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The magnetic moment of the muon

Interaction of particle with static magnetic field

V (~x) = −~µ · ~Bext

The magnetic moment ~µ is proportional to its spin (c = ~ = 1)

~µ = g
( e

2m

)
~S

The Landé g -factor is predicted from the free Dirac eq. to be

g = 2

for elementary fermions
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The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

〈µ(p′)|Jµ|µ(p)〉 = ū(p′)
(
γµ F1(q2) + i

[γµ, γν ] qν

2

F2(q2)

2m

)
u(p)

which results from Lorentz invariance and charge conservation
when the muon is on-mass-shell and where q = p′ − p

F2(0) =
g − 2

2
≡ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)
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The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding Γµ(q2) in QED coupling constant

α =
e2

4π
=

1

137
+ . . .

Corrections begin at O(α); Schwinger term = α
2π = 0.0011614 . . .

hadronic contributions ∼ 6× 10−5 smaller, dominate theory error.
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Experiment - Standard Model Theory = difference

SM Contribution Value±Error (×1011) Ref
QED (5 loops) 116584718.951± 0.080 [Aoyama et al., 2012]

HVP LO 6923± 42 [Davier et al., 2011]

6949± 43 [Hagiwara et al., 2011]

HVP NLO −98.4± 0.7 [Hagiwara et al., 2011]

[Kurz et al., 2014]

HVP NNLO 12.4± 0.1 [Kurz et al., 2014]

HLbL 105± 26 [Prades et al., 2009]

HLbL (NLO) 3± 2 [Colangelo et al., 2014b]

Weak (2 loops) 153.6± 1.0 [Gnendiger et al., 2013]

SM Tot (0.42 ppm) 116591802± 49 [Davier et al., 2011]

(0.43 ppm) 116591828± 50 [Hagiwara et al., 2011]

(0.51 ppm) 116591840± 59 [Aoyama et al., 2012]

Exp (0.54 ppm) 116592089± 63 [Bennett et al., 2006]

Diff (Exp−SM) 287± 80 [Davier et al., 2011]

261± 78 [Hagiwara et al., 2011]

249± 87 [Aoyama et al., 2012]
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New experiments+new theory=new physics

Fermilab E989, begins in early 2017, aims for 0.14 ppm

J-PARC E34, “late 2010’s”, aims for 0.1 ppm

Today aµ(Expt)-aµ(SM) ≈ 2.9− 3.6σ

If both central values stay the same,

E989 (∼ 4× smaller error) → ∼ 5σ
E989+new HLBL theory (models+lattice, 10%) → ∼ 6σ
E989+new HLBL +new HVP (50% reduction) → ∼ 8σ

Big discrepancy! (New Physics ∼ 2× Electroweak)

Lattice calculations important to trust theory errors
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Hadronic light-by-light (HLbL) scattering

+ + · · ·

Models: (105± 26)× 10−11
[Prades et al., 2009, Benayoun et al., 2014]

(116± 40)× 10−11
[Jegerlehner and Nyffeler, 2009]

systematic errors difficult to quantify
Dispersive approach difficult, but progress is being made
[Colangelo et al., 2014c, Colangelo et al., 2014a, Pauk and Vanderhaeghen, 2014b,

Pauk and Vanderhaeghen, 2014a, Colangelo et al., 2015]

First non-PT QED+QCD calculation [Blum et al., 2015a]

Very rapid progress with pQED+QCD (L. Jin) [Blum et al., 2015b]

New HLbL scattering calculation by Mainz group [Green et al., 2015]
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Non-perturbative QED method [Blum et al., 2015a]

Subtraction Method 12/32

• Evalutate the quark and muon propagators in the background quenched QED fields. Thus
generate all kinds of diagrams.

〈 quark 〉

QCD+quenched QEDA

−
〈

quark

〉

QCD+quenched QEDB〈 〉

quenched QEDA

= 3×

xsrc xsnky′, σ′ z′, ν′ x′, ρ′

xop, µ

z, ν
y, σ x, ρ

Figure 7. PoS LAT2005 (2006) 353. hep-lat/0509016. One typical diagram remains after subtraction
is shown on the left, 5 others are not shown.

