in each case.

case: the one-loop quark vacuum polarization function
from perturbation theory. We set the quark mass equal
to the kaon mass so that the Taylor expansion has the
same radius of convergence as the physical s-quark vac-
uum polarization; this function also has the same high-q2

behavior as the physical function. The Padés converge
exponentially quickly to the correct result, achieving bet-
ter than 1% precision after only two terms are included.
It is also clear that the high-q2 contributions are accu-
rately approximated by the Padés since q > 1GeV, for
example, contributes about 1.8% of the total g � 2 cor-
rection here. Note also that the [2, 2] approximant is ac-

curate to better than 0.5% even when the quark mass is
reduced to m

⇡

(as one might do to simulate u/d vacuum
polarization).
The results in Fig. 2 are for exact moments. The fi-

nite precision of moments from a simulation obviously
limits the precision of the final results for the anomaly.
The finite precision also limits the order to which Padé
approximants can be computed, since noisy input data
cause spurious poles to appear in high-order approxi-
mants [34]—all poles should be simple, real, and located
at the poles or on the branch cut of the exact vacuum po-
larization function [19]. Higher orders are possible with
more precise moments. The Padés typically converge be-
fore spurious poles appear, so that the precision of the
final results tracks that of the input moments. This is
illustrated in Fig. 3 where we have added noise to the
exact moments from one-loop perturbation theory, and
compare the precision of outputs with that of the inputs.
Each point in the plot represents a di↵erent simulation,
with di↵erent noise, and the colors indicate the order of
the approximant used.
Returning to results from our lattice simulations, the

Taylor coe�cients ⇧
j

and contributions to a

µ

from each
of our s-quark correlators are shown in Table II. In each
case results converge to within errors by the [1, 1] Padé
approximant, and no spurious poles appear on any of our
sets up to and including [2, 2], as expected from our test
case. We also verified that our lattice QCD codes with
the gluon field set to zero reproduce the continuum tree-
level result for the ⇧

j

as a ! 0. Our results on sets 4-7
show that finite-volume e↵ects are negligible within our
0.1% statistical errors, but tuning the valence s-quark
accurately is seen to be important.
To obtain a final estimate we fit the [2, 2] results from

each configuration set to a function of the form

a

s

µ,lat = a

s

µ

⇥
�
1 + c

a

2(a⇤QCD/⇡)2 + csea�xsea + cval�xval

�
(8)

where ⇤QCD = 0.5GeV, and �xsea and �xval allow for

⌘s up to (5.8fm)3



The strange and charm quark contributions to the muon anomaly (g-2) Bipasha Chakraborty
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Figure 3: The plot on the left represents the results for mf �mhs calculated using HISQ formalism on ml =
ms/5 and physical point ensembles with varied lattice spacings and extrapolated to a = 0. The continuum
results are compared to the experimental result related to G(f ! e+e�). The plot on the right shows the
similar results for ff .

The s quark propagators are combined into a correlator with a local vector current at either
end to form the vector meson f . The end point is summed over spatial sites on a timeslice to set
the spatial momentum to zero. We use the random colour wall source created from a set of U(1)
random numbers over a timeslice for improved statistics. The local current is not the conserved
vector current for HISQ quark action and must be renormalised. We have found the local vector
current renormalisation constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on
the finest ml = ms/5 lattice[16].

4. Our results

4.1 properties of f meson

We are concerned with the properties of the correlation function at the shorter times that feed
into the theoretical determination of aµ,HVP. But at large time separations between source and sink
the correlators give the mass (mf ) and decay constant ( ff ) of the f meson [16]. The plots in figure 3
show how precisely we can extract those properties of the f meson, and therefore, how accurate
our correlators are. Our results for mf � mhs and ff in the continuum limit on the physical point
lattices agree with the experimental result related to G(f ! e+e�). The volume effect seemed
to be negligibly small. But, the valence HISQ strange quark mass tuning effect was significant.
Disconnected diagrams are not included in the calcualtion, but we expect really small contribution
from it.