• After subtraction, the lowest order signal remains is O(e6) which is exact LbL diagram.

• Solved the 3-loop problem. Now we only need to compute point source propagators in
the backgrounds of QED fields.

• Lower order noise problem. The signal after subtraction is O(e6). But even after charge
conjugation average on the muon line, the noise is still O(e4).

• Unwanted higher order effects. In practice, one normally choose e = 1.

• “Disconnect diagram” problem. Noise will likely increase in larger volume.
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QED, (mloop=mµ=0.1, 163)

QED pert. theory, F2(0)
QCD+QED (mπ=330 MeV)
hadronic models, F2(0)

quark-connected part of HLbL

a−1 = 1.7848 GeV, (2.7 fm)3

mπ = 330 MeV, mµ = 190 MeV

Consistent with model
expectations (J. Bijnens)

Agreement with models accidental

O(α2) noise, O(α4) corrections
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Point source method in pQED (Luchang Jin) [Blum et al., 2015b]

sum over two electromagnetic vertices dramatically simplifies the calculation. Here L and T

are the spatial and temporal extents of the lattice volume. Since the two vertices appear on

the same closed quark loop, the amplitude being evaluated will fall exponentially as x and

y are separated beyond ≈ 1 fm, a fact that can be exploited when choosing the distribution

according to which x and y are generated.

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky
′
, σ

′
x
′
, ρ

′ z
′
, κ

′

xop, ν

z, κ

y, σ x, ρ

Figure 2. Hadronic light-by-light diagrams. There are 4 other possible permutations.

As is shown in Appendix A, the short distance properties of these HLbL graphs require

that at least one of the currents which couple to the internal quark line must be a conserved

lattice current if the resulting amplitude is to have a simple continuum limit with no need to

subtract a contact term. The conservation of the external current implies that this amplitude

vanishes in the limit that q → 0, the limit needed to evaluate gµ − 2. The third algorithmic

improvement (Sec. II C) that we explore is making a choice of graphs so that this vanishing

behavior in the q → 0 limit occurs for each QCD gauge configuration. If this approach is

adopted then both the signal and the noise will vanish in this limit.

The fourth algorithmic development (Sec. IID) resolves the difficulty of evaluating the

limit q2 → 0 for an amplitude which is proportional to q in finite volume. In such a case the

amplitude would normally be evaluated at the smallest, non-zero lattice momentum 2π/L

and the limit q2 → 0 achieved only in the limit of infinite volume. Here we introduce a

position-space origin related to the choice of x and y and show that a simple first moment of

the finite-volume, current matrix element between zero-momentum initial and final muons

will yield the q2 = 0 anomalous magnetic moment:

(gµ − 2)cHLbL
e

4mµ

σ⃗s′s =
1

2

∫
d3r
{
r⃗ ×

⟨
µs′
∣∣ J⃗(r⃗)

∣∣µs

⟩
cHLbL

}
. (1)

Here σ⃗ is a vector formed from the three Pauli matrices, s and s′ are the initial and final spin

indices, the label cHLbL indicates that only the quark-connected, HLbL amplitude is being

6
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will yield the q2 = 0 anomalous magnetic moment:
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Here σ⃗ is a vector formed from the three Pauli matrices, s and s′ are the initial and final spin

indices, the label cHLbL indicates that only the quark-connected, HLbL amplitude is being

6

+ 4 more

Compute quark loop non-perturbatively

Photons, muon on lattice, but use (exact) tree-level
propagators

Work in configuration space

Do QED two-loop, quark-loop integrals stochastically

Key insight: quark loop exponentially suppressed with x and y
separation. Concentrate on “short distance” (π Compton λ)

Chiral (DW) fermions at finite lattice spacing: UV properties
like in continuum, modified by O(a2)
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6

+ 4 more

Fν(x , y , z , xop, xsnk, xsrc) =

−(−ie)3
∑

q=u,d,s

(ieq)4
〈
tr
[
γνSq (xop, x) γρSq(x , z)γκSq(z , y)γσSq (y , xop)

]〉
QCD

·
∑

x′,y ′,z′

Gρρ′(x , x
′)Gσσ′(y , y

′)Gκκ′(z , z
′)

·
[
Sµ (xsnk, x

′) γρ′Sµ(x ′, z ′)γκ′Sµ(z ′, y ′)γσ′Sµ (y ′, xsrc)

+Sµ (xsnk, z
′) γκ′Sµ(z ′, x ′)γρ′Sµ(x ′, y ′)γσ′Sµ (y ′, xsrc)

+4 other permutations
]
.
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As is shown in Appendix A, the short distance properties of these HLbL graphs require

that at least one of the currents which couple to the internal quark line must be a conserved

lattice current if the resulting amplitude is to have a simple continuum limit with no need to

subtract a contact term. The conservation of the external current implies that this amplitude

vanishes in the limit that q → 0, the limit needed to evaluate gµ − 2. The third algorithmic

improvement (Sec. II C) that we explore is making a choice of graphs so that this vanishing

behavior in the q → 0 limit occurs for each QCD gauge configuration. If this approach is

adopted then both the signal and the noise will vanish in this limit.

The fourth algorithmic development (Sec. II D) resolves the difficulty of evaluating the

limit q2 → 0 for an amplitude which is proportional to q in finite volume. In such a case the

amplitude would normally be evaluated at the smallest, non-zero lattice momentum 2π/L

and the limit q2 → 0 achieved only in the limit of infinite volume. Here we introduce a

position-space origin related to the choice of x and y and show that a simple first moment of

the finite-volume, current matrix element between zero-momentum initial and final muons

will yield the q2 = 0 anomalous magnetic moment:
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6

FT muon source, sink Fν(~q, x , y , z , xop) =

lim
tsrc→−∞
tsnk→∞

eEq/2(tsnk−tsrc)
∑

~xsnk,~xsrc

e−i
~q
2 ·(~xsnk+~xsrc)e i~q·~xop

Fν(x , y , z , xop, xsnk, xsrc)

with mom. transfer ~q = 2π~z/L, and use
translational invariance to shift origin:

Mν (~q) =
∑
x,y,z

Fν (~q,
x − y

2
,−

x − y

2
, z − w, xop − w)

=
∑
r


∑

z′,x′op

Fν (~q, r,−r, z′, x′op)


=

( /q+ + mµ

2Eq/2

)(
F1(q2)γν +

F2(q2)

2m

i

2
[γν , γβ ](qβ )

)( /q− + mµ

2Eq/2

)

w =
x + y

2
, r =

x − y

2
, z′ = z − w and x′op = xop − w

Sum over r and w stochastically, do x′op and z′ sums exactly
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As is shown in Appendix A, the short distance properties of these HLbL graphs require

that at least one of the currents which couple to the internal quark line must be a conserved

lattice current if the resulting amplitude is to have a simple continuum limit with no need to

subtract a contact term. The conservation of the external current implies that this amplitude

vanishes in the limit that q → 0, the limit needed to evaluate gµ − 2. The third algorithmic

improvement (Sec. II C) that we explore is making a choice of graphs so that this vanishing

behavior in the q → 0 limit occurs for each QCD gauge configuration. If this approach is

adopted then both the signal and the noise will vanish in this limit.
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limit q2 → 0 for an amplitude which is proportional to q in finite volume. In such a case the

amplitude would normally be evaluated at the smallest, non-zero lattice momentum 2π/L

and the limit q2 → 0 achieved only in the limit of infinite volume. Here we introduce a

position-space origin related to the choice of x and y and show that a simple first moment of

the finite-volume, current matrix element between zero-momentum initial and final muons

will yield the q2 = 0 anomalous magnetic moment:

(gµ − 2)cHLbL
e

4mµ

σ⃗s′s =
1

2

∫
d3r
{
r⃗ ×

⟨
µs′
∣∣ J⃗(r⃗)