4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
µ using [2,2] Padé approximant from each configuration set to a function

of the form

as
µ,lat = as

µ ⇥
�
1+ ca2(aLQCD/p)2 + cseadxsea + cvaldxval

�
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The strange and charm quark contributions to the muon anomaly (g-2) Bipasha Chakraborty
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Figure 3: The plot on the left represents the results for mf �mhs calculated using HISQ formalism on ml =
ms/5 and physical point ensembles with varied lattice spacings and extrapolated to a = 0. The continuum
results are compared to the experimental result related to G(f ! e+e�). The plot on the right shows the
similar results for ff .

The s quark propagators are combined into a correlator with a local vector current at either
end to form the vector meson f . The end point is summed over spatial sites on a timeslice to set
the spatial momentum to zero. We use the random colour wall source created from a set of U(1)
random numbers over a timeslice for improved statistics. The local current is not the conserved
vector current for HISQ quark action and must be renormalised. We have found the local vector
current renormalisation constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on
the finest ml = ms/5 lattice[16].
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4.1 properties of f meson

We are concerned with the properties of the correlation function at the shorter times that feed
into the theoretical determination of aµ,HVP. But at large time separations between source and sink
the correlators give the mass (mf ) and decay constant ( ff ) of the f meson [16]. The plots in figure 3
show how precisely we can extract those properties of the f meson, and therefore, how accurate
our correlators are. Our results for mf � mhs and ff in the continuum limit on the physical point
lattices agree with the experimental result related to G(f ! e+e�). The volume effect seemed
to be negligibly small. But, the valence HISQ strange quark mass tuning effect was significant.
Disconnected diagrams are not included in the calcualtion, but we expect really small contribution
from it.

4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
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Results from ETMC, RBC/UKQCD
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1Z

0

dqf(q2)
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� ⇧µ⌫(q̂) =
�
�µ⌫ q̂
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iq·xhVf
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(x)V f

⌫

(0)i

where
we compute:

results for Π
continuum limit for strange contribution to a$

• computation on physical two physical ensembles (->continuum limit)
• correction for valence strange-mistuning by interpolation between unitary and PQ  

data point (mistuning is approx. 1% and 5% on coarser and finer ensemble,  
respectively)

Results and outlook:
• high precision for strange-contribution (no disconnected contribution) 
• want to compute also light and charm contribution including disconnected part
• for light much harder to get competitive stat. precision

work in progress

HPQCD

Strange quark contribution�

!  Matt Spragss (RBC/UKQCD)  [Tue, 15:00] 

!  Mobius DWF, Nf=2+1,Physical mass,  L=5.5fm, a=0.114, 0.09 fm 

!  Many fits, moment, and cuts are used to examine systematics 

!  parts of systematic errors are being estimated 

!  consistent with HPQCD’s value (next page) 

R0,1 GeV2

GeV2

aHV P,s,ETMC
µ = 53(3)⇥ 10�10

0.014fm2

Continuum estimate/
upper limit:
aHV P,s,cont
µ = 55.3(8)⇥ 10�10

1403.1778

+ BMW underway
twisted mass domain wall



LIGHT contribution

HISQ valence quarks on MILC 2+1+1 HISQ configs. Use 
Zv from s calc. 

Multiple a (use w0), ml (inc. phys.), volumes (at ml/ms=0.1).

mu = md

New ingredient since correlators much noisier. Use: 

New Issues for 1% Precision for u/d case

• Correlators much noisier: Use data-fit hybrid correlator to 
control noise at large t:  
 
 

for t* = 1.5fm  (=            so 70% result from Gdata)

 (same results to within ±σ/4 with 0.75fm).

G(t) =

®
Gd�t�(t) for t  t�

Gfit(t) for t > t� from multi-exponential fit

from Monte Carlo

6/m⇢

• 80% of light quark vacuum polarization contribution is from 
the ρ meson pole ⇒ finite-volume error (from coupling to      ) 

in ρ mass and decay constant have significant impact on g-2. 

Need to understand        thoroughly on lattice. 

⇡⇡

• ππ loop contribution is about 10% of total and highly 
sensitive to mπ (contribution roughly proportional  
to 1/mπ2) and finite volume. For staggered quarks introduces 
extra discretisation artefacts from different taste     mesons.  
⇡

⇢

t⇤ = 1.5fm = 6/m⇢ so 70% of result from Gdata

• 80% of result comes from      meson pole, so need to 
understand       on lattice, inc. finite-volume from       . 