∣∣µs

⟩
cHLbL

}
. (1)

Here σ⃗ is a vector formed from the three Pauli matrices, s and s′ are the initial and final spin

indices, the label cHLbL indicates that only the quark-connected, HLbL amplitude is being

6

G (x , x ′)ρρ′ =
∑

k

1

(2 sin k/2)2
e ik(x−x′)

QEDL [Hayakawa and Uno, 2008]

Muon propagators FV (analytic),
tree-level DWF with Ls =∞
Rand’ly choose quark loop location w

Compute 2 point source props in QCD
at x , y , connect sink points at x ′op and
z ′, do the latter sums exactly

tsrc, tsnk = w0 ± T/2 for each w

Do sums over r , w (x , y)
stochastically, average over QCD
configurations then yields Mν(~q)
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Use importance sampling to do sum over r efficiently
(sample |r | <∼ 1 fm most frequently). Empirical choice:

p(|xi − w |) ∝
{

1 (|xi − w | < R)
1/|xi − w |3.5 (|xi − w | > R)

,

The distribution of the relative distance |r | between any two
points drawn from this set is:

P(r) =
∑

x

p(|x − r |)p(|x |)
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Point source method, initial resultsPoint Source Photon Method 20/32

Label size mπ L mπ/GeV #qcdtraj tsep
F2 ±Err
(α/π)3

Cost
BG/Q rack days

16I 163 × 32 3.87 0.423 16 16 0.1235± 0.0026 0.63
24I 243 × 64 5.81 0.423 17 32 0.2186± 0.0083 3.0
24IL 243 × 64 4.57 0.333 18 32 0.1570± 0.0069 3.2
32ID 323 × 64 4.00 0.171 47 32 0.0693± 0.0218 10

Table 2. Central values and errors. a−1 = 1.747GeV except for 32ID where a−1 = 1.371GeV.
Muon mass and pion mass ratio is fixed at physical value. For comparison, at physical point, model
estimation is 0.08± 0.02.
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Figure 13. 323 × 64 lattice, with a−1 = 1.371GeV, mπ = 171MeV, mµ = 134MeV.
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Current conservation

At least one (lattice) conserved current to have convergent
amplitude in continuum limit. Choose ext. photon, Jµ(xop)

Mµ ∼ F1(q)γµ + iγµγνqνF2(q)/2m relies on WI

To maintain constant signal-to-noise as q → 0, Ward identity
must be exact on each gauge configuration

∂µ〈jµ(xop)ψ̄(x)γρψ(x) · · · 〉 = iδ(xop − x)〈ψ̄(x)γνψ(x) · · · 〉
−iδ(xop − x)〈ψ̄(x)γνψ(x) · · · 〉+ · · ·

〈jµ(xop)ψ̄(x)γρψ(x)ψ̄(z)γνψ(z)ψ̄(y)γσψ(y)〉 =

sulting amplitude will have the form given in Eq. (3) up to finite lattice spacing corrections.

However, for the method described in the previous section, the vertices x, xop, y and z

appear in a specific order on the quark loop. We have not computed all three possible

insertions for the external photon. Consequently, the individual samples will not yield a

conserved current. The Ward identity necessary for the external current to have a vanishing

divergence will be obeyed only after the stochastic average over x and y, which makes the

three internal photon vertices on the quark line indistinguishable. As a result, the noise will

not vanish when q = 0.

To make the contribution of each configuration (and hence the statistical noise) vanish

as q → 0, we must compute the three diagrams in Fig. 5 so that the required Ward identity

is obeyed configuration by configuration [19].

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

Figure 5. Diagrams showing the three different possible insertions of the external photon when

the vertices x and y are fixed. They are equal to each other after stochastic average. Note,

the five other possible permutations of the connections between the three internal photons and

the muon line are not shown. The left-hand diagram represents the single amplitude that would

be computed following the method of Sec. II A. The center diagram requires the computation of

sequential propagators at xop for each polarizations of the external photon. Finally the right-hand

diagram also requires sequential propagators at xop, but with the external photon momentum in

the opposite direction, since γ5-hermiticity must be used to reverse the direction of the propagators,

which reverses the momentum of the external photon as well.

These additional diagrams are also computationally accessible. In addition to the point-

source propagators from the sites x and y, we must compute sequential propagators as

discussed in Sec. IIA for each possible polarization and momentum of the external current.

We normally compute three polarization directions x, y, and t (which are perpendicular to

16
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Current conservation

sulting amplitude will have the form given in Eq. (3) up to finite lattice spacing corrections.

However, for the method described in the previous section, the vertices x, xop, y and z

appear in a specific order on the quark loop. We have not computed all three possible

insertions for the external photon. Consequently, the individual samples will not yield a

conserved current. The Ward identity necessary for the external current to have a vanishing

divergence will be obeyed only after the stochastic average over x and y, which makes the

three internal photon vertices on the quark line indistinguishable. As a result, the noise will

not vanish when q = 0.

To make the contribution of each configuration (and hence the statistical noise) vanish

as q → 0, we must compute the three diagrams in Fig. 5 so that the required Ward identity

is obeyed configuration by configuration [19].

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky
′
, σ

′
z
′
, κ

′ x
′
, ρ

′

xop, ν

z, κ

y, σ x, ρ

Figure 5. Diagrams showing the three different possible insertions of the external photon when

the vertices x and y are fixed. They are equal to each other after stochastic average. Note,

the five other possible permutations of the connections between the three internal photons and

the muon line are not shown. The left-hand diagram represents the single amplitude that would

be computed following the method of Sec. II A. The center diagram requires the computation of

sequential propagators at xop for each polarizations of the external photon. Finally the right-hand

diagram also requires sequential propagators at xop, but with the external photon momentum in

the opposite direction, since γ5-hermiticity must be used to reverse the direction of the propagators,

which reverses the momentum of the external photon as well.

These additional diagrams are also computationally accessible. In addition to the point-

source propagators from the sites x and y, we must compute sequential propagators as

discussed in Sec. IIA for each possible polarization and momentum of the external current.

We normally compute three polarization directions x, y, and t (which are perpendicular to

16

Compute all 3 diagrams so WI exact on each configuration

signal and error vanish as q → 0. Error on F2(q2) ∼ constant

new diagrams require (6) sequential source props

One more trick: restrict sum over z ,
∑

x ,y ,z

Fµ(q; x , y ; z , xop) =
∑

x , y , z
|x − y | < min(|x − z |, |y − z |)

3Fµ(q; x , y ; z , xop)

Skews distribution towards small r where noise is smaller,
signal larger
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Moment method for F2(0)

Can do calculation directly at zero momentum for large L

Mµ(q) = γ0

(/q+ + mµ

2Eq/2

)(F2(q2)

2m

i

2
[γν , γβ](−qβ)

)(/q− + mµ

2Eq/2

)
γ0

=
∑

r

∑

z,xop

Fµ(~q;− r

2
,+

r

2
; z , xop)

=
∑

xop

exp (iq · xop)F ′µ(q, xop)

≈
∑

xop

(1 + iq · xop)F ′µ(q, xop)

≈
∑

xop

iq · xopF ′µ(q, xop)

∂

∂qi
Mν(~q)|~q=0 = i

∑

r ,z,xop

F ′ν
(
~q = 0, r ,−r , z , xop

)
(xop)i ∼ F2(0)

The “1” term vanishes in ∞ volume, exponentially small in FV
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Excited state contamination

Usual method:

(hadronic) external states “interpolated” far from operator
insertion point xop

excited states exp. suppressed relative to ground state

Our method:

Sum over xop

Includes points where top = tsrc or tsnk or is nearby

Origin of quark loop x + y in middle of tsrc and tsnk, so these
contributions are exponentially suppressed.

usual choice: tsnk − tsrc = T/2, but check for contamination
with shorter separations
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Point source method with all improvements
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Figure 8. Histograms and scatter plots for the contribution to F2 from different separations |r| =

|x − y| are shown in the left and right plots respectively, following the conventions used in similar,

previous figures. The upper two plots are obtained using the conserved version of the exact photon

method on the 32ID ensemble. The lower two plots are obtained using the moment method, but

from approximate propagators each obtained from 100 CG iterations, again on the 32ID ensemble.