⇢
⇢ ⇡⇡

• 10% from       , sensitive to finite-volume and          (so 
taste-issues for staggered quarks). 

⇡⇡ m⇡



One approach is to correct Taylor coefficients

Remove lattice 
using effective 
theory of              
inc. staggered quark 
effects and finite 
vol. 

⇡⇡ Rescale using exptl 
!
elaborating on  
ETMC : 1308.4327. 
Reduces lattice 
systematics from 
light quark mass 
effects

m⇢

Restore 
from continuum 
effective theory  

⇡⇡

       contribution distorted at physical point using staggered quarks on 
these coarse lattices. Important to inc. other masses. But note: need 
7fm lattice to reduce finite vol effects below 1% for contnm 

⇡⇡

⇡⇡

⇢,⇡, �

Jegerlehner 
+Szafron, 1101.2872

⇧̂latt

j

! (⇧̂latt

j

� ⇧̂latt

j

(⇡⇡))

"
m2j,latt

⇢

m2j,expt
⇢

#
+ ⇧̂cont

j

(⇡⇡)



Analysis of       
parameters

⇢

Direct comparison  
with ETMC (1308.4327) 
and Boyle et al 
(1107.1497) possible

ETMC a 0.06-0.08fm 
             L 2.5- 2.9fm

HPQCD a 0.09-0.15fm 
             L 2.5-5.8fm
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PRELIMINARY analysis

finite vol.  
+pion 
mass 
corrns, no 
recsaling

multiple volumes
ensemble size 10,000

Future: improve statistics at physical point, finer lattices                    

connected light quark HVP

corrected for  
m⇢

not rescaled

take as 
range



DISCONNECTED contribution to HVP

SM Theory �

!  QED, hadronic, EW contributions 

�
+ ...+=

✕ ✕ ✕

+ + + ...
✕ ✕

+ + + ...

✕ ✕

QED%%%(5:loop)%
Aoyama%et%al.%
PRL109,111808%(2012)%%
%
%
Hadronic%vacuum%
polarizaJon%(HVP)%
%
%
%
Hadronic%light:by:light%
(Hlbl)%
%
%
Electroweak%(EW)%
Knecht%et%al%02%
Czarnecki%et%al.%02�

+� +%…�

+� +� +%…�

muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�

µ µ

�

� �

µ µhad

�

W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

⇤ quark ⌅

QCD+quenched QEDA

�
⇤

quark

⌅

QCD+quenched QEDB⇤ ⌅

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

⇥
and U(1)em gauge

configuration
�
ux,!

⇥
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.
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aµ =
g � 2

2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

�µ ! �µ(q) =

✓

�µ
F1(q

2) +
i �µ⌫

q⌫

2m
F2(q

2)

◆

which results from Lorentz and gauge invariance when the muon is
on-mass-shell.

F2(0) =
g � 2

2
⌘ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding �µ(q2) in QED coupling constant

↵ =
e

2

4⇡
=

1

137
+ . . .

Corrections begin at O(↵); Schwinger term = ↵
2⇡ = 0.0011614 . . .

hadronic contributions ⇠ 6 ⇥ 10�5 times smaller (leading error).

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCDVanishes if mu = md = msX

i

ei = 0since Blum, hep-lat/
0212018

Focus has been on stochastic methods. Using same source 
for l and s helps  

For real masses, result is disconn. correlator for (l-s) 
current with charge 1/3 (so e2 factor is 1/5 of connected)

Guelpers, Mainz,LAT14

Disconnected correlators

Expected to be small since supressed by mq andP
f=u,d,s

Qf = 0.

On lattice we calculate:

Gdisc(x0 � y0) = �ZV h(
X

~x

Tr[�k D�1(x, x)])(
X

~y

Tr[�k D�1(y, y)])i

All-to-all propagator method with 50 stochastic noise vectors on each config., one-link
spatial vector currents for (l-s) on both sides.
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No signal, l � s piece much less noisy (about 40% reduction in uncertainty compared
to light quark case), put a conservative upperbound.