method, a choice which allowed us to directly choose the probability distribution for the

point pairs (|r| > 4):

P24IL(r) ∝ 1

|r|4 e
−0.1|r|. (43)

For the conserved method the propagators are computed with approximate inversions

carried out to a precision of 10−4. (No correction term has been added.) The number of

propagators needed per configuration (Nprop) is given by the sum of the number of point

pairs times the twice the number of propagators computed per point. For the conserved

method, for each point we compute one point source propagator and six sequential source

propagators, corresponding to the three external photon polarizations and two momentum

directions.

For this implementation of the moment method we compute only the external momentum

37

Conserved current (upper), moment (lower) methods
171 MeV Pion, mπL >∼ 4
AMA used for quark propagators (1000 evecs, CG: 100 iters)
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Point source method with all improvements

Method F2/(α/π)3 Nconf Nprop

√
Var rmax SD LD ind-pair

Exact 0.0693(218) 47 58 + 8 × 16 2.04 3 −0.0152(17) 0.0845(218) 0.0186

Conserved 0.1022(137) 13 (58 + 8 × 16) × 7 1.78 3 0.0637(34) 0.0385(114) 0.0093

Mom. (approx) 0.0994(29) 23 (217 + 512) × 2 × 4 1.08 5 0.0791(18) 0.0203(26) 0.0028

Mom. (corr) 0.0060(43) 23 (10 + 48) × 2 × 4 0.44 2 0.0024(6) 0.0036(44) 0.0045

Mom. (tot) 0.1054(54) 23

Table VIII. Results from three variants of the exact photon method obtained from the 32ID ensem-

ble. The first row, labeled “Exact”, corresponds to the row labeled 32ID in Tab. VI. The second

row, labeled “Conserved” is similar except all three arrangements of the vertices x, y and z are

combined insuring that the external current is conserved on each configuration. The final three

rows are obtained from the moment method and are explained in the text.

to what would be found were the statistical error on the approximate and correction terms

computed separately and added in quadrature.

We should emphasize that the moment-method result given in the final line of Tab. VIII

is the most important numerical result presented in this paper. It provides the cHLbL

contribution (calculated directly at q2 = 0) to g − 2 for the muon with a 5% statistical

accuracy for the case of a pion with mπ = 171 MeV using a (4.6 fm)3 spatial volume but

with a relatively coarse lattice spacing a with 1/a = 1.378. More information about the

conserved and moment method calculations presented in Tab. VIII can be found in Fig. 8

where histograms and scatter plots are given as a function of the separation of the two

stochastically chosen points x and y.

As a final topic in this section we apply the conserved method and the moment method,

with the restriction |z − x| ≥ |x − y| and |z − y| ≥ |x − y| that was described previously,

to the 24I ensemble with mµa = 0.1 in order to compare these methods with the original

subtraction calculation [17] which was carried out on the same ensemble with the same

muon mass. We compute the short distance part up to rmax = 4. For |r| ≤ 2 we compute

each independent direction two times while for 2 < |r| ≤ 4 each independent direction is

computed only once for each configuration. We take many discrete symmetries into account

when summing over the short-distance part, including independent inversions of x, y, z, t,

and exchanges of the x and y directions. For the long-distance part, we did not use the M2

36

5% statistical error for nearly physical pion mass!

Cost: 13.2 BG/Q Rack-days (Rack = 1024 nodes = 16384 cores )

Tom Blum (UCONN/RBRC), Norman Christ (Columbia), Masashi Hayakawa (Nagoya), Taku Izubuchi (BNL/RBRC), Luchang Jin (Columbia), Chulwoo Jung (BNL), Christoph Lehner (BNL)Progress on computing the hadronic light-by-light scattering contribution to the muon anomalous magnetic moment from lattice QCD(+QED)



Introduction HLbL Summary/Outlook References non-perturbative QED Perturbative QED in configuration space next steps

Continuum and ∞ volume limits in QED

Finite Volume E�ects in Muon Leptonic Light by Light 29/35

� Study of �nite volume e�ect inmuon leptonic light by light contribution to muon g ¡2.
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Figure 21. Pure QED computation. Muon leptonic light by light contribution to muon g ¡ 2.

� O(1/L2) �nite volume e�ect, because the photons are emitted from a conserved loop.

Using all improvements

a set using physical muon mass

QED systematics large, O(a4), O(1/L2), but under control

Limits quite consistent with PT result
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Including all improvements, statistical errors reduced by 10×

Zero External Momentum Transfer Improvement 29/32
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Figure 20. Phys.Rev.Lett. 114 (2015) 1, 012001. arXiv:1407.2923. Compare with latest method and
result.

• 243 × 64 lattice with a−1 = 1.747GeV and mπ = 333MeV. mµ = 175MeV.

• For comparison, at physical point, model estimation is 0.08 ± 0.02. The agreement is
accidental, the lattice value has a strong dependence on mµ.

quark-connected part of HLbL, q = 2π/L, 0

a−1 = 1.7848 GeV, (2.7 fm)3

mπ = 330 MeV, mµ = 190 MeV

Strong check on method(s)
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On-going calculation: physical point (mπ = 140 MeV)

ALCC award on MIRA at ANL ALCF,

Applying improved point source method to physical light
quark mass 2+1f Möbius DWF ensemble (RBC/UKQCD)

(5.5 fm)3 QCD box, a = 0.114 fm (a−1 = 1.7848 GeV)

Use AMA with 2000 low-modes, ∼ 4500 sloppy props per
configuration
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on track to beat goal of 20% statistical error
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M. Hayakawa’s talk at Lattice 2015NOT Yet Disconnected Diagrams 10/32

xsrc xsnky′, σ′ x′, ρ′ z′, ν′

xop, µ

z, νy, σ x, ρ

xsrc xsnkz′, ν′ y′, σ′ x′, ρ′

xop, µ

z, ν y, σ x, ρ

xsrc xsnkz′, ν′ y′, σ′ x′, ρ′

xop, µ

z, ν y, σ x, ρ

xsrc xsnky′, σ′ z′, ν′ x′, ρ′

xop, µ

z, νy, σ x, ρ

xsrc xsnky′, σ′ x′, ρ′ z′, ν′

xop, µ

z, ν
y, σ x, ρ

xsrc xsnkz′, ν′
y′, σ′ x′, ρ′

xop, µ

z, ν y, σ x, ρ

Figure 6. All possible disconnected diagrams. Permutations of the three internal photons are not
shown.

• We will not discuss disconnected diagrams in this talk.

• The gluons exchange between and with quark loops are not drawn. Common practice in
lattice QCD.

• Possible strategies for the calculation of all disconnected diagrams are being developed
and we hope to begin numerical experiments this year.

SU(3) Flavor (only 1 survives), Zweig suppressed

Requires explicit HVP subtraction when any quark loop with
two photons is not connected to others by gluons

Use same importance sampling as for connected
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Solving QED FV effects

Integrand exponentially suppressed with distance between any
pair of points on the quark loop. FV effect is small.

Amplitude not suppressed with distance between points on
muon line and loop. FV effect is large.

Put QED in larger, perhaps ∞, box, QCD unchanged

use ∞ volume photon on finite box (Lehner, Lattice 2015)

Can compute average QCD loop and do muon line once,
offline, so free to experiment with size of QED box
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Summary/Outlook

First calculations for connected part very promising–
calculation with controlled errors clearly within reach of lattice
methods.

5% stat. errors already for near physical pions

FV effects large but controllable. ∞ volume limit consistent
with PT. Put QCD and QED in different boxes

Applying improved point source method to physical quark
mass 2+1f Möbius DWF ensemble RBC/UKQCD

Disconnected part challenging, new ideas under investigation

Lattice important to compare (SM) with experiment
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