Bipasha Chakraborty, Glasgow () HVP contribution to muon (g-2) from LQCD Kobe, July 14th 10 / 14

Chakraborty,HPQCD,LAT15

no signal from 50+50 sources 
(all-to-all) per config. One-
link J



Introduction Staggered definition Computung jµ Computung jµjµ Preliminary results Conclusions

Fine lattice (preliminary)

a = 0.095 fm, physical quark masses, 643 × 96
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B. C. Tóth | BMWc Disconnected contribution to HVP

BMWc collaboration - new method Toth,LAT15

Use loop expansion of inverse + improved algorithm for 
inversion to reduce uncertainty in calc. of disc. pieces

good signal  
- work ongoing 

staggered 
quarks

contrbn negative  
and very small



HadSpec results e.g. Hadspec,1309.2608

Use instead many (~150) source vectors (eigenvectors of 
gauge-covariant Laplacian) for both conn. and disc. 
correlators to obtain good signal.
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PRELIMINARY
Fitting and 
normalising to 
connected light, 
gives HVP disc. 
contribn of  
~ -0.2%

m⇡ = 390MeV
at = 0.035 fm

anisotropic  
clover action

Hadspec+HPQCD,in prep.



Simple (but conservative) argument on size of disc. pieces

2Dll = �
f2
⇢m⇢

2
e�m⇢t +

f2
!m!

2
e�m!t

⇧̂
j,disc

⇧̂
j,conn

=
1

2

"
m2j+2

⇢

f2
!

m2j+2
!

f2
⇢

� 1

#

l-l disc.pieces provide key difference between      and      ! ⇢

We do not have accurate information on decay constants 
because of width of      , mixing of      etc ⇢ !
Taking 

HVP : disc-ll/conn-ll     = -1.5(1.5) %

f⇢ = 0.21(1)GeV, f! = 0.20(1)GeV

Disc. contribn reduced by factor of 5 from electric charge



HPQCD:

light, connected 602(20)

strange 
connected 53.4(6)

charm 
connected 14.4(4)

bottom 
connected 0.27(4)

disconn. 
(estimate) 0(9)

TOTAL 670(22)

x 10-10

preliminary.

inc. 1% QED and 
1% isospin uncty

1403.1778

1403.1778, 
1208.2855

1408.5768

Take 1.5% as uncty.

Contrbn negative

Adding contributions to (g-2)/2 
ETMC	



1308.4327

567(11)stat

674(28)



CONCLUSIONS: Lattice - continuum comparison

Lattice 
calcs inc.  
u,d,s,c

A lot of progress but lattice uncty (all from u/d) still too big. Need to 
calc. QED, mu/md effects (~1% and positive?) and disc. (negative). 
More calculations underway (Mainz, BMW, RBC/UKQCD …)

from 
no new 
physics

lattice/non-
lattice 
agreement  640  650  660  670  680  690  700  710  720  730

aµ
HVP x 1010

aµ
HVP, no new physics

Benayoun et al
1507.02943

Hagiwara et al
1105.3149

Jegerlehner+Szafron
1101.2872

ETMC
1308.4327

HPQCD
PRELIMINARY

2.3�



Backup Slides



2.2 Fit results 8
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Figure 4: Indirect determination of the Higgs boson mass: ∆χ2 as a function of MH for the standard fit
(top) and the complete fit (bottom). The solid (dashed) lines give the results when including (ignoring)
theoretical errors. Note that we have modified the presentation of the theoretical uncertainties here with
respect to our earlier results [2]. Before, the minimum χ2

min of the fit including theoretical errors was used
for both curves to obtain the offset-corrected∆χ2. We now individually subtract each case so that both ∆χ2

curves touch zero. In spite of the different appearance, the theoretical errors used in the fit are unchanged
and the numerical results, which always include theoretical uncertainties, are unaffected.

Precision electroweak Higgs bounds 

Gfitter,1107.0975

sees HVP through                but 
sensitivity to range of  exptl data is different

↵QED
Hagiwara et al,
1105.3149

inc HVP dec HVP

mH

Lattice 
QCD 
calcs of   
!
also 
underway  
(ETMC, 
Mainz)

�↵had
QED



Keep an eye on the ‘big’ picture whilst doing this …..

2008

 2011

few MeV uncertainties in many cases
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Keep an eye on the ‘big’picture whilst doing this …..
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